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Abstract

A graph G is called integral or Laplacian integral if all the eigenvalues of the
adjacency matrix A(G) or the Laplacian matrix Lap(G) = D(G) — A(G) of G
are integers, where D(G) denote the diagonal matrix of the vertex degrees of G.
Let Kpn41 = Knt1,n and K1,p[(p—1)K,) denote the (n+1)-regular graph with
4n+2 vertices and the p-regular graph with p?+1 vertices, respectively. In this
paper, we shall give the spectra and characteristic polynomials of Knnt1 =
Knt1.n and K p[(p — 1)K;] from the theory on matrices. We derive the
characteristic polynomials for their complement graphs, their line graphs, the
complement graphs of their line graphs and the line graphs of their complement
graphs. We also obtain the numbers of spanning trees for such graphs. When
p =n®+n++1, these graphs are not only integral but also Laplacian integral.
The discovery of these integral graphs is a new contribution to the search of
integral graphs.
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I. Introduction

We use G to denote a simple graph with vertex set V(G) = {v1,v9,-+ ,v,}
and edge set E(G). The adjacency matrix A = A(G) = [aij] of G is an
n X n symmetric matrix of 0's and 1’s with a;; = 1 if and only if v; and v;
are joined by an edge. The characteristic polynomial of G is the polyno-
mial P(G) = P(G,z) = det(zl, — A), where and in the sequel I, always
denotes the n x n identity matrix. The spectrum of A(G) is also called the
spectrum of G. If the eigenvalues are ordered by A; > A2 > --- > A, and

their multiplicities are m;,ms, - , My, respectively, then we shall write
AP YRR YR W
Spec(G) = ( S

Let D(G) = diag(d(v1),d(vs),- - - »d(vs)) be the diagonal matrix of the
vertex degrees of G. Then Lap(G) = D(G) - A(G) is called the Laplacian
matriz of G. Clearly, Lap(G) is a real symmetric matrix. If all the eigen-
values of the Laplacian matrix Lap(G) of G are integers, we say that G is
Laplacian integral.

The notion of integral graphs was first introduced by F. Harary and
A.J. Schwenk in 1974 (see [1]). A graph G is called wntegral if all the zeros
of the characteristic polynomial P(G, z) of G are integers. In general, the
problem of characterizing integral graphs seems to be very difficult. Thus,
it makes sense to restrict our investigations to some interesting families of
graphs, for instance, cubic graphs [2, 3], complete r-partite graphs [4, 24],
graphs with three eigenvalues [5], graphs with maximum degree 4 [6], etc.
Trees present another important family of graphs for which the problem
has been considered in {7-20). Some graph operations, which when applied
on integral graphs produce again integral graphs, are described in [1] or
[22]. Other results on integral graphs can be found in [21-23, 28, 34]. For
all other facts or terminology on graph spectra, see [22, 23].

For a graph G, let G be the complement graph of G and L(G) denote
the line graph of G, in which V(L(G)) = E(G), and where two vertices are
adjacent if and only if they are adjacent as edges of G. The m-iterated line
graph of G is defined recursively by L°(G) = G and L™(G) = L(L™Y(G)).
A graph is said to be regular of degree k (or k-regular) if each of its vertices
has degree k. Denote x(G) the number of spanning trees in a graph G. We
denote by G UG the union of two disjoint graphs G, and G2, and by nG
the disjoint union of n copies of G. A complete bipartite graph K, ,, isa
graph with vertex classes V; and V, if V = V; UV, Vi NV, = @, where Vi
are nonempty disjoint sets, |V;| = p; for i = 1,2, such that two vertices in
V are adjacent if and only if they belong to different classes. The (n+1)-
regular graph Kp ny1 = Kpq1,n On 4n + 2 vertices is obtained by adding
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the edges {v;w;|i = 1,2, - ,n+1} from two disjoint copies of K, n41 With
vertex classes V) = {ui = 1,2,---,n}, Va = {vi}i = 1,2,--- ,n + 1} and
Uy = {zii =1,2,--- ,n}, Uz = {wili = 1,2,--- ,n + 1}, respectively. Let
K, p be a graph with vertex classes V; = {u;} and V2 = {vi|i = 1,2, - ,p}.
The i-th graph K, of (p — 1)K, has the vertex set {w;;|j = 1,2,---,p},
where i = 1,2,--- ,p — 1. Then the p-regular graph K, ,{(p — 1)K,] on
p? + 1 vertices is obtained by adding the edges {viw;;|j = 1,2,--- ,p— 1}
fori=1,2,---,p between the graph K , and the graph (p—1)K,. In this
paper, we shall give the spectra and characteristic polynomials of Ky, 41 =
Kny1,n and K p[(p — 1)K, from the theory on matrices. We derive the
characteristic polynomials for their complement graphs, their line graphs,
the complement graphs of their line graphs and the line graphs of their
complement graphs. We also obtain the numbers of spanning trees for
such graphs. When p = n? + n + 1, these graphs are not only integral but
also Laplacian integral. The discovery of these integral graphs is a new
contribution to the search of integral graphs.

I1. Preliminaries

In this section, we shall give some useful properties of circulant matrices.

First of all, we give the following notations.

(1) C and R denote the set of complex and real numbers, respectively.

(2) C™*™ and R™*™ denote the set of m x n matrices whose entries are in

C and R, respectively.

(3) AT denotes the transpose of the matrix A.

(4) A* denotes the conjugate transpose of the matrix A.

(5) Jmxn and Opxn denotes the m x n all 1 and all 0 matrix, respectively.
All other notations and terminology on matrices can be found in [25,32].

Let A € BC(m,r) be a blcck circulant matrix given as follows

4o Ay - Ap
Am—l AO e Ame—s

a=| " T
A Ay -+ Ap

where A, € R"*", k=0,1,--- ,m-—1.
Obviously, A can be expressed as

m—1

k=0
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where II,, € R™*™ is the permutation matrix

010 -+ 00
001 .- 00
Mm=|: i @ 1
000 --- 01
100 --- 00

and ® denotes the Kronecker product.

We can easily obtain that the characteristic polynomial of I, is |z1,, —
Iy =2™-1. Let wy, = exp(%) = cos%’r +isin2¢n’5, wherei = /-1. Then

the eigenvalues of I, are 1,wm, w2, ,w™~1. Note that the sequence wk,
(k=0,1,.--) is periodic.
Let F; € C**! be a matrix as follow
(1 1 1 e 1 ]
1w w? e wf!
1 (t-1)(s-1) 1171 o2 4 R )
F=—(w = = wy wy wy 3
\/i( ] ) \/Z , . ' ( )
| 1wt WD L e |

where w; = ezp(2X). Obviously, F; is a unitary matrix.

The following Lemmas 1 and 2 can be found in [25, 26).

Lemma 1. Let A € BC(m,r) be symmetric, then 4 is unitarily similar to

an Hermitian block diagonal matrix, i.e., A is of the form
A= (Fm ® Ir)diag(ﬁo’ﬁla’ ] Mm—l)(Fm ® Ir)’y

where 17, €C™",j=0,1,--- ,m — 1, are given as follows
(1) For even m > 2,

My=Ao+ 3 (WA +@8AT) + (~1Y Apja.

(2) For odd m > 3,

(m—-1)/2
Mj=Ao+ Y (whiAg+wtAT).
k=1

Lemma 2. Let A € BC(m,r) be symmetric, then we have that
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(1) For even m > 2, all the eigenvalues x of A are given by

{z | AX =zX,X € C™}

= {z | [Ao+ S0/ (Ax + AT) + Ampa)Y =2V, Y €CT}

U{z | [Ao + T2~ (wh A + @, AT) — ApplZ =22, Z€CT}U---
cU{z | [Ao + T (W™D Ay 4+ oV AT) + (1)1 A p W

=zW, WecCr}.

(2) For odd m > 3, all the eigenvalues z of A are given by

{z | AX =zX,X € C™r}
={z | [Ao + T{=7"* (Ax + AD)]Y =2V, Y eCr)

U{z | [Ao + z‘"‘“ W2 (wk Ap + wk ATY|Z =22, Z€CT}U---

U{z | [Ao + z‘"‘ D72 (Em=D g0 4 VAT W = 2w, W e CT).

Lemma 3. Let A € BC(2,7) be symmetric, then the eigenvalues of A are
those of Ap + A; together with those of Ag — A;.

Proof. It is easy to check the correctness by Lemma 2. O

III. The Characteristic Polyndmials of Two cla-
sses of Regular Graphs

In this section, we shall determine the characteristic polynomials of Ky n4+1 =
Kn41,n and K p[(p — 1)K,] from the theory on matrices.

Theorem 1. For the regular graph K, n+1 = Knt1,n of degree (n + 1)
with 4n + 2 vertices, its characteristic polynomial is

P(Kpnt1 = Kny1,0,2) = (2 +n+ 1)z +n)(z + 1)"2***(z — 1)"(z - n)
{r—-n-1).

Proof. By properly ordering the vertices of the graph Ky nt1 = Knt1,n,
the adjacency matrix A = A(Knnt1 = Kny1,n) of Knng1 = Knt1,n can
be written as the (4n +2) x (4n + 2) symmetric block circulant matrix'such
that A = A(Kn'n.f.] = n+1,n) € 36(2, 2n + 1) and

Ag A
A= A(Kn.n+1 = Kn—H,n) = [ A‘: A(l) ]
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where

Ao:[ Onxn Jnx(n+1) ]
J(n+l)xn O(n+l)><(n+l)

and

0 0
Ay = nxn nx(n+l) ] .
! [ 0(n+l)xn In+l

From Lemma 3, we distinguish the following two cases.
Case 1. Let bp = |zl2n41 — (Ao + A1)|. Then we have

bo:‘ 2 ~Jnx(n+1)
_J(n+l)xn (z — 1)y

By careful calculation, we can obtain that

bo =z !z — 1)*(z 4+ n)(z — n - 1).

Case 2. Let b; = |$I~2n+1 - (Ao - Al)' Then we have

by = zl, —Jax(n+1)
=Jntyxn (@ + 1)

By careful calculation, we can obtain that
by =z" Yz + 1)"(z — n)(z +n + 1).
Hence, the characteristic polynomial of Ky n41 = Kpt1,n is

P(Kpnt1 = Kng1,0, 1) = (z + 0+ 1)(z + n)(z + 1)"2272(z — 1)
(z=n)(z-n-1).

The proof is complete. O

We note that the graph K, = K3 is the cycle Cg and the graph
K, 3 = K3 is the graph 3.20 of [22, P.293] or Gy of (3).

Theorem 2. For the regular graph K p[(p — 1)K, of degree p with p®> +1
vertices, its characteristic polynomial is

P(K, p[(p—1)Kp), z) = (z+1) P~ DP=D(z - p+1)P~2(z —p)(z® +z—p+1)P.

Proof. By properly ordering the vertices of the graph K, p[(p— 1)K, 1,,]., the
adjacency matrix A = A(K p[(p—1)K,)) of K p[(p— 1) K] can be written
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as the (p® + 1) x (p? + 1) matrix such that

A = ﬁ(Kl,p[(p - 1)Kp))

1 Az Az 0 Ap g Apr I, Opx1
Ap-r A1 Ar o Apy Apa I, Opg
Ap—'z Ap—l Al e Ap—4 Ap—3 Ip Opxl
Ay Ar A5 o AL Ay L, Opa |
Az A3 Ay - Ap A I, 0px1
Ip Ip Ip Ip Ip Opo Jpxl

| lep lep lep Ol)(p lep Jlxp 0 R
where A] = Jpxp - Ip and A2 = A3 == Ap_l = Opxp.

Then we have

P(Kyp[(p - 1K), z) = |zlp2 40 — A(Kpl(p - DE))|

M Opxp e OPXP _Ip Opxl
Opxp M .- Opxp -Ip Opx1
0p><p 0p><p M Ip Opxl ,
I, -I, - =L, zl, —Jp
lep lep lep ‘Jlxp T

where M = (z + 1)1, — Jpxp.
By careful calculation, we can obtain that the characteristic polynomial
of K1 ,[(p — 1)K,] is

P(K1p((p=1)Kp), ) = (z+1) P~V (g p1+ 1)P~2(z—p)(z® +z - p+1)7.
The proof is complete. O

We note that the graph K 3[2K3] is the graph 3.16 of [22, P.293] or Gy
of [3].

IV. Other Results

In this section, we shall give the characteristic polynomials for L(Kp nt1 =
Kn-}-l,n)y Kn,n+l = Kn+l,m L(Kn,n+l = Kn+l,n)7 L(Kn,n-H = Kn+l,n),
1p((p ~ D], LEL((p - DEy)), LK, — DEK,)) and LK s[(p -
1)K,]). We also obtain the numbers of spanning trees for these graphs, the
graph Ky n41 = Knt1,n and the graph K p[(p — 1)K}]. For integersn > 0
and m > 0, if a regular graph G is integral, then the graphs L™(G) and
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L™(L™(G)) are not only integral but also Laplacian integral. We note some

interesting characteristic polynomials of integral graphs, see [1-24, 28] and
[34].
The following Lemmas 4, 5, 6, 7 and 8 can be found in [27, 28].

Lemma 4. If G is a regular graph of degree k, then its line graph L(G) is
regular of degree 2k — 2.

Lemma 5. If G is a regular graph of degree k with n vertices and m = %nk
edges, then

z—n+k+1

PGz)= (1" +k+1

P(G,-z —1).

Lemma 6. If G is a regular graph of degree k with n vertices and m = %nk
edges, then

P(L(G),z) = (z + 2)}"*-D P(G,z + 2 — k).

Lemma 7. If G is a regular graph of degree k with n vertices and m = %nk
edges, then the number of spanning trees £(G) of G is given by

1 1
#(G) = —P'(G,2)ls=r = ~ HZ(M - X)),
=
where A; (1 < i < n) are the roots of P(G,z) and A\ = k.

Lemma 8. If G is a regular graph of degree k with n vertices and m = ink
edges, then the number of spanning trees of L(G) is given by

Kk(L(G)) = 2m~mH gm=n-14(@G).

Theorem 3. For the complement of the regular graph K, n+1 = Knt1,n,
the characteristic polynomial of Ky n4+1 = Kny1,n is

PEpnr = En1m,z) = (2 +n+ 1) (z +2)*(z +1)2" " 22™(z —n + 1)
(z — n)(z — 3n).

Proof. It is easy to check the correctness by Theorem 1 and Lemmas 4
and 5. O

Theorem 4. For the line graph, the complement of the line graph and the
line graph of the complement of the regular graph Ky n41 = Knti,n, we
have the following results.
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(1) The characteristic polynomial of L(Kp nt1 = Kny1,n) is

PIL(Kpnt1 = Kni1,),2) = (z + 2)"®* (g + 1)(z - n + 2)"*(z ~ n)"
(2 —n+1)2""%(z - 2n + 1)(z — 2n).

(2) The characteristic polynomial of L(Kp nt1 = Kpy1,n) i8

P[L(Kpnt1 = Knt1,n), 2] = (z + 20)(z + n + 1)*z(z — 1)™2n-1)
(z+n)>" "2z +n - 1)"(x — 2n2 —n).

(3) The characteristic polynomial of L(Kp nt1 = Knt1.0) iS

PIL(Rrmt1 = Knpim)rz] = (z + 2)@n+00n=2)(5 _ 9 4 3)(z — 4n + 3)
(z—3n+3)*"%(z - 3n+2)"(z — 3n+ 4)™(z — 4n + 2)(z — 6n + 2).

Proof. It is easy to check the correctness by Theorems 1, 3 and Lemmas
4,5,6.0

Corollary 1. The graphs Ky ni1 = Knt1,n, Knint1 = Knti,ny L(Knnt1
= Kny1,n), L(Knn1 = Kny1,n) and L(Kp ni1 = Kni1.n) are integral.

Proof. It is easy to check the correctness by Theorems 1, 3 and 4. O

Theorem 5. For the numbers of spanning trees in the graphs K, n41 =
Kn+l,n, Kn,n-H = Kn+1'n, L(Kn,n+1 = n+1,n); L(Kn,n+1 = Kn+1,n) and

L(Kp nt1 = Knt1,n), we have the the following results.
(1) s(Knnt1 = Kng1,n) = n(n+1)>""(n + 2™
(2)  K(Kpnt+1 = Knt1,n) = 30" (3n + 1)22-2(3n + 2)*(4n + 1).
(3)  K(L(Knnt1 = Knyim)) = 2°20Dnn(n + 1)0n+9(=1) (5, 4 9)n
(4) (TR mir = Knyin)) = 20=202(n + 1)@n430=1) (9 4 3)

-(2n — 1)"22=1(2p2 + 2n — 1)*(2n2 + 2n + 1)™.
(5)  K(L(Knnt1 = Knp1,q)) = 22n- D@10 gon~3p6n%-2(3p | 1)2n-2
(3n +2)"(4n + 1).

Proof. It is easy to check the correctness by Theorems 1, 3, 4 and Lemmas
4,5,6,7and 8. O

Theorem 6. For the complement of the regular graph K p{(p — 1)K,),
the characteristic polynomial of K, ,[(p — 1) K] is

P(K1,5[(p — 1)Kp), 2) = 2P0 (2 + p)P~*(z — p* + p)(a® + z - p+1)P.

Proof. It is easy to check the correctness by Theorem 2 and Lemmas 4
and 5. O
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Theorem 7. For the line graph, the complement of the line graph and the
line graph of the complement of the regular graph K, ,[(p— 1) K,], we have
the the following results.

(1) The characteristic polynomial of L(K; p[(p — 1)K)) is

P(L(Ky p((p - VKG]), 7] = (z +2)3- D@+ (g — p 4 3)(-1-2)( 4 3
—2p)P"% (2~ 2p+2)[(z-p+2)°2+(z—p+2) - (p- 1.

(2) The characteristic polynomial of L(K1,,[(p — 1)K,)) is

PILE (e~ DKy, 2] = (¢ = DHC-2E ) (g 4 p— 2)0-Dp-2 (g —
+20)7 % o~ 4o~ 1+ 2l +p -1~ @ +p-1) - (o - "

(3) The characteristic polynomial of L(K ,[(p — 1)K,)) is

PIL(Kypl(p ~ D K], 2] = [(z = p* +p+2)° + (2 —p* +p+2) - (p
—1))P - (z — p* + 2p + 2)P2(z — 2p% + 2p + 2)(z + 2) 7(P+1{P-2)(p"+1)
.(z —_ p2 +p + 2)(1"’”(?‘2)‘

Proof. It is easy to check the correctness by Theorems 2, 6 and Lemmas
4,5,6. 0

Corollary 2. For the regular graphs K ,{(p — 1)Kp], Ki1,[(p — 1)K},
L(Kl(p ~ DE)), TR0 5[0 - DKG)) and L(K: [(p - DEK,)), let n be
any positive integer, then any one of these graphs is integral if and only if
p=n’+n+1

Proof. It is easy to check the correctness by Theorems 2, 6 and 7. O

Corollary 3. For the regular graphs K ,[(p — 1)K}, the line graph, the
complement of the line graph and the line graph of the complement of the
regular graph K p[(p — 1)K,), let p = n? + n + 1 and n be any positive
integer, then we have the following results.

(1) P(Kip2entr[n(n + 1) Kp2inia],2) = (17'*' 1)n(n+nn® +n_l)[$ n(n
+1)]n2+ﬂ l(z-nt-n-1)(z+n+1)" +n+1($ )n +n+1

(2) P(Kinzins1[n(n + 1)Knaynia],z) = gD =l (g - ")" ot
g-nn+1)2+n+1))(z+n+1)" +"+1(x+n +n+1)" -l

(3) P[L( Kl n2tnr1[R(n + 1)Kn2+n+1]) z] = (z —n®-2n + 1)+t
fz-(n+2)(n-1 ]“(“‘“)(" *n=1)(g — 202 — 2n + 1)" f4n-1
[z - 2n(n + 1))(z ~n? +2)" n?+n+1 (z + 2)2(11 +n-1)[(n*+n+1)2+1]

(4) P(L(K,, n2+n+1[n(n +1) n2+n+1] =(z + n? + 2n)" +n-l
(z - 1)2(n +n-1)[(n? +n+l) +1](1.+n + Zn)" +"+1[a: ‘2(n+ 1)2
(M2 +n+3)] (z+n2 - 1)+ (g k2 40— 1)"(""'1)(" +n-1),
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(5) (L(Kl n2+n+1['n n + I)Kn2+n+l})’ .’B - 2n - 471, - 4n -2n
+2) - (z + 2) (P 4n—D (% +n42)-(n? +n+1)’+ll[x ~(n®+n-— 1)(n +n
F2)PrHD P 4n=1) (5 _ pd _ 203 — 2 4 3y Hn-1 . (g —pd — 23
—2n2 4+ 3)"°HnHl (gt — 203 — 202 — 2n 4+ 2)”2*'"“.

Proof. It is easy to check the correctness by Theorems 2, 6 and 7. O

Theorem 8. For the numbers of spanning trees in the graphs K ,((p —

DKy, Kl,p[(P - 1)Kp], L(K1p[(p - 1)Ky)), L(K1,p[(p — 1)K))) and L(K1 p
[(p — 1)Kp]), we have the the following results.

(1) 5(Kipl(p = DE]) = (p+ 1D (p? 4 1)p1,

(2) ®&(Kipllp - 1K) = /p+l)(P—2)(p -1 —p+2(p2 +1)e-1.

(3) w(L(Kip[(p-1)Ky))) = 91 (p-2)(»" +)+1y (p—2)(p2+l)—1(p2 +1)p-t
(p+ 1)P~De=2)

@) w(IE i = DED) = ()3 +r=Dph(° -25™+p-4) (52 4 1)p-1
(p® — p— 2)P~DE=2) (p ~1)2P-2(p2 4 p 4 2)P~2(p? — 3)3(P-AEHD
{p® +p® — 2p—4)*.

(5) K(L(K1[p - DKp)) = 28p0°~#"=p=1)p}(p*~p*+p*-3p-8) (5,2

3

+1)P=1. (p—1)2P(F —-p*+p-3)

Proof. It is easy to check the correctness by Theorems 2, 6, 7 and Lemmas
4,5,6,7and 8. O

The following Lemmas 9 and 10 can be found in [1] or [27, 28].
Lemma 9. If a regular graph G is integral, then so is G.
Lemma 10. If a regular graph G is integral, then so is its line graph L(G).

Theorem 9. For integers n > 0 and m > 0, if a regular graph G is integral,
then the graphs L™(G) and L™(L™(G)) are integral.

Proof. It is easy to check the correctness by Lemmas 4, 9 and 10. O

Corollary 4. For integers p > 0,n > 1 and m > 0, the graphs L™ (Kp n+1

= n+l,n); Lp(Lm(Kn,n+l = n+1,n))aLm(K1,n2+n+1[n(n + l)Kn2+n+l])
and L”(L'"(Kl,nz+n+1[n(n + I)Kn2+n+1])) are integral.

Proof. It is easy to check the correctness by Lemma 4 and Corollaries 1,
2, 3 and Theorems 1, 2, 3, 4, 6, 7 and 9.0

In the remainder of the paper, we shall consider the Laplacian integral
graphs on the regular graphs. Mohar [29] argues that, because of its
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importance in various physical and chemical theories, the spectrum of
Lap(G) = D(G) — A(G) is more natural and important than the more
widely studied adjacency spectrum. For background knowledge, see [29,
30, 31]. The characteristic polynomial of Lap(G) is the polynomial o(G) =
o(G,p) = det(ul, — Lap(G)). Let p1(G) > p2(G) > -+ > pn(G) (or
simple p3 > p > -+ > py) be all the eigenvalues of the Lapalacian ma-
trix Lap(G) of G, the multiplicity of 4 as an eigenvalue of Lap(G) will be
denoted by mg(u). ‘

The following Lemmas 11, 12 and 13 can be found in (27, 30).
Lemma 11. If G is a regular graph of degree k with n vertices, then
a(G,p) = (-1)"P(G,k — p).

or ui(G) = ui =k —z; (i=1,2,--+,n), where the z;'s are the eigenvalues
of A(G), ordered in weakly decreasing manner.

Lemma 12. Let G be a graph on n vertices, then the eigenvalues of the
Laplacian matrix Lap(G) are

#i(G) =n—pn_(G) (1<i<n)and 0.

Lemma 13. G is Laplacian integral if and only if G is Laplacian integral.

Theorem 10. For the o-polynomials of the graphs L(Kpnt1 = Knt1,n),
Kn,n-H = Kn+1,m Kn,n+1 = Kn+l,m L(Kn,n+1 = Kn+l.n) and L(Kn,n+l
= Kpt1,n), we have the the following results.

(1) The characteristic polynomial of Lap(Kp ny1 = K n+l,n) is

0[Knn+1 = Kny1n, 2] = 2(z — 1)(z - n)*(z - n - 1)**%(z - n - 2)"
(x—2n-1)(z —2n - 2).

(2) The characteristic polynomial of Lap(Kp, nt1 = Knr1.n) is

0[Hnnt1 = Kny1,n,2] = 2(z — 2n)(z - 2n — 1)(z - 3n)"(z — 3n — 2)"
(z-3n-1)""2(z-4n-1). .

(3) The characteristic polynomial of Lap(L(Kn nt1 = Knt1.a)) is

U[L(Kn,n+l = Kn+1,n)y$] = :B(:I: - 1)(1: - n)n(w -n- 1)2n—2(9’ —2n
-1) - (z —n - 2)*(z — 2n - 2)nn-1),

(4) The characteristic polynomial of Lap(L(Knn+1 = Knt1,n)) is

0(L(Knnt+1 = Kny1,n),2) = 2(z — 2n% — n + 1)1 (g — 2n2 — p)
(z = 2n? — 2n - 1)"(z — 2n? - 2n)?"~2(z — 2n2 — 2n + 1)*(z — 2n2
-3n).
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(5) The characteristic polynomial of Lap(L(Kn,n+1 = Knt1,0)) is

o(L(Kpn+1 = Knt1,n),2) = z(z — 2n)(z — 2n — 1)(z — 3n)*(z — 3n — 2)"
(z = 3n — 1)27=2(z — 4n ~ 1)(z — 6n)2n+1)Bn=2),

Proof. It is easy to check the correctness by Theorems 1, 3, 4 and Lemmas
11,12. O

Corollary 5. The graphs Kp nt1 = Knt1,n, Knnt1 = Knainy L(Kant1
= Knt1,n)y L(Knnt1 = Knt1,n) and L(Knnt1 = Kni1,n) are Laplacian
integral.

Proof. It is easy to check the correctness by Theorem 10 and Lemmas 11,
12,13. O

Theorem 11. For the o-polynomials of the graphs K ,[(p — 1)Kp), K15

{(p—1) K], L(K1,p[(p—1) Kp]), L(K1 p[(p — 1)K}]) and L(K pl(p — 1) Ky)),
we have the the following results.
(1) The characteristic polynomial of Lap(K o{(p — 1)K,)) is

oK1 ,5[(p — 1K), 3] = 2(z = 1)P~2(z ~ p = )P~ DE=2[(z — p)?
—(z-p)-(p- D).

(2) The characteristic polynomial of Lap(K p{(p — 1)K))) is

o[K1,[(p — VK], 2] = z(z — p? + p) P~ P2z — p?)p—2
W z-p*+p)? - (z-p*+p) - (P-1)P.

(3) The characteristic polynomial of Lap(L(K) p[(p — 1)K}))) is

o L(K15l(p — D) Kp]), 2] = 2(z — p = )E-DE=2(z ~ 1)*[(z - p)*
~(@=p) = (p— 1)+ (z - 2p) =2+

(4) The characteristic polynomial of Lap(L(K, p[(p — 1)Kp]) is

o(L(K 1[0 - DK,)),z) = 2z — Lp(p? — 3)|FP-20" [z — J(p* —p
~2))ir-56-2 ([~ p(p ~ 1(p + DI - [o — dolp ~ i+ 1))~ (p
—1)} [z - (- D@ +p+2)P?

(5) The characteristic polynomial of Lap(L(K) »[(p — 1)K)))) is

o(L(K1 [ - DK,)), 2) = z(z — p? + p) P~ D=2 (z — p?)7-2
(z — 2p% + 2p) 3 PHDE-DP*+D[(z — p? 4 p)? — (z — p* +p) - (P - V).

Proof. It is easy to check the correctness by Theorems 2, 6, 7 and Lemmas
11,12. O
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Corollary 6. Any one of the graphs K, ,[(p — DK,), Kipl(p— 1)Ky},
LK1 p[(p—1)Kp)), L(K15[(p — 1)K,]) and L(K, ,[(p — 1)K,)) is Laplacian
integral if and only if p=n2 + n + 1.

Proof. It is easy to check the correctness by Theorems 2, 6,7, 11 and
Lemmas 11, 12, 13. O

Corollary 7. For the o-polynomials of the graphs K ,[(p — 1)K}, K1,
[(P—-1)Kp), L(Ky,p[(p-1)K,)), L(K1 p[(p - 1)Kp]) and L(K1,p[(p - 1)K)),
if p=n? +n + 1, then we have the the following results.

(1) The characteristic polynomial of Lap(X. 12 4nst[(P? + ) Koz iny1]) is

0K n2 41 [n(n + D K2 ini1], 2] = z(z — 1)+ (g — n2 - 1)n*+ntl
(z—-n?2-—n-— 2)"("‘*'1)("2“"‘1)(:1: —n2 — 2p — 2)niHntl,

(2) The characteristic polynomial of Lap(K 1n24n41[(n? + n) K24 00,]) is

2
o[Ky n2np1[n(n + D) Kp2ynpr], 2] = zlz ~ (n* +n+ 1) +"_12
[z - n(n +1)(n® +n + NP1 (5 4 1)2(n2 4 1) +n+1
[z — n?(n? + 2n + 2)]7°+n+1,

(3) The characteristic polynomial of Lap(L(Ky n24nt1((n? + 1) Kn24ni1]))
is

2 —
O[L(K1 n24n41[n(n + 1) Kn24n11)), 7] = 2(z — n? — n — 2)n(n+l)(n*+n-1)
(z - 1)n2+n—l[z —2(n?+n+ 1)]%(n2+n—1)[(n2+n+1)2+1](z —-n2—-92n
_2)n2+n+l (z—n? - 1)n2+n+1_

(4) The characteristic polynomial of Lap(L(K; p24nt1[(n? + K2 1ne1))
is

(LK mrpnt1 (0 + 1) Kz pnaa))s 2) = 2{z = }[(n? + n +1)°
—(n? + n + )y 0 [ sn(n+1)(n* +2n% + 4n2 + 3n
+3)PiHn-l . (g s+ Dn(n? +n+1)(n? +n + 2) — 2)jr+n+l
{z = inf(n + 1)(n® + n + 1)(n? + n + 2) 4 2} +n+!

,{x - %(n2 +n+ l)[(nZ +n+ 1)2 _ 3]}%(n2+n—l)[(n3+n+l)2+l].

(5) The characteristic polynomial of Lap(L(K; n24n41[(n2 + 1) Kn24n41]))
is

2 -_—
U(L(Kl,n2+n+l [n(’n + ].)Kn2+n+1]);l') = :z[a: - (n2 +n+ 1)2]n +2n 1
fz—nn+1)(n®+n+ 1)}n(n+l)(n +n—1)[z ~(n+1)2@n2+ 1) +ntl
fz - 2n(n + 1)(n? +n + 1)]%(n2+n—1)(n2+n+2)[(n2+n+1)2+1] [z — n2(n2
+2n + 2)|P 4,
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Proof. It is easy to check the correctness by Theorems 2, 6, 7, 11 and
Lemmas 11, 12. OO

Theorem 12. For integers n > 0 and m > 0, if a regular graph G is
integral, then the graphs L™(G) and L™(L™(G) (G)) are Laplacian integral.

Proof. It is easy to check the correctness by Lemmas 4, 11, 12, 13 and
Theorem 9. [

Corollary 8. For integers p>0,n>1andm > 0, the graphs L™ (K, 41 =

Kny1,n), LP(L™(Kp i1 = Knia,n)), LP(L™ (K p2gnia[n(n + 1) Kp24n41]))
and L™(K) p24ns1[n(n + 1)K 24041]) are Laplacian integral.

Proof. It is easy to check the correctness by Lemmas 4, 11, 12, 13 and
Corollary 7 as well as Theorems 1, 2 and 12. O

Theorem 13. If G is a regular graph of degree k with n vertices and
m= -nk edges, let ¢ > 2 be an integer, then the characteristic polynomial

of the (2tk — 2t+1 4 2)-regular graph LY(G) with n []:2g(2° 1k — 2¢ + 1)
vertices and n [T5_(2¢1k — 2° + 1) edges is

P(LY(G),2) = P[G,a + (2 = (2! - D)z + 2)2 (k- IS5 (2 k-2+1)
TliThlz + 2+ (2 - k) Tiz) 282 T nk-A LS @ 8240 g 4 2 4 (2 - k)
,(2t 9)]Enik=2)

Proof. By induction on ¢ > 2, we are easy to check the correctness from
Lemmas 4 and 6. O
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