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Abstract

In this paper, we give a complete characterization of the pseu-
dogracefulness of cycles.
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1. Introduction

We follow the basic notations and terminology of graph theory as
in [1].

A vertex labeling of a graph G is a function f of labels to the ver-
tices of G that induces for each edge zy a label depending on the vertex
labels f(z) and f(y). The most known kinds of vertex labelings are the
graceful labelings [6] and the harmonious labelings [5]. Several authors in-
troduced variations on these labelings. For a survey on the vertex labelings,
readers are referred to Gallian [4].

Recall that a (p, q) graph G is called graceful if there exists an in-
jective function f, called a graceful labeling of G, f: V(G) — {0,1,---,q}
such that the induced function f* : E(G) — {1,2,---,q} defined by
F*(zy) = |f(z) — f(w)], for all edge zy € E(G) is an injection. The concept
of graceful labeling was introduced by Rosa [6] in 1967, who has shown that
if G is a graceful Eulerian graph with g edges, then ¢ =0 or 3(mod 4). We
call this condition the graceful parity condition. Rosa [6] also proved that
this necessary condition is sufficient for cycles by showing that the cycle
C,, is graceful if and only if n = 0 or 3(mod 4).

Frucht [3] give a slight variation to the definition of graceful graph
by calling a (p,q) graph with p = ¢+ 1 (i.e., graphs that are trees or
the disjoint union of a tree and uncyclic graphs) is pseudograceful if there
exists an injective function f, called a pseudograceful labeling of G, f :
V(G) = {0,1,---,q—1,q+1} such that the induced function f* : E(G) —
{1,2,---,q} defined by f*(zy) = |f(z) — f(y)| for all edge zy € E(G)is an
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injection. Frucht (3] showed that some families of graphs are pseudograce-
ful.

Seoud and Youssef (7] extended the definition of pseudograceful to
all graphs with p < g+ 1. Extending the definition enable them to obtain a
large families of graceful disconnected graphs as well as of pseudograceful
disconnected graphs. They proved that if G is a pseudograceful graphs,
then G U K, , is graceful for m,n > 2 and GU Ko n is pseudograceful
for m,n > 2 and (m, n) # (2,2). Youssef [8] proved that if G is a pseudo-
graceful graph and if H is an a-labeled graph, then G U H can be graceful
or pseudograceful under some conditions on the a-labeling function of H.
See Gallian [4] for the definition of a-lebeled graphs.

In this paper, we complete the characterization of the pseudograce-
fulness of cycles by showing that the cycle C,, is pseudograceful if and only
if C, is graceful.

2. Pseudogracefulness of Cycles

Seoud and Youssef 7] observed that if G is a pseudograceful Eu-
lerian graph of ¢ edges, then ¢ = 0 or 3(mod 4). We call this condition
the pseudograceful parity condition. They also have completely setteled
the pseudogracefulness of the graphs Ky, K n and P, + K, while for the
cycle Cy, they gave pseudograceful labelings for n = 3,4,7 and 8. In the
following theorem, we give all values of n for which C, is pseudograceful.

Theorem 1.
Cn is pseudograceful if and only if n = 0 or 3(mod 4).
Proof.

Necessity follows from the pseudograceful parity condition [7]. For
sufficiency, let V(Cy) = {uj,ua,--,uan}, n > 3 whewre w;u; € E(C,)
if and only if i — j = *1(mod n) . The pseudograceful labelings of Cy,
n=3,4,7 and 8 are in [7). For n > 8, we have the following four cases :
Case 1: n = 8k, k > 2. We define the labeling function

f:V(Ca)—-{01,---,n—1,n+1}

as follows

f(ul)=n+17 f('u.3)=n——1,

_f2(-1), 1gi<k-1
f(““")‘{zi, k<i<2k
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Flugar) = { P12 1<i<k—1
Ui 1) = p— 94, k<i<2k—1

2t—-1, 1<Li<k-1

f(u4i—2)= {2('5—1), i=k
2i -1, k+1<i<2k

Flugins) = {7 % 1<i<k-—1
UWait3) =\ p_1-2, k<i<2%-1.

Observe that f is injective with 2k — 1 ¢ f(V(C,)). We have to
show that f* is injective as well. We abbreviate f*(uiu;) to f*(3,7) .

f*(E(C)) {£7(1,2), £*(2,3), /*(3,4), f*(n, 1)}V
{f*(44,4i+1):1<i<2k-1}U
{f*(4i+1,41+2):1<i<2k—-1}U
{f*4i+24i+3):1<i<2k—-1}U
{f*(4i+3,4i+4):1<i<2k -1}

= {n,n-2,n-1n—4k+1}U
({f*@i,4i+1):1<i<k-1}U
{f*(4i,4i+1):k <i< 2k ~1}U
{f*@di+1,4i+2):1<i<k—-2}U
{f*4i+1,4i42):i=k—-1}U
{f*4i+1,4i+2): k<i<2k-1}U
({f*(4i+2,4i+3):1<i<k-2}U
{f*@i+2,4i+3):i=k-1}U
{f*(4i+2,4i+3): k <i<2k-1}U
({f*(di+3,4i+4):1<i<k—-2}U
{f*@i+3,4i+4):i=k—1}U
{f*(4i+3,4i+4): k <i <2k —1})

= {n,n-1,n-2,n—-4k+1}U({n—-4i+1:1<i<k-1}
{n—4i:k<i<2% -1} )U({n-4i-2:1<i<k-2}U
{n—4k+3}u{n—-4i-1:k<i<2k-1}U
({n-4i-1:1<i<k-2}U{n-4k+4}U
n-4i-2:k<i<2%—-1})U({n—4i:1<i<k-2)U
{n—dk+2}U{n—4i—3:k<i<2k—1}).

If we group the edge labels according to the congruence class mod-
ulo 4, then
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f(E(CR) = ({nju{n—-4i:1<i<k-2}JU
{n—4k+4}u{n—-4i: k<i<2k-1}U
({fn-4+1:1<i<k-1}U{n—-4k+1}U
{n-4i-3:k<i<2k-1})U({n-2}U
{n-4i-2:1<i<k-2}u{n—-4k+2}U
{n-4i-2:k<i<2k-1})U({n-1}U
{n—4i-1:1<i<k-2}U{n—4k+3}U
fn—4i-1:k<i<2—1))
= {12 :--,n}.

Hence f is a pseudograceful labeling of C,, .

Case 2: n=8k+3, k > 1. Asin Case 1, we define a labeling function f
as follows

flw)=n4+1, fluz)=n-1,

_f26-1), 1<i<k
f@“y‘{%—l, k+1<i<2k

flugip1) =n—-1-2i, 1<i<2k

_J2i-1, 1<i<k
flugi—2) = 2ti—1), k+1<i<2k+1

_[n-2 1<i<k-1
S(ugiy3) = n—-2-2%, k<i<2.

Also, observe that f is injective with 6k + 3 & f(V(Cy)).
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fH(EC)) = {f(1,2),f(28),f(3,4), f*(n, 1)}V
{f*(4i,4i+1):1<i<k}u
{f*(4i,4i+1): k+1 <i < 2k})U
{f*(4i+1,4i+2):1<i<k-1}U
{f*(4i+1,4i+2) : k <i < 2k}U
(f*i+2,4i+3):1<i<k—1U
{f*(4i+2,4i+3) : k <i<2k}U
([f*@i+3,4i+4):1<i<k—1}U
{f*(4i+3,4i+4):k<i<2k-1})

= {n,n-2,n-1,n—4k}Uu({n-4i+1:1<i<k}U
{n—4i k+1<i<%NU({n—-4i-2:1<i<k—1}U
{n-4i-1:k<i<2k})U({n—-4i-1:1<i<k-1}U
{n-4i-2:k<i<2kU({n—-4i:1<i<k-1}U
{n—4i-3:k<i<2%~1}).

If we group the edge labels according to the congruence class mod-
ulo 4, then )

Y (E(C)) = ({n—4i+1:1<i<k}U{n—-4i—-3:k<i<2k-1}HU
{n-2lu{n-4i-2:1<i<k-1}U
{n—4i-2:k<i<2}U
{n-1}u{n—-4i-1:1<i<k-1}U
{n—4i-1:k<i<2k}U
({n}u{n-4i:1<i<k-1}U{n-4k}U
{n—4i:k+1<i<2k})

= {1,2 -, n}.

Hence f is a pseudegraceful labeling of C, .

In the next two cases, we give the labeling functions and with an
argument similar to that in Cases 1 and 2, the reader can show that the
labeling is pseudograceful.

Case 3: n =8k +4, k > 1. We define a labeling function as follows

f(ul)=n+1’ f(’u3)=n—1,

N f26-1), 1<i<k
f(“4‘)‘{2z’-1, k+1<i<2+1

flugip1)=n—-1-2i, 1<i<2k
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Flussg) = 2i—-1, 1<i<k
42T\ 20i-1), k+1<i<2%k+1

Flugirs) = n— 21, 1<i<k-1
3/ T \n-2-2i, k<i<2.
Observe that f is injective with 6k +4 ¢ f(V(C,.)).
Case 4: n=8k+ 7, k > 1. We define a labeling function as follows

flw)=n+1, fluz)=n-1,

N f2i-1), 1<i<k
f(”“’)"{%, k+1<i<2%+1

F(uassn) = n—1-2i, 1<i<k
417 n— 24, k4+1<i<2k+1

% -1, 1<i<k
flugi_o) = {Z(i—l), i=k+1
2i -1, k+2<i<2k+2

flusas) < {7—2  1<isk
W3/ T \n—1-2, k+1<i<2+1.

Observe that f is injective with 2k +1 ¢ f(V(C,)). ¢

Finally, we complete the characterization of the graceful graphs in
the family C, U K, 4, n =0 or 3 (mod 4) . Seoud and Youssef [7] gave the
complete characterization of the gracefulness of C,, U Ky, ; when n = 3,4,7
and 8. We have C, U Sy, is graceful for all n > 7 and m > 1 by [2].

Combining the result of this paper with the result of {7, Theorem 2.1] and
the result of [2] mentioned above, we have the following corollary.

Corollary 2.

If n > 8 and n = 0 or 3 (mod 4), then C, U K, , is graceful for all
p and q and is pseudograceful for all p,q > 2 and (p, q) # (2,2) .

Remark.

Note that, for n =1 or 2 (mod 4), the graph C, U K, , may not be
graceful by using the graceful parity condition [6].
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