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Abstract

A d-antimagic labeling of a plane graph G = (V, E, F') is a one-
to-one mapping taking the vertices, edges and faces onto the integers
2,...,|V(G)| + |E(G)| + |F(G)| so that the s-sided face weights
form an arithmetic progression of difference d. This paper describes
d-antimagic labelings for Mébius grids.

Introduction

are [14] and [15).

A labeling of type (1,1,1) assigns labels from the set {1,2,...,
|E(G)| + |F(G)|} to the vertices, edges and faces of plane graph G in such
a way that each vertex, edge and face receives exactly one label and each

number is used exactly once as a label.
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(V,E, F) be a finite connected plane graph without loops and
multiple edges where V(G), E(G) and F(G) are its vertex set, edge set
and face set, respectively. General references for graph-theoretic notions

V(G| +



A labeling of type (1,1,0) is a bijection from the set {1,2,...,|V(G)| +
|E(G)|} to the vertices and edges of plane graph G.

If we label only vertices (respectively edges, faces) we call such a labeling
a vertex (respectively edge, face) labeling and also the labeling is said to be
of type (1,0,0) (respectively type(0, 1,0), type (0,0,1)).

The weight of a face under a labeling is the sum of the labels (if present)
carried by that face and the edges and vertices surrounding it.

A labeling of a plane graph G is called d-antimagic if for every number s
the set of s-sided face weights is Wy;={as,as +d, a; +2d, ...,as +{fs — 1)d}
for some integers a,; and d, d > 0, where f; is the number of s-sided faces.
We allow different sets W, for different s.

Somewhat related types of antimagic labelings were defined by Hartsfield
and Ringel in [9] and by Bodendiek and Walther in [6].

If d = 0 then Ko-Wei Lih in [11] called such labelings magic (face-magic).
Ko-Wei Lih [11] described 0-antimagic labelings of type (1,1, 0) for wheels,
friendship graphs and prisms. 0-antimagic labelings of type (1,1,1) for grid
and honeycomb are given in [2] and [3].

If d = 1 then d-antimagic labeling is called consecutive. Qu [13] and
Kathiresan et al. [10] studied consecutive labelings for certain classes of
plane graphs.

d-antimagic labelings of prisms and generalized Petersen graphs P(n,2) can
be found in [12] and [5]. Additional known results about face-antimagic
labelings are given in [7] and [4].

Guy and Harary (8] defined the graph of Mébius ladder M, as follows: if
k = 2n > 6, then My consists of a circuit C of length k and the & chords
joining opposite pairs of vertices of Cx. They also showed that every Mébius
ladder M is minimally nonplanar, that is, its crossing number is one. In

this paper we shall consider the M&bius ladder more generally as a graph
M™,

Let I = {1,2,...,m} and J = {1,2,...,n} be index sets. For n > 1
and m > 1, let Ppyy1 x P, be the Cartesian product of a path Pn4i
on m + 1 vertices with a path P, on n vertices embedded in the plane.
Let vertices z;j, i € IU{m + 1} and j € J of Ppn41 X Pn, be labeled
so that z;1 Zi2 Zi3 ... Tin—2 Tin—1 Ti;n are vertices of the path P,(3),
i€ IU{m+1} and z, ; 22 Z3,j ... Tm~1,7 Tm,j Tm+1,j are vertices of the
path Pny1(j), 7€ J.

Now, for n > 1, m > 1, we denote by M™ (Mdbius grid) the graph with



VIMP)=V(Prt1 X Pr)={zij:i€ IU{m+1}, j € J} and E(M™) =
{zi,jmi,j-}-l 1 €TV {m+ 1}, jedJ- {n}} U {:z:,-,jz,-.*.l'j c1€l,5€

If we consider the M&bius grid M7 drawn in Euclidean space and not on
the Euclidean plane then the face set F(M™) is unambiguous and contains
mn 4-sided faces.

In this paper we consider the case when n is odd, n > 3, m > 1, and we
describe d-antimagic labelings of type (1,1,1) for M™, d € {1,2,4}.

2 Upper bounds for d

In this section we provide upper bounds for the parameter d for the vertex
labeling and the edge labeling of the M&bius grid M™.

Theorem 1 For every Mébius grid M, n > 2, m > 4, there does not
ezist a d-antimagic vertex labeling with d > 5.

Proof. Suppose that g; is a d-antimagic vertex labeling of M™. If the
vertices 71 ; and Zpm41,5, j € J, receive labels 1,2, ...,2n or, at the other
extreme, labels mn —n+1, mn—n+2, ..., mn +n, or anything in between,
then

n n m n
2mn(mn+1)+2n® <2 g1(z15) +2)_ 91(Tm+1,5) +4 > ai(zig)
=1 =1 =2 j=1

< 2mn(mn+2n+1) —2n2 . (1)

The sum of all the weights of the 4-sided faces in M is

a+(a+d)+(a+2d)+...+a+(mn—l)d=mna+d( 7r;n ) 2)

The minimum possible weight of a 4-sided face is at least 10.

From (1) and (2) we get the following Diophantine equation



2291(31.3)*'2291(3";4-1,,)+4ZZQ1(3:,,)—mna-{-d( )

Jj=1 i=2 j=1
3

From (3) it follows that if m > 8, n > 2 then d < 5.

On the other hand, the maximum weight of a 4-sided face under a d-
antimagic vertex labeling is no more than

4
SVMP)+1-i)=4mn+4n—6
i=1

and a + (|[F(MT)| — 1)d < 4mn +4n — 6.
If m>4and n> 2, thend < 5. m]

Theorem 2 For every graph M, n > 2, m 2 4, there is no d-antimagic
edge labeling with d > 9.

Proof. Suppose that g; is a d-antimagic edge labeling of M[™. Under the
edge labeling go, the edges z1 ;21 j+1, Tm+1,j%m+1,5+1, J € J — {n} and
ZTinZTm+1,1, Tm+1,nT1,1 CaN receive the smallest labels 1,2, ..., 2n or, at the
other extreme, the largest labels 2mn —n+1,2mn—n+2,...,2mn+n, or
anything in between.

The sum of all the edge labels used to calculate the weights of the 4-sided
faces is equal to

n-1

2mn(2mn+1) + n? < Z 92(z1,5%1,5+1) + Z 92(Tm+1,jTm+1,5+1)
J=1 i=1

m n-1

+92(Z1,0Zm41,1) + 92(Fma1,nT11) +2 D D 92(i 5T 5+1)
i=2 j=1

m n m
+2) " ga(@ijmirns) + 2) " 92(Ti;nTmt2—i,1)
=1 j=1 =2
< 2mn(2mn+2n+1)—n?. 4)



Combining (2) and (4), we get an inequality and by direct computation we
deduce that if m > 8, n >2thend < 9.

Under a d-antimagic edge labeling g2, the maximum 4-sided face weight is
no more than

4
> (IB(M;*)| +1—i) =8mn +4n — 6

i=1

and from the inequality a + (|F(M7*)| — 1)d < 8mn +4n — 6 we get that if
m > 4, n 2> 2, then d < 9, which completes the proof.

o

Applying Theorem 1, Theorem 2 and the fact that under d-antimagic face
labeling F(M™) — {1,2,...,|F(M™)|} the parameter d is no more than 1,
we obtain the following theorem.

Theorem 38 Let M}, n > 2, m > 4, be a Mébius grid which admits d;-
antimagic vertez labeling g1, da-antimagic edge labeling go and 1-antimagic
face labeling g3, dy > 0, do > 0. If the labelings g1, |V(M™)| + g2 and
V(M) +|E(M)| + g3 combine to a d-antimagic labeling of type (1,1,1)
then the parameter d < 13.

3 The results

We have proved [1] that if n is odd, n > 3 and m > 1, then the M&bius
grid M has a magic (0-antimagic) labeling of type (1,1,1).

In this paper we shall prove that for n odd, n > 3 and m > 1, the graph
M is d-antimagic of type (1,1,1) for d=1,2,4.

If nis odd, n > 3 and m > 1, we construct a vertex labeling g4 and an edge
labeling g5 of M in the following way.



94(zi,5) =

(m+1)5t 4+ &L if i and j are odd, m > 1
(m+1)1+2_' if 1 and j are even, m > 1
——"'—-(2n i+2)-2+ 4% ifiisodd, jis even and m is even
mrl(2n — J+1)+£*T’ if i is odd, j is even and m is odd
(m+1)(n+ —i) + 52 if 1 is even, j is odd and m is even
2l (2n—j) + 3 if 1 is even, 7 is odd and m is odd.
il ifiisodd, m>1
95(ZTinTmi2—i1) = { (m +1)n4+ 52 im if 7 is even and m is even
(m+ 1)n+ == '_’"_1 if ¢ is even and m is odd.

95(Zi,jTi+1,5) =

(m+1)n+—-‘§—(m-—z)+u'— ifjisodd,i€eI,m>1
2mn+n——1.+2 ifjiseven,t€l,m>1.

If m is even then

(m+1)25% + &L if  and j are odd
(m+ 1)“—%—"’— + 52 ifiand j are even
(m+1)282 """ if 4 is even and j is odd
(m+1)j-’—+ #l  ifiis odd and j is even.

95(Zi,5%i j+1) =

If m is odd then

miln—j)+ 4!  ifiisoddandj € J - {n}
g 1) = p) —-J J
95(=15%1541) = { mil(n+j—-1)+£ ifiisevenand j € J - {n}.

Theorem 4 For n odd, n > 3 and m > 1, the M[* has a 0-antimagic
vertez labeling.

Proof. Label the vertices of M by the labeling g4. It is easy to verify that
the vertex labeling g4 uses each integer 1,2,..., |V(M)| exactly once. By
direct computation we obtain that the common weight for all the 4-sided
faces is 2n(m + 1) + 3 if m is even and 2n(m + 1) + 2 if m is odd. ]



Theorem 5 Forn odd, n > 3 and m > 1, the M has a 1-antimagic edge
labeling.

Proof.

The labeling g is a bijection from E(M™) onto the set {1,2, ..., |E(M™)|}.
If m is even then the set of weights of the 4-sided faces of M* consists of
the consecutive integers 222 4 3n + 3, Z22 4 3n 4+ 4,. 7'"" +3n+m-+
2,30 4 3n+m+3,.. 92”"'-;-3n-|-1 dmn | 3n 10,

If m is odd then the set of weights of the 4-sided faces of M receive the
consecutive integers Zmps 4 3p IMA48 4 35 41 l‘l‘f—- +3n+m-—
1,Im248 4 3n 4 m, ... M-+3n 2, M+3n 1.

]

Theorem 6 Ifn is odd, n > 3 and m > 1, then the Mébius grid M* has
a 2-antimagic labeling of type (1,1,1).

Proof.

Label the vertices and the edges of M) by g4 and |V(M)| + gs, respec-
tively. From Theorem 4 and Theorem 5, it follows that the obtained labeling
successively assumes values 1,2,..., |[V(M7T)| + |E(MT)| and the weights
of the 4-sided faces constitute an arithmetic sequence of difference 1.

If we complete the face labeling with values in the set {|V(M™)|+|E(M™)|+
LIV(MD)| + IE(M) +2, ..., V(M) + |E(MZ)| + |[F(M)|} then the
resulting labeling of type (1,1,1) can be

(i) O-antimagic with the common weight for all the 4-sided faces equal to
21mn 4 11n + 6 (if m is even) or ZmpE2 4 11n (if m is odd) or

(ii) 2-antimagic with the weights of the 4-sided faces in the set {w: w =
22% 4 11n+6+k,1 < k < mn, m even} or in the set {w:w= &5@23_-&_}_
1ln+2+k,1 < k < mn,m odd}.

(m]

Theorem 7 Ifn is odd, n > 3 and m > 1 then the Mébius grid M has
an 1-antimagic labeling of type (1,1,1).



Proof.
Let us distinguish two cases.
Case 1. If m is odd.

Label the vertices of M* by the labeling g4 and the edges by the labeling
|[V(M™)|+9gs. We obtain a labeling of type (1,1, 0) and from Theorem 4 and
Theorem 5, it follows that the set of the weights of the 4-sided faces is equal
to W = {18mndl 4 gp 41, 19mntT 4 gpy 4, 19MNST 4 9py 43, ., 19mAdT 4
9n + mn — 1,2m847 4 9n + mn}. Denote by wy = 18ma+? 4 gp 4 k,
k=1,2,...,mn, the elements of the set W.

Define the face labeling g¢ : F(MT) — {|[V(M™)|+|E(MT)|+1, |V (M™)|+
|E(MP)|+2,. .., |V(M™)|+| E(MD)|+|F(M7*)|} such that for 1 < k < mn

(fi) = [V(MD)| + |B(M™)| + mot2=k if k is odd
98UKI = [V(M™)| + |E(M™)| + mn+1 — £ ifkiseven.

Now, we label the faces of M;" by the labeling gs in such a way that the
face label g¢(fi) is given to the 4-sided face which has weight wy, for all
1 £ k £ mn. It is easy to verify that under the resulting labeling of type
(1,1,1), the set of weights of the 4-sided faces is equal to

{we + g6(fx) : 1 < k < mn} = {[V(MT)| + |E(MZ")| + 10mn + 9n +
5, V(M) +|E(MT)|+10mn+9n+6,...,|V(MP)|+|E(M7)|+ 11mn+
9n +4}.

Case 2. If m is even.

Label the vertices and edges of M7* as follows.

97(zi ;) = 294(z:i5)  forieIU{m+1}andje J

98(ZTinTmi2—i,1) = 205(TinTmya—i,1) — 1 forie IU{m+1}.
98(Zi,5%i j+1) = 295(Zi ;% j41)—1 fori € IJu{m+1}andj € J—-{n}.
98(Zi ;Tit1,5) =3mn+n(2 —1)+ 7 forielIand jeJ

From Theorem 4, we know that the vertex labeling g4 is O-antimagic with
common weight 2n(m + 1) + 3. Under the labeling g7, the common weight
for all the 4-sided faces is 4n(m + 1) 4 6. It can be seen that the labelings
g7 and gs combine to give a labeling of type (1,1,0) and weights of the
4-sided faces form two sets

W={w:wi=Tmn+6n—m+1+2i,1<i<m}and
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U={ur:ug=6mn+6n+m+1+2k,1<k<mn-1)}

i.e., the weights of the 4-sided faces constitute two arithmetic progressions
with difference 2.

Define two sets of labels on the faces
g9 : Fi(My) = {[V(M)] + |E(M)| + 1, V(M) + |[E(M7)] + 2, ...,
V(M) + | E(M?)| +m} and

g10 : Fo(M7) — {|[V(M)|+|E(MZ)| +m+1, V(M) +|E(MT)| +m +
2, V(M) + | B(MZ)| + |F(MZ)[}

as follows:

F(M7) U B(M) = F(MT?)

go(fi) = V(M) + |E(M)| +m +1 -4 for f; € Fi(M7') and
1<it<m
g10(fx) = V(M) + | E(M7)| + |F(MZ)| +1 - k for fi € Fo(M")

and 1 <k <m(n-1).

Label the faces of M* by the labelings go and gi0 so that the face label
g9(f:) (910(fx)) is assigned to the 4-sided face with w; (ux) foralll1 <i <m
(1<k<mn-1)).

The labelings g7, gs and go, g10 combine to a labeling of type (1,1,1) and,
under this labeling, the set of weights of the 4-sided faces is equal to
{wit+go(fi):1<i<m}U{ur+g10(fe):1<k<mn-1)}=

{IV(M)| + | E(MZ*)| + Tmn+ 6n+ 3, V(M) + | BE(M7)| + Tmn+ 6n +
4,..., V(M) + |E(MT)| + Tmn+ 6n+ m + 2}U

{IV(MZ)| + |E(M)| + Tmn + 6n + m + 3, [V (M) + | B(M])| + Tmn +
bn+m+4,...,|V(M™®)| + |E(M™)| + |F(M™)| + Tmn + 6n + 2}

Thus M has a 1-antimagic labeling of type (1,1,1).

Theorem 8 Ifn is odd, n > 3 and m > 1, then the Mébius grid M!™ has
a 4-antimagic labeling of type (1,1,1).

11



Proof.

Define the new labelings g;; and g2 in such a way that

g11(u) = 2g4(u) — 1 for every vertex v € V(M) and

g12(e) = 2gs(e) for every edge e € E(M?).

The labeling g1; uses the values 1,3,5,...,2mn + 2n — 1 and the labeling

g12 uses the values 2,4,6,...,4mn + 2n.

From Theorem 4, it follows that under the labeling g;; all the 4-sided
faces have the same weight. In light of Theorem 5, we can see that under
the labeling g12 the weights of the 4-sided faces constitute an arithmetic
progression of difference 2.

Now, we label the vertices and the edges of M7 by g11 and g2, respectively.
We are able to arrange the face values 2mn +2n+1,2mn +2n 4 3,2mn +
M+35,...,4mn+ 2n — 3,4mn + 2n — 1 to the faces of M in such a way
that the resulting labeling is a labeling of type (1,1,1) and

(i) the weights of all the 4-sided faces are the same or

(ii) the weights of all the 4-sided faces constitute an arithmetic sequence of
difference 4.

Thus we arrive at the desired result.

4 Conclusion

In this paper, we have studied d-antimagic labelings for Mébius grid M7*.
We have shown that for n > 3 (n odd), m > 1 and d € {0,1,2,4} there
exist d-antimagic labelings of type (1,1,1).

We conclude with the following open problem.

Open Problem 1 Find other possible values of the parameter d and cor-
responding d-antimagic labelings of type (1,1,1) for M.

12
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