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Abstract

A multiple shell MS { nf*, nf2,... nl" } is a graph formed by ¢; shells
of widths n;, 1 < i < r, which have a common apex. This graph has
Yoie1 ti(ni — 1) + 1 vertices. A multiple shell is said to be balanced
with width w if it is of the form MS{w'} or MS{w!, (w + 1)*}. Deb
and Limaye have conjectured that all multiple shells are harmonious,
and shown that the conjecture is true for the balanced double shells
and balanced triple shells. In this paper, the conjecture is proved to
be true for the balanced quadruple shells.
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edge labeling

1 Introduction

In 1980 Graham and Sloane (1] gave a variation on graceful labeling of
graphs. A simple , finite graph G with n vertices and ¢(> n) edges is said
to be harmonious if there is an injection f : V(G) = Z, , Z, is the integer
group modulo ¢ , such that the induced function g : E(G) — Z, defined
by g(zy)=[f(z) + f(y)] mod q , zy € E(G) is a bijection. Such a labeling
of the vertices and edges is called a harmonious labeling of graph. In a
harmonious labeling the vertex labels are distinct and the induced edge
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labels are 0,1,2,...,g— 1.

Graham and Sloane proved that odd cycles Cym+1, Cam+3, Wheels Wy,
n > 3 and Petersen graph are harmonious, most graphs including even
cycles are not harmonious. L.Bolian and Z.Xiankun “proved that the
graph C., obtained by joining a path to a vertex of C,, is harmonious if and
only if it has even number of edges, the helm H, is harmonious when 7 is
odd. S.C.Shee (%! gave harmonious labeling of graph obtained by identifying
center of the star S,, with a vertex of an odd cycle C,,. The first author lof
this paper has proved that the disjoint union Cy; UCy;41 of cycles Cox and
Cajt1 (k> 2,5 > 1,(k,j) # (2,1)) is harmonious. For the literature on
harmonious graphs we refer to [3] and the relevant reference given in them.

A shell S, »—3 of width n is a graph obtained by taking n —3 concurrent
chords in a cycle C,, on n vertices. The vertex at which all the chords are
concurrent is called apex. The two vertices adjacent to the apex have degree
2, apex has degree n — 1 and all the other vertices have degree 3.

A multiple shell MS{ni!, nf,... n'r } is a graph formed by t; shells
of widths n;, 1 < i < r, which have a common apex. This graph has
Yiogti(ni — 1) + 1 vertices. A multiple shell is said to be balanced with
width w if it is of the form MS {w® } or MS{wt, (w + 1)* }. If a multiple
shell has in all k shells having a common apex, then it is called k-tuple
shell, i.e. double shell if & = 2, triple shell if £ = 3 etc.

Suppose S is a balanced multiple shell on n vertices with k shells having
a common apex. If n = kt then S=MS{¢, (¢ + 1)¥~! }. On the other hand
if n=kt+r, r#0, then S=MS{(t + 1)k (t +2)""! }.

Deb and Limaye 2 gave harmonious labeling of many families of cycle
related graphs, such as shell graphs, cycles with maximum possible number
of concurrent alternate chords, some families of multiple shells. They have
conjectured that all multiple shells are harmonious, and shown that the
conjecture is true for the balanced double shells and balanced triple shells.
In this paper, the conjecture is proved to be true for the balanced quadruple
shells.

2 Balanced Quadruple Shells

Now, we consider the case of balanced quadruple shells. We have

Theorem 2.1. All the balanced quadruple shells are harmonious.
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Proof Let G be a balanced quadruple shell on n vertices and m edges .

Casel:n=1mod4. Letn=4p+1,p>3,then m=8p—4.
In this case we must have four shells of size p + 1.

Let

V(G) = {v1,v2,...,v4p41}.

The four cycles are

Cl = {vl)UZ)'°'avp|v2p+1}1

02 = {vp+ly Up+2y -+ V2p, 'U2p+l})

C; = {'U2p+2, U2p+3, -+ -5 V3p+1, ”2p+1}:
Ci = {U3p42,V3p43,- -+, Vipt1,V2pt1 }-

This means that vyp4; is the common apex and the 4p — 8 chords are

{vop1vi |2 < < p-1Vp+2 < i < 2p-1V2p+3 < i < 3pV3p+3<i<dp}.

We label the vertices as follows:

4

fvi) = |

\

8p—(i+9)/2, 1<i<2 —landimod2=1,
6p—4—1i/2, 2<i<2p-2andimod2=0,

S5p—5+1i/2, 2p+2<i<4p-2andimod2=0,
3p+(i—-7)/2, 2p+3<i<4p-landimod?2=1,

-3+1, 2p<i<2p+1,
=3p—-1+1, i = 4p,
-p—4+1, i=4p+ 1.

It is easy to verify that f is an injective function from the vertex set
V(G) of G to the set {0,1,... m —1}.

Denote by

9(viv;) = [f(vi) + f(v;)] mod m.

Now,we show that g is an one-to-one function from the edge set E(G)
of G to the set {0,1,...m —1}.

Let
D1 = {g(vi,vi41)|1 < i < 4p,i # p, 2p,2p+1,3p+1} = D1 ,UD12UD 3UD 4,
where
Duy  ={g(vi,vix1)[1 <i<p-1} = {6p—6,6p—17,...,5p— 4},

D12 ={g(vi,vi)lp+1<i<2p -1} =Dy UDsy,

Dl2l ={9(vu’0t+l)|P+15"'52P"2} ={5p—6$5p_71'74p—3}$
Di22 = {g(vi,vit1)|i = 2p — 1} ={p-3},

D1z = {g(vi,vit1)|2p+2 < i < 3p} ={2p-2,2p-1,...,3p -4},
Dy = {g(vi,vi11)|3p+2 < i < 4p} = D141 U D142 U D143,

Dian = {9(vi,vi+1)|3p+2<i<4p-2} ={3p-2,3p—1,...,4p—6},
Digz = {gvi,viq1)i =4p -1} = {6p — 5},

Diyz = {g(vi,vis1)}i = 4p} ={4p-4}.
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Let
D; = {g(vap4+1,v)|1 <i <4p+1,i#2p+1}
= D33 U D33 U D23 U Daq U Das U Dagg U Doz,

where

D21 = {g(vep+1,vi)|]1 <i<2p-1land imod 2=1}
= {21’—3,2?‘4,'--11’—2},

Dy2 = {g(v2p+1,v:)|2 <4 < 2p—2 and i mod 2 = 0}
={8p-7,8p-8,...,7p -5},

Da3 = {g(vap+1,vi)li = 2p} = {4p - 5},

D2y = {g(vap41,v:)|12p+2 < i< 4p—2 and i mod 2 =0}
= D241 U Days,

Dag1 = {g(vaps1,vi)li =2p+2,2p+ 4} = {8p — 6,8p — 5},

Dag2 = {g(vap41,v:)|2p+6 < i < 4p—2 and i mod 2 =0}

{0,1,...,p -4},

Dys = {g(vep+1,v:)|2p+3<i<4p—1landimod2=1}
={6p—4,6p—3,...,7p - 6},

Dy = {g(vaps1,vi)li = 4p} = {3p - 3},

Dyr = {g(vap+1,v)li = 4p+ 1} = {5p — 5}.

Let D be the labels set of all edges, then we have

D =D,UD,
= Da4g2 U D122 U Day U D13U Dag U Dygy U Doz U Dygz U Dy
UD327 U D13 U D142 U Das U Dag U Dagy
={0,1,...,p—4}u{p-3}u{2p-3,2p—4,...,p— 2}
U{2p-2,2p-1,...,3p—-4}u {3p -3}
U{3p—-2,3p-1,...,4p— 6} U {4p - 5}
u{4p-4}U {5p-6,5p-17,...,4p - 3}
U{sp—-5}u{6p—6,6p—7,...,5p — 4}
u{6p—-5}U {6p—4,6p—3,...,7p— 6}
U{8p—7,8p—8,...,7p— 5} U {8p— 6,8p — 5}
={0,1,2,..., 8—6, 8 —5}.
It is obvious that the labels of each edge are different. So, g maps E onto

{0,1,...,m — 1}. According to the definition of harmonious graph, we can
conclude that the balanced quadruple shells are harmonious for n = 4p+1.

Case2: n=2mod4. Letn=4p+2,p>3,thenm =8p—2.
In this case we must have three shells of size p + 1 and one shell of size
p+2
Let
V(G) = {v1,v2,...,Vaps2}.
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The four cycles are

G = {vlav2)~--,vp’v2p+1})

C2 = {vp41,Yp+2,.--,V2p,V2p11},

Cs = {vap+2,Y2p+3;-+-Vsp41,V2p41 )},
Ci = {V3p+2,V3p+3,- -, Vapt+2, V2pt1}-

This means that vgp4; is the common apex and the 4p — 7 chords are
{vopt1v:i [2< i< p-1Vp+2 < i < 2p-1V2p+3 <i < 3pv3p+3 < i< dp+1}.
We label the vertices as follows:

( 8- (i+5)/2, 1<i<2p-landimod?2=1,
6p—1—1i/2, 2<i<2pandimod?2=0,

3p—-1+4+14/2, 2p+2<i<4p-2andimod?2=0,
S5p+(:—5)/2, 2p+3<i<d4p-landimod2=1,

Fo) = ¢ Z34i i=2 1,
_p+i: i=4p,
0 i=4p+1,

[ 2(p+1)+4, i=4p+2.

By a proof similar to the one in Case 1, we have that this assignment
provides a harmonious labeling for n = 4p + 2.

Case3: n=3mod 4. Letn=4p+3,p> 2, then m = 8p.
In this case we must have two shells of size p+ 1 and two shells of size p+ 2.
Let

V(G) = {‘Ul, v2,... ’v4p+3}.
The four cycles are

Ci = {v,va,...,Y,V2ps1},

C, = {'Up+1,‘0w2, « ey U2p, '02p+1},

C; = {v2p+2:v2p+3s ceey 03p+1,02p+1},
Ci = {v3p+2,Y3p+3,-- -, Vap+3, V2p+1}-

This means that vyp4; is the common apex and the 4p — 6 chords are
{v2p410i |2 < i < p-1Vp+2 < i < 2p—-1V2p+3 < i < 3pV3p+3 < i < 4p+2}.

We label the vertices as follows:
[ 8p—(i+1)/2, 1<i<2p-landimod2=1,

6p —1i/2, 2<i<2pandimod2=0,
5p—1+4+i/2, 2p+2<i<4pandimod2=0,

flvi) = { 3p+(i-3)/2, 2p+3<i<4p+landimod2=1,
—-1+43, i=2p+1,

=3p—-2+1, i=4p+2,
| —p—4+1, i=4p+3.

293



By a proof similar to the one in Case 1, we have that this assignment
provides a harmonious labeling for n = 4p + 3.

Case4: n=0mod 4. Letn=4p,p>3, then m =8p—6.

In this case we must have one shells of size p and three shells of size p + 1.
Let

V(G) = {v1,v2,...,v4p}.

The four cycles are

G = {'vlvv2a"-’vp7'02p+l};

Cx = {vp+1,Yps2,...,02,V2p11},

Cs = {U2p42,V2p43,---,V3p41,V2ps1 )},
Cs = {vsp4a, U3p+3y -+ Vdp, Uzp+1}-

This means that vgp4, is the common apex and the 4p — 9 chords are
{v2p419: |2 < i < p—1Vp+2 < i < 2p—1V2p+3 < i < 3pV3p+3 < i < 4p—1 }
We label the vertices as follows:

8p—(1+13)/2, 1<i<2p-1andimod?2=1,
2p-2-1i/2, 2<i<2p—2andimod?2=0,
-p—-1+41i/2, 2p+2<i<4p-—2and imod 2 =0,

flwi) = p+(i-7)/2, 2p+3<i<4p-landimod?2=1,
3p—5+1i, Zp<i<2p+1,
2p—5+1, i=4p.

By a proof similar to the one in Case 1, we have that this assignment
provides a harmonious labeling for n = 4p.

According to the Cases 1 — 4, we can say that the balanced quadruple
shells are harmonious. O

In Figure 1, we illustrate our harmonious labelings for MS{10%},
MS{9%,10}, MS{92,10%} and MS{9, 103}.

Conclusion

Deb and Limaye (2] have conjectured that all multiple shells are harmonious
, and shown that the conjecture is true for the balanced double shells and
balanced triple shells . In this paper, the conjecture is proved to be true
for the balanced quadruple shells . The conjecture still remains open for
k> 5.
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MS{92,10%} MS{9,10%}

Figure 1 : Harmonious labelirigs of MS{10*}, MS{9%,10}, MS {9°,10%}
and MS {9, 10°)
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