On the Cordiality of the t-ply P;(u,v).
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Abstract: Let G be a simple graph with vertex set V and edge set E. A
vertex labeling f : V — {0, 1} induces an edge labeling f : E — {0,1} defined by
F(uv) = |f(u)—f(v)]. Let vy (0), vs(1) denote the number of vertices v with f (v)=
0 and f(v) = 1 respectively. Let e;(0) and e;(1) be similarly defined. A graph is
said to be cordial if there exists a vertex labeling f such that |v,(0) —v;(1)] < 1
and |es(0) —es(1)] < 1.

In this paper, we give necessary and sufficient conditions for the cordiality of
the tply P:(u,v), i.e a thread of ply number ¢t.
Introduction

Throughout this paper, all graphs are finite, simple and undirected. Let
V(G) and E(G) denote the vertex set and edge set of a graph G. A mapping
f:V(G) = {0,1} is called a binary vertex labeling of G and f(v) is called
the label of the vertex v under f. For an edge e = uv, the induced labeling
f: E(G) - {0,1} is given by f(e) = |f(u) — f(v)|. Let v7(0),vs(1) be the
number of vertices in G having labels 0 and 1 respectively under f. Let
es(0),e(1) be the number of edges having labels 0 and 1 respectively under
f. Abinary labeling f of G is called a cordial labeling if [vp(0)—vp(1)] <1
and |es(0) — ef(1)] < 1. A graph G is called a cordial graph if it admits
a cordial labeling.

Cordial labelings were first introduced by Cahit as a weaker version of
both graceful and harmonious graphs [5]. In the same paper, Cahit proved
the following- owing;:

Theorem A: If G is an Eulerian graph with e edges, where e = 2(mod4),
then G has no cordial labeling.

In (1] several families of wheel related graphs were shown to be cordial.
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Shee and Ho [7] proved that the one - point union ™) of n copies of

the fan (shell) F,, are cordial for all m > 3,n > 1. In (2], this result was
generalised by proving cordiality of all multiple shells. In (3], the cordiality
of the t—uniform homeomorphs P;(G) of a cordial graph G was investigated
while in [4], necessary and sufficient conditions for the cordiality of the ¢—
uniform homeomorphs of complete graphs were

Cordial Labelings of Plys

Definition: A t—ply P:(u,v) is a graph with ¢ paths, each of length at
least two and such that no two paths have a vertex in common except for
the end vertices u and v.

Py(u,v)

K.R. Parthasarathy [6] uses the term thread with ply number ¢ for
Py(u,v). It should be be noted that strictly speaking P;(u, v) should denote
the family of all ¢-plies having end points u and v. Since we are going to
prove cordiality of all the graphs in this family which do not satisfy the
conditions of Theorem A, we use this notation.

Let P = {u,v1,---,vn,v} be a typical path with end points u and v
in the ¢t-ply Pi(u,v). The length [(P) of this path is n 4+ 1. We say that
the path P is of type ¢ if I(P) = i(mod4)),i = 1,2,3,4. Denote by ¢;, the
number of paths of the type i,i =1,2,3,4. Then

t=ty+lattz ity (D
If e =| E(P;(u,v)) |, then

e = (t1 +2t2 + 3 t3)(mod4) - -- - (1)
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Further, let ¢; =4 81 + 21,63 =4 83+ 3,80 =2 82 + 22,84 = 2 84 +34,0 <
z1, 3 < 3 and 0 < z,, 24 < 1. By (II}, it follows that

e=z1+229+ 3 z3(mod4)------ (I11)

Since z;, z3 take 4 values each and x4, z,4 take 2 values each, there will in
all be 64 cases to be considered for cordiality. In the following 8 cases,
Py (u,v) is Eulerian and by (III), e = 2 (mod4), and hence by Theorem A,
P,(u,v)is not cordial.

lz) =23 =0;2; =24 = 1.

2y =20=2=0,23 = 2.

Iyy=2s=a3=24=1.

4z =125 =24 =0,23 = 3.

Sy =22 =24 =23 =0.

6: 2y =2=ua3,2: =24 = 1.

T2y =3, =24 =0,23 = 1.

8 zy=23=3,20=24=1.
In this paper, we prove the following:
Theorem: Except the eight cases mentioned earlier, the t—ply P;(u,v) is
cordial.
Proof: We make use of two types of labelings of the end vertices u, v. We
call a vertex labeling, a labeling of Type A if f(u) = 1, f(v) = 0 and of
Type B if f(u) =0 = f(v). For each type, the labeling will be done in two
stages. Let v} (0),v',(1) be the number of vertices labeled in the first stage
with the labels 0 and 1 respectively and let v}'(O),v}'(l) be the number
of vertices labeled in the second stage with the labels 0 and 1 respectively.
Let e} (0), e}(l),e}' (0), e'f'(l) be defined similarly.Then

v7(0) = v (0) + v} (0),vs(1) = v (1) + v} (1),

er(0) = €;(0) + ¢} (0),e7(1) = €;(1) + ¢, ().
Whenever we find that the number of vertices (respectively edges)
being labeled 0 is the same as the number of vertices (respec-
tively edges) being labeled 1, we say that the vertices (respec-
tively edges)are equitably labeled.
Labelings of Type A
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Let f be a binary labeling of P;(u,v) defined in two stages as follows:
Stage 1: For a path P = {u,v,---,Vn,v} of P(u,v),let n=4¢g+rr=
1,2,3,4. Note that n and hence ¢ and r take different values for different
paths.

Label the first 4q vertices on each path as 0,0,1,1,---,0,0,1,1, i.e for
1< j <4q,let f(v;) =0,5 =1,2 (mod4) and f(v;) = 1,5 = 0,3 (mod4).
Observe that for each path, out of 4 edges which have received a label
so far, exactly 2q edges have received label 0 and remaining 2g edges have
received label 1. Similarly, exactly half the vertices labeled so far have re-
ceived the label 0 and the remaining half have received the label 1.

On each path of type 1, the last four intermediate vertices, on each path
of type 2, only the last intermediate vertex, on each path of type 3, the last

2 intermediate vertices and on each path of type 4, the last 3 intermediate
vertices remain to be labeled. Moreover, the labeling so far is equitable on
vertices as well as on edges.

Out of 45, + z; paths of type 1, label the last 4 vertices as 0,0,1,1
in that order on 3s; paths and for the next s; paths of type 1, label the
last four vertices as 1,1,0,0. Then of the 20s; edges which have been just
labeled, 10s; will have received the label 0 and 10s; will have received the
label 1. Hence so far, the labeling is equitable on the vertices as well as on
the edges.There now remain z; paths of type 1, on each of which the last
4 intermediate vertices need to be labeled.

Out of 2s, + z2 paths of type 2, label the last unlabeled vertex as 1
on s» paths and on the next sa paths of type two, label the last unlabeled
vertex as 0. Then of the 4s, edges that have been just labeled, exactly half
have received the label 0 and half have received the label 1. Thus so far,the
labeling is equitable on vertices as well as on edges.

For 4s3 + 3 paths of type 3, label the last 2 vertices as 1, 0 in that order
on 3s3 paths and for the next ss paths of type 3, label the last two vertices
as 0,1. Then of the 1253 edges which have just been labeled, 6s3 will have
received the label 0 and 6s3 will have received the label 1. Hence so far,the
labeling is equitable on vertices as well as on edges.

Out of the 2s4 + 224 paths of type 4, label the last 3 unlabeled vertices
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as 1,0,1 on s4 paths and on the next s4 paths of type 4, label the last
three unlabeled vertices as 1,0,0. Then of the 8s4 edges that have been
Jjust labeled, exactly half have received the label 0 and half have received
the label 1. Thus so far,the labeling is again equitable on vertices as well
as on edges. ,

There now remain z; paths of type 1 on each of which the last 4 inter-
mediate vertices remain to be labeled, z2 paths of type 2 on each of which
the last one intermediate vertex remains to be labeled, z3 paths of type 3
on each of which the last 2 intermediate vertices remain to be labeled and
finally, z4 paths of type 4 on each of which the last 3 intermediate vertices
remain to be labeled.

Since the labeling so far is equitable on vertices as well as on edges
107(0) = v7(1) |=1 0} (0) — (1) | and | e4(0) — e (1) |=] €)(0) — €} (1) | -
Stage2: If z; = 0 for some %, then no further paths of type i remain in-
completely labeled. For the remaining values of z;,i = 1,2,3,4, we first
construct a set of labelings for the unlabeled vertices and use them as need
arises.

If 2; = 1, there is only one path left of type 1 on which the last four
intermediate vertices need to be labeled. For these vertices define the la-
beling ay; as follows: a31(vn—3) = @11(Vn-2) = 0,a11(Vn_1) = a3 (v,) = 1.
This labeling is equitable on the vertices. Of the 5 edges which now receive
a label, 2 receive the label 0 and 3 edges receive the label 1.

If 2, = 2, there are 2 paths left of type 1 on which the last four interme-
diate vertices remain to be labeled. We keep ready two different labelings
a21, as2 for these paths:

Define a2 (vn-3) = a21(vn—2) = 0;a21(vn-1) = as (va) =1
for both the paths. Now define

a22(Un-3) = a22(Vn-2) = 0; 222 (Vn-1) = G22(v,) = 1

for one of the paths and

a22(Vn—3) = a22(Vn-2) = 1;822(vn—1) = @22(vs) =0

for the other path.
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Then vy, (0) = Vg, (1) = 4; V44, (0) = Vay, (1) = 4. For the labeling aa;,
4 edges receive the label 0 and 6 the label 1, while for the labeling as2, 6
edges receive the label 0 and 4 the label 1.

1

If z; = 3, there will be 3 paths of type 1 left. In this case we keep ready
two labelings a3, as2, for the last four intermediate unlabeled vertices on
these 3 paths defined as follows:
a31(Vn-3) = a31(vn-2) = 0;a31(va-1) = az1(va) =1
for all three paths and

a32(Vn-3) = a32(vn—2) = 0;a32(vn-1) = asz2(vn) =1
for two of the three paths and

a32(Un-3) = a32(Vn-2) = 1;832(Vn-1) = a32(vs) =0
for the third path. Clearly,

Vag: (0) = Vagy (1) = Vagy (0) = vas (1) = 6.
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For the labeling a3;,6 edges receive the label 0 and 9 receive the label
1. For the labeling a3s, 8 edges receive the label 0 and 7 edges receive the
label 1.

If z; = 1, there is one path of type 2 on which the last one intermedi-
ate vertex remains to be labeled.In this case we keep ready two labelings
b11,b12. Define the labeling b;; by

b11(vs) = 0. This will produce one additional vertex with label 0. More-
over, of the new edges labeled now, one receives the label § and one receives
the label 1.

Define the labeling b2 by

b12(vy) = 0. This will produce one additional vertex with label 1. More-
over, of the new edges labeled now, one receives the label 0 and one receives
the label 1.

If 23 = 1, there is one path of type 3 on which the last two intermediate
vertices remain unlabeled. For these vertices, define the labeling ¢;; by
¢11(vn-1) = 1,¢11(v,) = 0. This means that vertices are labeled equitably
so far but out of three edges labeled at this stage, 2 receive the label 0 and
one receives the label 1.

If 23 = 2, there are two paths of type 3 on each of which the last two in-
termediate vertices remain unlabeled. In this case again, we keep ready two
labelings, c21, c22 defined by ¢21(vn-1) = 1,¢21(v,) = 0, for both the paths,
and c22(vn-1) = 1, c22(vn) = 0 for one path and es2(vn-1) = 0,¢22(vs) = 1
for the other path. Clearly c; and cp2 label the vertices equitably.

251



Out of the 6 new edges which now receive labels, 4 are assigned the
label 0 and 2 are assigned the label 1 by ¢2;. On the other hand, c32 labels
2 of these edges 0 and the remaining 4 the label 1.

If 23 = 3, there are 3 paths of type 3 left on each of which the last
Atwo intermediate vertices remain unlabeled. Define the labeling c3; for
these vertices as ¢3)(vn-1) = 1,¢31(va) = 0 for two of these paths and
¢31(¥n-1) = 0,¢31(vs) = 1 for the third path. Again the vertices are labeled
equitably. However, out of 9 additional edges at this stage, 4 edges receive
the label 0 and 5 edges receive the label 1.

Finally, let 24 = 1. There will be one path of type 4 on which the last
3 intermediate vertices remain to be labeled.We keep ready two labelings
dy1,d)> for these vertices, where

dy1 (Vn-2) = d11 (V) =1,d11(Vn-1) =0,

and
dy2(Vn—2) = d12(Vn-1) = 1,d12(vs) = 0.

Then d;;,d;» both assign label 1 to one extra vertex. Out of the 4 new
edges labeled by them, 1 edge is assigned label 0 and 3 edges are assigned
the label 1 by d;; whereas 3 edges are assigned the label 0 and one is
assigned the label 1 by d2.

That f is a cordial labeling is indicated by the following tables. Note
that in some cases of Stage 2, there is a choice of labelings for f. The choice
made, in each case, is indicated by writing the appropriately chosen labeling
function in parenthesis. Note also that, as the tables indicate, 45 cases are
covered by labelings of Type A and f is cordial in these cases.
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TABLEL: x; = 0.

z2=0 z2 =1
z3 ER u'; (0) v’,’(l) c; (0) c',' (1) z3 v'; (0) u',' (1) e'; (0) c',' (1)
0 0 0 0 0 0 1{b12) 1 0 1 1
1(c11) 0 1 1 2 1 1(br2) 2 1 3 2
1e11) | 1du) 2 3 3 4 1(b11) 3 3 4 5
2(en) | 1dn) 3 4 5 5 b)) | 4 4 [ 6
3(ca1) 0 3 3 4 5 1(b132) 4q 3 5 6
3(ea1) | 1(d12) 4 5 7 6 1(b11) 5 5 8 7
TABLE II: z; = 1. For z; we use the labeling a)).
z2=0 z2=1
z3 ze | v, 0 v ()]0 ]| =z [vj0) v;) e (0) er()
0 0 2 2 2 3 1(b12) 3 2 3 4
0 1(d12) 3 4 5 4 1(b11) 4 4 6 5
I{e11) 0 3 3 4 4 1(b12) 4 3 5 5
2(ca1) 0 4 4 6 5 1(%12) 5 4 7 6
2fcn) | Ydu) | 5 6 7 8 [1bn)]| 6 6 8 9
3ca) | 1(diz) | 6 7 9 9 [1u)] 7 7 10 10
TABLE IIL x, = 2. ( Labeling used for z, indicated in the first column).
z2=0 T2 =1
z z3 1 |00 v, (1) [0 e )] =z [o7000 v,() [ ep(0) (1)
2(a ) 0 1(d12) 5 6 7 7 1(511) 6 6 8 8
2(an) | Uew) 0 5 5 6 7 1(b12) 6 [ 7 8
2an1) | en) | Ydi2) 6 7 9 8 1(b11) 7 7 10 9
2(a21) | 2(en) 0 6 [ 8 8 1(b12) 7 6 9 9
2(a22) | 3((cm1) 0 7 7 10 9 1{by2) 8 7 11 10
2(a21) | 3(les1) | Ud2) | 8 9 1 12 | 1(by,) 9 9 12 13
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TABLE IV: z; = 3. ( Labeling used for z; indicated in the first column).

z2=0 T2 =1
7 3 2z | v, 0 v () [ef0) M| za | v v (1) ] e (0) (1)
3(aaz) 0 0 6 6 8 7 1(b12) 7 G 9 8
3(a31) 0 1(d12) 7 8 9 10 | 1{én1) 8 8 10 11
3(a31) | 2(cn) 0 8 8 10 1 1(b12) 9 8 11 12
3(a31) | 2(ca1) | Udi2) 9 10 13 12 1(b11) 10 10 14 13
3(aaz) | 3{(cs1) 0 9 9 12 12 1(b12) 10 9 13 13
3(a3z) | 1((enr) | 1(d12) 8 9 11 1 1(b11) 9 12 12

The only cases which now remain for consideration are as follows:

(1)31 =EZ=23 = 0,:54 =1

(2)21 =S4 = 0,12 = 1,1:3 =2

B)zi=z3=24=1,22=0

(4)21 =22 = 1,23 = 3,1:4 =0

(5)31 =I3= 2,3’2 = 0,34 =1

(6)2:1 = 2,1'2 =lz3=24= 0

(7).1,'1 =I3= 3,13 = 0,.1:4 =1

(8)221 = 3,.’!:2 =Z3= 1,2:4 =0.

For these eight cases, e = 0{mod4). It can be proved that in each of
these cases, if we use labelings of Type A, then ey(0) will always be odd,
hence such a labeling will not be cordial. We therefore show that F;(u,v)
is cordial, in each of these cases, by using labelings of Type B as described
below. Recall that for a labeling of Type B, f(u) =0 = f(v.)

Labelings of Type B:

Let f be a binary labeling of P(u,v) defined in two stages as follows:

Stage 1: f(u) = 0 = f(v). For each path in Py(u,v), let n,q,7r be as de-
scribed earlier and label the first 4q vertices on each path as 1,1,0,0,---,
1,1,0,0, ie for 1 < j < 4q, let f(v;) = 1,5 = 1,2 (mod4) and [f(v;) =
0,5 = 0,3 (inod4). Then, of the 4¢ edges which have received a label so
far, exactly 2¢ edges will have received the label 0 and 2g edges the label
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1. Similarly, of all the intermediate vertices labeled so far,exactly half will
have received the label 0 and half the label 1.

For 3s; of the paths of type 1, label the last four intermediate vertices
by f as 1,1,0,0 and for s; paths of type 1, label the last four intermediate
vertices as 1,0,0,1. Then out of the 20s; edges which have just been la-
beled, 10s; receive the label 0 and 10s, the label 1. Hence, so far, edges are
equitably labeled. It is easily seen that the intermediate vertices are also
equitably labeled.There now remain z; paths of type 1, on each of which
the last four intermediate vertices need to be labeled.




Out of 285 + 2 paths of type 2, assign the label 1 to the last unlabeled
vertex on 82 paths and assign the label 0 to the last intermediate vertex
of the next ss paths. Then of the 4s2 edges that have been just labeled,
28> will have received the label 0 and 23 the label 1. For these 2s; paths
also, the edges and intermediate vertices are equitably labeled. There now
remain z» paths of type 2, on each of which the last vertex remains to be
labeled.

Out of 4s3 + z3 paths of type 3, assign labels 1,0 to the last two inter-
mediate vertices on 2s3 paths, assign labels 1, 1 to the last two intermediate
vertices on the next s3 paths and finally assign labels 0,0 to the last two
intermediate vertices of the next s3 paths.Then of the 12s3 edges which
have just been labeled, 6s3 will have received the label 0 and 6s3 will have
received the label 1. For these 4s3 paths of type 3, the edges as well as
intermediate vertices are equitably labeled.There now remain z3 paths of
type 3, on each of which the last two vertices remain to be labeled.

Out of the 2s4 +z4 paths of type 4, assign labels 1, 1,0 for the last three
intermediate vertices of s4 paths and assign labels 1,0, 0to the last three
intermediate vertices of the next s4 paths. Out of the 8s, edges that have
received a label so far, 4s4 will have received the label 0 and 4s4 the label
1. Hence, for these 2s4 paths of type 4, the intermediate vertices as well as
edges are equitably labeled. There now remain z4 paths of type 4, on each
of which the last three intermediate vertices remain to be labeled.

Clearly, v(0) = v;(1) + 2 and €, (0) = €/(1). Thus:
| v4(0) —vs(1) |=| v;(0) +2-v;(1) | and | e£(0) —ef(1) |=| €5(0) — €[ (1) |.
Stage 2: If z; = 0, for some ¢, no path of type i is incompletely labeled. For
the remaining values of z;,i = 1,2, 3,4, we first construct a set of labelings
for the unlabeled vertices and use them as need arises, in the sequel.

If 2; = 1, only one path of type 1 will be left, on which the last four
intermediate vertices need to be labeled. Define the labelings j;;,j12 for
these vertices by: j11(vn-3) = j11(¥n-2) = 1,511(vn-1) = j11(va) = O.
Then j;; labels the vertices equitably. Also, of the 5 new edges which
receive a label due to j11,3 get the label 0 and 2 the label 1. Define j;» by:

J12(Vn-3) = j12(Vn_2) = j12(Vn-1) = 1,511(va) = 0.
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Then ji2 labels one of the intermediate vertices by the label 0 and 3 of the
intermediate vertices by the label 1. Of the 5 edges which now receive a
label, 3 receive the label 0 and 2 the label 1.

If z; = 2, there will be 2 paths of type 1 left on each of which the last
4 intermediate vertices remain to be labeled. We keep ready the following
labelings, to be used as need arises: Define the labeling j2; as:

321(Un-3) = j21(Vn-2) = 1,J21(Vn-1) = jar1(vn) =0

for both the paths. Here the vertices are equitably labeled and of the 10
edges which have received a label, 6 receive the label 0 and 4 the label 1.
Define the labeling jas by:

Jo2(Un=3) = joa(Vn—2) = joa(Vn_1) = Jaa(vs) =1
for one path and
j.."2(vn-—3) = j22(vn—2) = j’.’.‘.!(vn—l) = 0,j22(vn) =1

for the other path.Of the 8 vertices which are labeled thus, 3 receive the
label 0 and 5 the label 1, while of the 10 edges that receive a label, 6 receive
the label 0 and 4 the label 1.

If 2, = 3, there will be three paths of type 1 left.We define two labelings
731,732 for the vertices as follows:

J31(vn-3) = ja1(vn-2) = 1,j31(va-1) = ja1(va) =0
for all three paths. j3; labels the vertices equitably. Of the 15 edges so
labeled, 9 receive the label 0 and 6 receive the label 1. The labeling js2 is
defined as follows:

j32(vn-3) = ja2(Vn-2) = ja2(vn-1) = 1,532(vn) = 0
for the first path.
732(Vn-3) = ja2(vn-2) = 1,j32(vn-1) = Ja2(vn) =0

for the second path and
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J32(vn-3) = Ja2(vn) = 1, 32(Vn-2) = j32(vn-1) =0

for the third path. Of the 12 intermediate vertices that get labeled by jsa,
5 get the label 0 and 7 the label 1. Of the edges that receive labels, 7 get
the label 0 and 8 get the label 1.

If 23 = 1, there will be left only one path of type 2 on which the
last intermediate vertex requires labeling. For this vertex, we keep two
labelings ready viz: ki3 and k2 where k13 (vn) = 1,k12(vs) = 0. Then
Vky, (0) = 0,k,,(1) = 1 and vy, (0) = 1,vx,,(1) = 0. Of the two edges
which now receive a label, the labeling k;; assigns the label 1 to both the
edges and the labeling k;2 assigns the label 0 to both the edges.

If z3 = 1, there will be one path of type 3 left on which the last two
intermediate vertices have to be labeled. For these two vertices, define {;;
by l11(vn-1) = Li1(vn) = 1. Then two extra vertices have received label 1.
Of the 3 edges that have received a label, 1 edge receives the label 0 and 2
edges receive the label 1.

If z3 = 2, there will be left only two paths of type 2, on each of which
the last two intermediate vertices need to be labeled. For these two paths,
we keep ready two labelings l2;, s, ready where Ip(vp—1) = lgy (vp) =1
for one path and l3;(vn—1) = 1,l01(vs) = O for the other path, whereas
l22(vn—1) = 1 = lya(wy) for both the paths.

Then l>; labels one of the intermediate vertices as 0 and labels 3 of the
intermediate vertices as 1. Of the edges now labeled, 2 get the label 0 and
4 get the label 1. The labeling los assigns the label 1 to all 4 intermediate
vertices on the two paths, while 2 of the edges receive a label 2 and 4 receive
the label 1.

I z3 = 3, three paths of type 3 are left, on which the last 2 interme-
diate vertices need to be labeled. Define the labeling l3; for these vertices
by I31(vn-1) = 0 = I3;1(v,,) for one path, l3;(v,_;) = 1 = lg; (vn) for the
second path and I3;(va-1) = 1,{31(vn) = O for the third path.The inter-
mediate vertices are equitably labeled, while 5 of the edges thus labeled
receive the label 0 and 4 receive the label 1. Define the labeling I3, by
ls2(vn-1) = 1 = l3z(vy,) for one path, I33(va_1) = 1,l33(v,) = O for the
other two paths.Of the intermediate vertices which now receive labels, 2
receive the label 0 and 4 the label 1, while of the edges which receive labels,
3 receive the label 0 and 6 receive the label 1.
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Finally, if z4 = 1, we see that there is one path of type 4 left, on
which the last three intermediate vertices need to be labeled. For these ver-
tices we keep ready the labelings my;,m12 defined as follows: my;(va-2) =
m11(Un-1) = 1,m11(vn) = 0 and m2(va—2) = M12(vn-1) = ma2(vn) = 1.
The labeling m;; labels one of the intermediate vertices as 0 and the other
two intermediate vertices as 1. Of the edges which are thus labeled, 2 edges
receive the label 0 while 2 receive the label 1. The labeling ;2 labels all
three intermediate vertices as 1. Of the edges which are thus labeled, 2

edges receive the label 0 while 2 receive the label 1. !

TABLE V:

z Za z3 x4 v; 0) v; (1) | €;(0) e'} (1)

0 0 0 1(my2) 0 3 2 2

0 1(k12) | 2(l22) 0 1 4 4 4
G | 0 |t [tem) | 3 | 6 | 6 | 6
1(j12) | 1(k11) | 3(a1) 0 4 7 8 8
2(j21) 0 2(l21) | 1(mn1) 6 9 10 10
2(j22) | Uknn) | O 0 3 6 6 6
3(J31) 0 3(ls2) [ 1mu) | 9 12 14 14
3(js2) | Ukia) | 1(11) 0 6 9 10 10

That f is a cordial labeling is indicated by the above table. As before,
whenever an option for the labeling has been exercised, it is indicated in
the parenthesis.

Remark: In a sequel to this paper, we have investigated cordiality of
elongated plys, which do not satisfy the hypothesis of Theorem A.
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