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ABSTRACT

The convex hull of a subset A of V(G), where G is a connected graph, is
defined as the smallest convex set in G containing A. The hull number of G is
the cardinality of a smallest set A whose convex hull is V(G). In this paper, we
give the hull number of the composition of two connected graphs.

1 Introduction

Given a connected graph G, the couple (V(G),dg), where V(G) is the vertex
set of G and dg(u,v) is the length of a shortest path connecting vertices u and
v in G, is a metric space on V(G). Any u — v path of length dg(u, v) is called a
u — v geodesic. A subset C of V(G) is convexz if for every two vertices u,v € C,
the vertex set of every u — v geodesic is contained in C.

If u and v are vertices of a graph G, then the set Ig[u, v} is the closed interval
consisting of »,v and all vertices lying on a u — v geodesic of G. If § C V(G),

then
IelS1= | Iclu,v).
u, €S

When no confusion arises, we simply refer I¢[S] as I[S]. A set S is convez in
G if I[S] = S. The convez hull [S) of S is the smallest convex set containing S.
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It can be formed from the sequence {I?|S]}, where p is a nonnegative integer,
1°[S] = S, I'[S] = 1[S], and I7(S] = I{I?~}(S]] for p > 2. For some p, we must
have I[S] = I?[S] for all ¢ > p. Further, if p is the smallest nonnegative integer
such that 79(S] = I?[S] for all ¢ > p, then I?[S] = [S].

A set S of vertices of G is called a hull set in G if [S] = V{G), and a hull
set of minimum cardinality is a minimum hull set in G. The cardinality of a
minimum hull set in G is called the hull number h(G) of G. These concepts were
introduced by Everett and Siedman [4] and investigated further in (3]. For other
graph theoretic terms which are assumed here, readers are advised to refer to

(5]-

2 Results

We first state a simple lemma.

Lemma 2.1 Let G be a nonirivial connected graph. If A and B are nonemply
subsets of V(G) with A C B, then I?[A] C I?[B] for all natural numbers p.

The composition of two graphs G and H, denoted by G[H], is the graph
with V(G[H]) = V(G) x V(H) and (u,v)(v',v') € E(G[H]) if and only if either
uuw’ € E(G) or u =’ and v’ € E(H).

Lemma 2.2 Let G and H be nontrivial connected graphs and u,v € V(H)
with dy(u,v) = 2. Let z € V(G) and A, = {(z,u),(z,v)} C V(GH]). If
y € N(z) (N(z) is the set of neighbors of z in G), then (y,w) € Igu)[Az] for
allwe V(H).

Proof. Let u,v € V(H) with dy(u,v) = 2, and A; = {(z,u),(z,v)} C
V(G|H]) for z € V(G). If y € N(z) and w € V(H), then {(z, u), (y, ), (z,v)] is
an (z,u)~(z,v) geodesic in G{H]. Thus, (y,w) € Igm[(z,u), (z,v)]. Therefore,
(Y w) € Igm(As) for all w & V(H). "

Lemma 2.3 Let G and H be nontrivial connected graphs and u,v € V(H) with
dylu.v) =2. Letx € V(G) and A, = {(z,u),(z.v)}} C V(G[H]). If N(z) #0,
then (z,w) € Ig.[H][Ax] for allw € V(H).

Proof. Let u,v € V(H) with dy(u,v) = 2, and A, = {(z,u),(z,v)} C
V(G|H)) for z € V(G). Obviously, (z,u), (z,v) € I3y [As). -

Let y € N(z). By Lemma 2.2, (y,w) € Igi)[A:) for all w € V(H). Let
B = {(y,u),(y,v)}. Then B C Igi[Az].- Thus, by Lemma 2.1, Ig;)(B] C
IgunlgimlA:)) = Ié[”][A,,]. Since z € N(y), (z,w) € Igyy|B] for all w €
V(H) by Lemma 2.2. Therefore, (z,w) € I&;)[4;] for every w e V(H). ®
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Lemma 2.4 Let G and H be nontrivial connected graphs, u,v € V(H) with
dy(u,v) = 2 and z € V(G). Let A = {(z,u),(z,v)}. For eachr > 1, if
y € V(G) and dg(z,y) =, then (y,w) € I(';W][Am] for allw € V(H).

Proof. Let u,v € V(H) with dy(u,v) = 2, and A, = {(z,u),(z,v)} C
V(G|H]) for z € V(G). By Lemma 2.2, the assertion holds for r = 1.

Suppose the assertion holds for 7 = k (k > 2), that is, if y € V(G) and
do(z,y) = k, then (y,w) € Ig[H][Az] for all w € V(H). Suppose y € V(G) and
dg(z,y) = k+ 1. Consider an z — y geodesic Pyty = [z,z1,22,...,Zx, y]. Since
de(z,2x) = k, (z4,w) € Ié‘l”] {A;] for all w € V(H) by the inductive hypothesis.
Let By = {(zx,u), (z,v)}. Then Bx C I&[Az] and so Loy Bi] C I [As]
by Lemma 2.1. Since y € N(zx), we have (y,w) € Igy)[Bx] for all w € V(H)
by Lemma 2.2. Thus, (y,w) € Ig.'[",}][Ax] for all w € V(H). This completes the
proof of the lemma. n

Theorem 2.5 Let G and H be connected graphs. If H is non-complete, then

nam= {5 1a7K:

Proof. Let G and H be connected graphs, where H is non-complete. If G = K|,
then G[H] = H. This implies that, h(G[H]) = h(H).

Suppose G # K. Since H is non-complete, there exist u,v € V{H) such
that dy(u,v) = 2. Choose z € V(G) and let A, = {(z,u),(z,v)}. Since
N(z) # 0, (z,w) € IZ;[As] C [As] for all w € V(H) by Lemma 2.3. Now,
let y € V(G)\{z} and let dg(z,y) = r (r > 1). By Lemma 24, (y,w) €
15m)[Az) C [Aq] for all w € V(H). Since [A;] € V(G[H]), it follows that
[Az] = V(G[H]). Therefore, h(G[H)) = 2. | |

The following remark is a direct consequence of Theorem 2.5.

Remark 2.6 Let n and m be positive integers. Then

1. h(Pn[Pm]} =2 forn,m > 3;

MPo[Cr]) = R(Ca[Pr])) =2 forn > 3 and m > 4;
hCnlCm]) =2 forn,m > 4;

h(Kn[Pn]) =2 forn>2 and m > 3;

- (W Pr]) = h(Pu|Wa]) =2 forn 24 and m > 3;
. W(Kn[Cr]) =2 forn > 2 and m > 4;

7. h(Cn[Wm]) = h(Wm[Cn]) =2 fO?‘ n,m Z 4;

L o

(SIS T o

115



8. h{Kp[Wn|)=2forn>2andm 24 and
9. h(Wp[Wp)) =2 forn,m 2 4.

A vertex v in a connected graph G is an exztreme vertex if the subgraph
induced by N(v) (the set of neighbors of v) is complete.

Theorem 2.7 [3] If v is a vertez of a graph G such that (N(v)) is complete
(that is, v is an eztreme vertez in G), then v belongs to every hull set and every
geodesic set of G.

Lemma 2.8 (2] Let G be a connected graph. A verlez x is an extreme vertex
in G if and only if (z,a) is an extreme vertez in G[Kn] for alla € V(Kun).

Lemma 2.9 Let G be a connected graph, T C V(G[Kn]) and Ty = {z €
V(G) : (z,v) € T for somev € V(Ku)}. For every n, the following holds: If
u € IZ[T\Ty, then (u,v) € Igk [T) for allv € V(Km)-

Proof. Let T C V(G[Kn)) and Ty = {x € V(G) : (z,v) € T for some v €
V(Km)}. Suppose v € V(Kpn). If u € Ig[Ty|\Ty, then there exist s,¢ € Ty such
that u € Ig[s,t]. Let P = [s,u1,uz,...,%t], where u = ug (1 < k < r), be
an s — t geodesic in G. Let v,,v’ € V(Km) such that (s,v,), (¢,v') € T. Then
P* = [(5,v0), (u1,v), (u2,0),. .., (ur, v), (t,0")] is an (s,v,) — (¢£,v") geodesic in
G[Km]- Since (s,v,), (t,v") € T and (u,v) € Igk.,)I(s, Vo), (t,v")), it follows
that (u,v) € IG[K.,,][T]<

Suppose the assertion holds for n = k > 1, that is, if u € IS[T;]\TI, then
(u,v) € I, [T Let u € IEMT\Ty. Then there exist p,q € I§[Ty] such
that u € I¢[p,q). We consider three cases.

Case 1. Both p and g belong to Ty. As proved earlier, we have (u,v) €
Iok,T) € 1%, (T) for all v € V(Km).

Case 2. Exactly one of p and g belongs to Ty, say p € Ty and ¢ ¢ Ty.
Then (p,vo) € T C I§,.[T] for some v, € V(Km) and q € IE[T/\T;. Thus,
(P, vo) € I§k,(T] and (q,v) € I k,[T] by the inductive hypothesis. Since
(u,v) € Igk,.)[( Vo), (0, 0)], (u,0) € Ié”[*,}ml[T].

Case 3. Both p and g do not belong to Ty. Then p,q € I&[T;)\T;. By the in-
ductive hypothesis, (p,v), (g,v) € Ié[K,,.][T]' Since (u,v) € Igik..|l(p,v), (g, V)],
(u,v) € Ié'f,}l[ﬂ Therefore, the assertion of the lemma holds. |

In what follows, A, and D, denote the sets of extreme vertices in V(G) and
V(G[Km)]), respectively.

Lemma 2.10 Let G be a connected graph and T C V(G[Kn]) such that Ty =
{x e V(G): (z,9) € T for some v € V(Kr)} is a hull set in G. If z € Tj\A.,
then (z,v) € [T) for all v € V(Ky).
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Case 2. Suppose, without loss of generality, that (p,a) € T and (q,¢) ¢ T-
Then p € T; C I&[Ty] and q € I§[Ty] by the inductive hypothesis. If’c p=gq,
then dg|k,,|((p,a),(g,¢)) = 1. Hence, (u,b) = (g.c). Thus,u=¢q€ IEITY) C
IE¥YTy). 1f p # g, then u € Ig(p, q]. Therefore, u € I§!(Ty). .

Case 3. Suppose (p,a),(g,¢) € T. Then p,q € IE[Ty] by the inductive
hypothesis. Thus, u € I5*!(Ty]. Therefore, the assertion holds. B

Lemma 2.13 Let G be a connected graph, T C V(G[Ky]) and Ty = {z €
V(G) : (z,a) € T for some a € V(Km)}. If T is a hull set in G[Ky], then T
is a hull set in G.

Proof. Let T be a hull set in G[Knm|, [T] = Ig, [T = V(G[Kn]) and
u € V(G). Choose b€ V(Kum). If (u,b) € T, then w € Ty C [Ty]. If (u,b) ¢ T,
then (u,b) € [y, [TI\T. Hence u € I3[Ty] C [T7] by Lemma 2.12. Therefore,
Ty is a hull set in A‘ |

Theorem 2.14 Let G be a connected graph. If T is a hull set in G|K,,], then
T=CUD,, where CND, =0, and Ty = {z € V(G) : (z,v) € T for somev €
V(Km)} is a hull set in G.

Proof. Suppose T is a hull set in G[Kn]. Then T'= C U D, by Theorem 2.7,
where C N D, = 0. Furthermore, Ty = {z € V(G) : (z,v) € T for some v €
V(Km)} is a hull set in G by Lemma 2.13. |

Corollary 2.15 Let G be a connected graph. If A is a minimum hull set in
G, then T = [(A\A.) x {v6}] U D, is a minimum hull set in G[Ky,] for every
Up € V(Kpm).

Proof. Let A be a minimum hull set in G, v, € V(K,n) and T = [(A\4.) x
{vo}]U D.. By Theorem 2.11, T is a hull set in G[K,,]. Suppose T is not a
minimum hull set. Let T’ be a minimum hull set in G|K,;). Then T* = CU D,,,
where CN D, = @, and T} = {z : (z,u) € T' forsomeu € V(Kn)} is a
hull set in G by Theorem 2.14. Further, |T'| < |T|. By Theorem 2.11, T* =
[(TP\A.) x {v6}]UD, is a hull set in G[K,,) and |T*| = T} +(m=1)|A| < |T.
Since T’ is minimum, |T"| = [T+ (m - 1)[A.] < |T| = |A|+(m —1)|A,|. Thus,
|T}| < |Al, a contradiction. Therefore, T is a minimum hull set in GKnp)l B

Theorem 2.16 Let G be a connected graph and K., the complete graph of order
m. Then h(G[Kn]) = h(G) + (m - 1)|A|.

Proof. Let A be a minimum hull set in G and v, € V{(Kn). By Corollary 2.15,
T = [(A\Ac) x {v,}]U D, is a minimum hull set in G[K,). Since T is minimum
and |T| = |((A\Ae) x {vo}) U D,| = h(G) + (m — 1)| A.|, we obtain the desired
result. | |

The next results follow directly from Theorem 2.16.
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Proof. Let z € Tj\A. and [Ty] = IG[Ty] = V(G) for some nonnegative
integer p. Then there exist y,z € N{z) such that dg(y,2z) = 2. Hence,
dgik . (¥ v), (2.w)) = 2 and (v, u), (2,w) € N((z,v)) for any u,w,v € V(Km).
Thus, (z,v) € Igk,.|[(¥ ): (2, w)] for all v,w,v € V(K.). Consider the fol-
lowing cases:

Case 1. Suppose y,z € Ty. Then for some u,,w, € V(Km), we have
(4, %0), (2,w0) € T. Since (,v) € Igx,.)[(y: o), (2,wo)] for all v € V(Km), it
follows that (z,v) € Igk,,j[T) € [T] for all v € V(Km).

Case 2. Suppose, without loss of generality, that y € Ty and z ¢ Ty. Then
(y,v0) € T C g, [T] for some v, € V(Km) and z € IZ[T]\T;. Thus,
(y,v0) € Ig;‘Km][T] and (z,%) € Ig,,(T] by Lemma 2.9. Hence, (z,v) €
24 (T) = [T for all v € V(Km).

Case 3. Suppose y,z € Ty. Since y, z € IE[T/\Ty, (y,v), (2,v) € Ig:m.,.;lT]
for all v € V(K) by Lemma 2.9. Since (z,v) € Igx,.|[(¥.v). (z,v)]. it follows
that (z,v) € I ,(T) = [T] for all v € V(Kmn).

Therefore, in any case, (x,v) € [T] for all v € V(K,,). [ ]

Theorem 2.11 Let G be a connected graph. If A is a hull set in G, then
T = CUD,, where C C V(G[Kp]) and A C Ty = {x € V(G) : (z,v) €
T for some v € V(K)}, is a hull set in G[Kn].

Proof. Suppose A isa hull set in G and T = CU D,, where AC Ty = {2 €
V(G) : (z,v) € T for some v € V(Kn)}. Then Ty is a hull set in G and A, C Ty
by Theorem 2.7. Let (z,v) € V(G[Km]). If z € A, then (z,v) € D, C T C [T
by Lemma 2.8. If z € Ty\A,, then (z,v) € [T] by Lemma 2.10. Finally, if
z & Ty, then z € [Ty|\Ty = IL[T;]\T; for some positive integer ¢q. This implies
that (z,v) € Ig, |[T) € [T] by Lemma 2.9. Therefore, [T} = V(G[Kn]). ®

Lemma 2.12 Let G be a connected graph, T C V(G|Kn]) and Ty = {z €
V(G) : (z,a) € T for some a € V(K,,)}. For every n, the following holds: If
(u,b) € Iz, |[TN\T. then u € IE(Ty).

Proof. If (u,b) € Igk,.|[TI\T, then there exist (v,a),(w,c) € T such that
(u,b) € Ig(k,. [(v,a), (w,c)]. Since (u,b) € T, (u,b) # (v,a) and (u,b) # (w,c).
Hence, dg(x,,)((v,a), (w,c)) # 1. This implies that v and w are distinct elements
of Ty and u € Iglv, w]. Thus, u € Ig[T}] and the lemma holds for n = 1.
Suppose the assertion holds for n = k > 1, that is, if (u,b) € Igl TN,
then v € I&[Ty]. Let (u,b) € Ié’m,..llT}\T' Then there exist (p,a),(q,c) €
Ié.[K"_][T] such that (u.b) € Ig(k,,}[(p,a), (g, c)]. Consider the following cases:

Case 1. Suppose (p,a),(q,c¢) € T. Then, as in the above argument, u €
Iclp,q). Hence, u € IE* [Ty
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Corollary 2.17 Let G be a connected graph of ordern > 4. If G has no extreme
vertez, then h(G[Kn]) = h(G).

The following examples follow from Corollary 2.17.
Example 2.18 Let n and m be positive integers. Then
1. h(Cp[Kw]) = h(Cy) forn >4 and m > 2 and

2. MW,[Kn]) = h(W,) forn >4 and m > 2.

Corollary 2.19 Let G be a connected graph of order n. If A, is a hull set in
G, then h(G[K,,]) = m|A.|.

The following examples follow from Corollary 2.19.
Example 2.20 Let n and m be positive integers. Then

1. h(Kp|Km]) = mn for n,m > 2 and

2. h(Pa[Kwm)) =mh(P,) =2m forn >3 and m > 2.

References

(1] F. Buckley and F. Harary, Distance in Graphs. Addison-Wesley, Redwood
City, CA (1990).

[2] S. R. Canoy, Jr. and 1. J. L. Garces, Convex Sets Under Some Graph
Operations. Graphs and Combinatorics. 18 (2002), 787-793.

[3] G. Chartrand, F. Harary and P. Zhang, On the Hull Number of a Graph.
Ars Combinatoria. 57 (2000) 129-139.

[4] M. G. Everett and S. B. Seidman, The Hull Number of a Graph. Discrete
Math. 57 (1985) 217-223.

[5] F. Harary, Graph Theory. Addison-Wesley, Reading Massachussets (1969).

119



