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Abstract

Balakrishnan et al. [1, 2] have shown that every graph is a
subgraph of a graceful graph and an elegant graph. Also Liu
and Zhang [4] have shown that every graph is a subgraph of a
harmonious graph. In this paper we prove a generalization of
these two results that any given set of graphs G1,Ga,... , Gt
can be packed into a graceful/harmonious / elegant graph.

Key words: Graph Labeling, Graceful Graphs, Harmonious Graphs,
Elegant Graphs.

AMS subject classification: 05C78.

1 Corresponding author.
2Currently working in the Dept. of Mathematics, Crescent Engineering
College, Chennai-600048.

ARS COMBINATORIA 76(2005), pp- 297-301



1 Introduction

A function f is called a graceful labeling of a graph G with m edges if f is
an injection from the vertex set of G to the set {0,1,2,...,m} such that,
when each edge zy is assigned the label |f(z) — f(y)|, the resulting edge
labels are distinct. A graph which admits a graceful labeling is called a
graceful graph.

A function f is called harmonious labeling of a graph G with m edges if
[ is an injection from the vertex set of G to the group of integers modulo
m such that, when each edge zy is assigned the label f(x) + f(y)(modm),
the resulting edge labels are distinct. A graph which admits a harmonious
labeling is called a harmonious graph.

An elegant labeling f of a graph G with m edges is an injective function
from the vertex set of G to the set {0,1,2,...,m} such that when each
edge zy is assigned the label f(z) + f (y)(mod(m + 1)) the resulting edge
labels are distinct and nonzero. A graph which admits an elegant labeling
is called an elegant graph.

A sequence of graphs Gy,Gs,...,G; is said to be packed into a graph
G if G has edge disjoint subgraphs F,F,,...,F; such that F; ~ Gj, for
i=L12,...,t

For m > 1, mK, denotes m disjoint copies of K;. For a given set of
graphs G1,Ga,...,G, t > 1, we denote G = ij G; and H,,, = @UmKl.

Balakrishnan et al. [1, 2] have shown th:;;levery graph is a subgraph
of a graceful graph and an elegant graph. Also Liu and Zhang [4] have
shown that every graph is a subgraph of a harmonious graph. In this
paper we prove a generalization of these two results, that any given set
of graphs G,,Gs,...,G; can be packed into a graceful, harmonious and
elegant graph.

More precisely, In this paper we prove the following results.

For any set of graphs G,,G,,...,G;, ¢ = 1, the graph
G=H,+K 1 is

(i) graceful, for m > 2Vl - ((V(G)| + |E(G)] +1);

(i) harmonious and elegant, for m = 2IV() — (Jv(G)| + |E(G))).

298



2 The Graph H,, + K; is Graceful,

Harmonious and Elegant

" Theorem 1: For any set of graphs G1,Ga,...,Gi, t 2 1, the graph
G = H,, + K, is graceful, for m 2 2V — (V(@)| + |E(G)| + 1)

Proof: For any set of graphs G1,Ga,...,Gt, t 2 1, consider the graph
G = Hy, + K, withm 3 2@ - (V(G)| + |[E(G)| +1). Then G has
[V(G)] + m + 1 vertices and M = |E(G)| + [V(G)| + m edges. Let N =
[V(G)|- Then, for convenience we label the vertices of G as vg,v1,V2,V3,- -+
UN, U1,Uz,...,Um, Where vg is the unique vertex of G with maximum
degree N + m and v,ve,...,UN are the vertices of G and uy,u2,...,Um
are the remaining m pendant vertices adjacent to vo of G.

Define d(vo) =0
$vi) =2 -1, 1<i<N

For each i, 1 < i < m, define ¢(u;) to be any one of the (unassigned)
distinct labels from the set

A={1,2,...,M}\{Zi-lllsisN}\

N-1
U {2‘(2j‘i - 1)\1’ +1<j <N andwy;€ E(G’)}
=1
Note that any bijective mapping from the set {u1,u2,...,um} onto the set

A can be chosen for defining the function ¢ on the vertices u;'s. Thus ¢
is injective and the edge values of G are distinct and range from 1 to M.
Hence G is Graceful. O

Following corollary is an immediate consequence of Theorem 1.

Corollary 1: For any set of graphs G1,Gs,...,Gi, t > 1, there exists a
graceful graph G such that G, Ga,...,Gy can be packed into G.

Remark 1: Corollary 1 is a generalization of the result of Balakrishnan
et al. [1] that every graph is a subgraph of a graceful graph.
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Theorem 2: For any set of graphs G1,G2,...,Gy, t > 1, the graph
G = Hp, + K, is harmonious, for m = 2IV(&) _ (VG| + |E@G))).

Proof: Let Y0,V1,V2;...,UN, U1, U2, ..., um and M be as in the proof of
Theorem 1.

Define #(ve) =0
d(v;)=2"-1, 1<i<N -1
p(vn) =2V -2

For each i, 1 € i < m, define #(u;) to be any one of the (unassigned)
distinct labels from the set

B={1,2,...,M—1}\{2‘—1,1<i<N—1}\{2N—2}\

(2 +29 — ﬁ(modM))|i +1<j <N and

N-1 =
U v;v; € E(G)
i=1 where f =2if j # N
B=3ifj=N
Note that any bijective mappaing from the set {u1,u2,...,u,} onto the

set B can be chosen for defining the function ¢ on the vertices u;’s. Thus
¢ is injective and the edge values of G are distinct and range from 0 to
M - 1. Hence G is harmonious. O

The following corollary is an immediate consequence of Theorem 2.

Corollary 2: For any set of graphs G1,Ga,...,Gy, t > 1, there exists a
harmonious graph G such that G1,Ga,...,Gy can be packed into G.

Remark 2: Corollary 2 is a generalization of the result of Liu and Zhang
(4] that every graph is a subgraph of a harmonious graph.

Theorem 3: For any set of graphs G1,G,,...,Gy, t 2 1, the graph
G = Hm + K\ is elegant, for m = 21V — ((V(G)] + |E(G)).
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Proof: Let vp,v1,v2,73,.--,UN, U1,U2,..-,Um and M be as in the proof
of Theorem 1.

Define $(vo) =0
$vi) =2, 1<igN

For each i, 1 < i < m, define ¢(u;) to be any one of the (unassigned)
distinct labels from the set

C={1,2,...,M}\ {2“1 sisN}\
N-1 '
U {2" + 27 (mod M + 1)|i+ 1<j< Nandvw; € E(é)}
i=1

Note that any bijective mapping from the set {u1,us,..., um} onto the set
C can be chosen for defining the funtion ¢ on the vertices u;’s. Thus ¢
is injective and the edge values of G are distinct and range from 1 to M.
Hence G is elegant. O

The following corollary is an immediate consequence of Theorem 3.

Corollary 3: For any set of graphs G1,Ga, ... ,Gt, t > 1, there exists an
elegant graph G such that Gy,Ga,...,G¢ can be packed into G.

Remark 3: Corollary 3 is a generalization of the result of Balakrishnan
et al. [2] that every graph is a subgraph of an elegant graph.
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