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Abstract

Let G be a graph, and let g and f be two integer-valued functions
defined on V(G) such that g(z) < f(z) for all z € V(G). A graph G
is called a (g, f, n)-critical graph if G — N has a (g, f)-factor for each
N C V(G) with [N] = n. In this paper, a necessary and sufficient
condition for a graph to be (g, f,n)-critical is given. Furthermore,
the properties of (g, f, n)-critical graph are studied.
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1 Introduction

All graphs considered in this paper are finite, undirected. and simple. Let
G be a graph with vertex set V(G) and edge sot E(G). For S C V(G), an
induced subgraph of G by § is denoted by G[S] and G - § = G[V(G)\ S).
For any vertex x of G, the degree of z in G is denoted by d¢(z). and the set
of vertices adjacent to x in G is denoted by Ng(z), and the order of G by |G|.
Furthermore. 6(G) = min{dc(z) : x € V(G)} and Ng(S) = 3,5 No(z)
for S C V(G).
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Let g and f be two integer-valued functions defined on V(G). A (g, f)-
factor of G is defined as a spanning subgraph F of G such that g(z) <
dr(z) < f(z) for each z € V(G). If g(z) = f(z) for all z € V(G), then
a (g, f)-factor is called an f-factor. For an integer k > 1, an f-factor is a
k-factor if f(x) = k for all z € V(G). For two integers a < b, a (g, f)-factor
is called an [a, b]-factor if g(z) = a and f(z) = b for all z € V(G).

A graph G is said to be (g, f,n)-critical if G — N has a (g, f)-factor for
each N C V(G) with [N| =n. If g(z) = a and f(z) =b for all z € V(G),
then a (g, f, n)-critical graph is an [a, b, n]-critical graph. If g(z) = f(z)
(resp. g(z) = f(z) = k) for all z € V(G), then a (g, f,n)-critical graph is
called an (f, n)-critical graph (resp. a [k, n]-critical graph). In particular, a
[1, n)-critical graph is simply called an n-critical graph.

Notation and definition not given in this paper can be found in [1].

M. D. Plummer ({11} and L. Lovész [8] discussed the characterization and
properties of 2-critical graph. Q. Yu [12] gave the characterization of n-
critical graphs. O.Favaron [2] studied the properties of n-critical graph.
G.Liu and Q. Yu (7] studied the characterization of [k, nj-critical graphs.
The characterization of [a,b. n]-critical graph with a < b was given by
G.Liu and J. Wang [6]. In this paper, a necessary and sufficient condition
for a graph to be (g, f,n)-critical is given. Furthermore, the properties of
(g, f,n)-critical graphs are studied.

Let Z be the set of integers, and let S and T be disjoint subsets of
V(G). We write eq(S,T) = |{zy € E(G) : z € S, y € T}|. In particular,
eq(z. T) means eg({z},T). For g,f : V(G) — Z, we denote f(S) =
Z f(@), dg-s(T) = 2 dg-s(x), and g(T) = Z g(x). A component. C

of G (SuT)is called an odd component if g(:r) f(z) for all 2z € V(C)
and f(V(C)) + ec(V(C).T) = 1 (mod 2). Morcover, a component C is
called a non-odd component if C is not an odd component. Define

66(8.T) = f(S) + dg-s(T) — g(T) — ha(S,T),

where hg(S,T) is the number of odd components C of G — (SUT).
We use the following criterion in the next section.

Theorem A (L.Lovidsz [9]) Let G be a graph. Let g and f : V(G) — Z
be two integers such that g(z) < f(z) for each x € V(G). Then G has a
(g, f)-factor if and only if

6c(8,T) = £(S) + de-s(T) - g(T) — ha(S,T) 2 0
for all disjoint subsets S and T of V(G).
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2 Characterization of factor-critical graphs

Let P be a set of graphs with a given constant order. Then we say that G
is (g, f, P)-critical if for every subgraph H of G isomorphic to a graph in
P, G — V(H) has a (g, f)-factor.

We first give the following theorem.

Theorem 1 Let G be a graph, and P a set of graphs of order n. Let g and
f: V(G) — Z be two functions such that g(x) < f(x) for each x € V(G).
Then G is (g, f. P)-critical if and only if

0c(8.T) = f(S) +dg-s(T) ~ 9(T) = ha(S.T) 2 fs(n) (1)

for all disjoint subsets S and T of V(G) such that G[S] has a subgraph
isomorphic to a graph in P, where fs(n) = max{f(N): N C S, |N| =
n. and G[N)] has a subgraph in P} and fo(n) = —oc.

Proof. Suppose that G is (g. f, P)-critical. Let S C V(G) be any subset
such that G[S] has a subgraph N in P with f(V(N)) = fs(n). Then
G — N has a (g, f)-factor. Let ' = §\ V(N). By Theorem A, G — N las
a (g, f)-factor if and only if

6-n(S'.T) = £(8') + dig-n)-s/(T) = 9(T) — hg-n(S'.T) > 0

for all disjoint subsets S* and T of V(G) — N. Since d(g_ny-(s\v(v){T) =
dc-5(T) and he(S.T) = ha-n(S\ V(N).T), we have

0<0c-n(S'.T)
= f(S\V(N) + dig-ny-(s\vnn(T) = 9(T) — hg n(S\ V(N).T)
= f(8) = f(V(N)) + dg-s(T) — 9(T) — ha(S,T)
=06(5.T) - f(V(N)) = 6(S.T) — fs(n).
Thus (1) holds.
Conversely. we assume that (1) holds. Let N € P be a subgraph of G.
For any subset §' C V(G — N), write S = S UV(N). Then
dc-n(S'.T)
= f(S\V(N)) +dic-m-s\v(n)(T) = 9(T) — ha-~n(S\ V(N),T)
= f(S) = f(V(N)) + dg-s(T) — g(T) — ha(S.T)
=06(S.T) ~ f(V(N)) 26c(5,T) — fs(n) 2 0.

Therefore G — N has a (g. f)-factor by Theorem A. [ |
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Recall that a graph G is said to be (g, f, n)-critical if for every subset
N C V(G) with [N| = n, G — N has a (g, f)-factor. If g(z) = f(x) for
all z € V(G), then (g, f,n)-critical is called (f,n)-critical. The following
results are easy consequences of Theorem 1.

Corollary 1 Let G be a graph, n > 0 an integer, and g, f : V(G) — Z two
functions such that g(x) < f(z) for each xz € V(G). Then G is (g, f,n)-
critical if and only if

f(8) + de-s(T) — g(T) - he(S,T) 2 max{f(N): N C S and |N| = n}
for all disjoint subsets S and T of V(G) with |S| > n.

Corollary 2 Let G be a graph, n > 0 an integer, and f : V(G) — Z. Then
G is (f,n)-critical if and only if

J(8) +dg-s(T) — f(T) — he(S.T) > max{f(N): NC S and |N| =n}
Jor all disjoint subsets S and T of V(G) with |S| > n.

Corollary 3 Lel k and n be nonnegative inlegers. Then a graph G is
[k. n)-critical if and only if

k|S| +dc-s(T) — k|T| — ha(S,T) > kn
Jor all disjoint subsets S and T of V(G) with |S| > n.
Corollary 4 Let G be a graph, n > 0 an integer, and g. f : V(G) — Z two
functions such that g(x) < f(x) for each x € V(G). Then G is (g. f,n)-
critical if and only if
f(S) +de-s(T) — g(T) 2 max{f(N): N C S and |N| = n}

Jor all disjoint subsets S and T of V(G) with |S| > n.

Corollary 4 is equivalent to the following corollary.
Corollary 5 Let G be a graph, n > 0 an integer, and g, f : V(G) — Z two
functions such that g(z) < f(x) for eachx € V(G). Then G is (g, fin)-
critical if and only if

f(8) + dg-s(Tc(S)) — 9(Tc(S)) = max{f(N): N C S and |N| = n}

Jor all subset S of V(G) with |S| 2 n, where Tg(S) = {z: z€ V(G)\ S .
and dg_s(z) < g(z)}.
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Let Py(G - S) = [{z € V(G) : dg-s(z) = j}|. Since 3 cr.(5){a—

do_s(x)) = Zg;é (a - j)P;(G - S), the following result is a special case of
Corollary 5.

Theorem B (G.Liu and J. Wang [6]) Let a and b be integers with 1 <
a < b. and G a graph with |G| > a+n + 1. Then G is [a. b. n]-critical if
and only if

a-1
b|S|+dg-s(TG(S)) —e|Ta(S)| = bn.  or Z(a—j)[’j(G—S) < b|S|—bn

J=0

for all subset S of V(G) with |S| > n.

3 Some properties of factor-critical graphs

Lemma 1 Let G be a (g. f.n)-critical graph of order |G] > n + 1 with
1< g(x) < f(x) forall € V(G). Thendg(x) 2 g(x)+n forall r € V(G).

Proof. Suppose that G has a vertex ¢ with de(v) < g(v) + n. Then
take Ny C Ng(v) with [Ny| = min{n.dg(v}}. If dg{r) < n. then take
N C V(G) = (Ng(v)u{v}) with |[N)| = n —dg(v). Otherwise, let Ny = §.
Write N = Ny U N, Then |[N| = n and dg_n(r) < g(r). which implies
that G — N has no (g, f)-factor. This is a contradiction.

Theorem 2 Let a > 1 and n > 1 be two integers. Let f : V(G) — Z be
o function such that f(x) > a for all £ € V(G). Then an (a. f.n)-critical
graph G is (a + n)-connected.

In particular. an n-critical graph is (n + 1)-connected.

Proof. We use the induction on |G|. Since G is (a, f.n)-critical, |G| >
a +mn+ 1. Suppose first that |G| = a+n+ 1. If G is not (a + n)-connected,
then there exists a subset S C V(G) with |S} =a +n — 1 such that G— §
is disconnected. Let S’ C S be any subset with |S'| = n. Then G — § has
no (a. f)-factor, which contradicts that G is (a. f, n)-critical.

We next assume that |G| > a +n 4+ 1. Let x be any vertex of G. Since
G is (a. f.n)-critical, G — {x} is (a. f.n — 1)-critical. Hence G — {x} is
(a +n — 1)-connected by the induction hypothesis. which implies that G is
(a + n)-connected. l
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Hence we may consider the case eq(V(C;),T) = 0for alli = 1,....m.
Then for any u € V(C;), it follows from Lemma 1 that 0 = eg(e.T) =
dg(u)—ec(u. SUU) 2 g(u) +n—|S|- (ICi| - 1) = g(u)+2~|C;| > 3-|Cil.
which implies [C;| > 3 for each i = 1,... ,m. We divide into two cases.
Case 1. T=0.

Since G is (g, f,n)-critical and |S U {u}| = n, we have

de(SU{u}.¥) = fF(SU{u}) = ha(SU{u}.0) > fF(SU {u}).

implying he(S U {u},®) = 0. Now, we prove that he(S.0) = 0.

Sincc all C;. ... . C,, arc odd components of G — S, and hg(SU{u}.®) =
0. we obtain (S, 0) = m < 1. Suppose that m = 1. Then G - S = {Cy},
g(u) = f(u) for allu € V(Cy), and f(V(C1))+ec(V(C1).8) = f(V(C1)) =
1 (mod 2). If there exists a vertex u” € V(C)) such that f(u) is even. then
F(V(C)\{«"}) = 1 (mmod 2). Hence there exists at least one component C
in G — (SU {u"}) with f(V(C)) odd. This contradicts h¢;(SU {u}.0) =0
for any u € U. Thus g(u) = f(u) = 1 (mod 2) for each u € V(C).
Consequently, G has at least |Cy] = |G — S| = |G| — (n — 1) vertices u
with g(u) = f(u) =1 (mod 2). If |C,f is even, then f(V(Cy)) =|C\| =0
(mod 2). This contradicts the fact C} is an odd component of G — S. Thus
|Ci| = |G = S| = |G| = (n — 1) is odd, implying |G| — n is even.

Therefore G has at least |C,| = |G| — (n—1) vertices with g(u) = f(u) =
1 (mod 2), and |G| - n is even. This contradicts the assunption of Theorem

Finally. we get hg(S.0) = 0. Hence 6g(S.0) = £(S) — ha(S.0) = £(S)
by (2).

Case 2. T #.
Take yy € T. Since G is (g, f, n)-critical. de(y) 2 g(y) +n. and
eqg(V(C;).T)=0foreachi=1....,m, we have

6c(8.T) = f(S) +da-s(T) — g(T) — ha(S.T)
=6c(SU{y}. T\ {¥}) +de(y) — 9(¥) — ec(.S) — f(v)
+ec(y.T) +ha(SU{y}, T\ {y}) - ha(S.T)
> f(Su{y}) +daly) — 9(y) — ec(y. 8) — f(y) +ec(y:.T)
+he(SU{Yh T\ {y}) - ho(S.T)
= f(8) +dc(y) — 9(y) — ec(y. S) + ec(y, T)
> f(S) +n—ec(y.S) +ec(y.T) > f(8) +cc(w.T) = £(5).

The proof is complete. I

From Theorem 3, we immediately obtain the following results.
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Corollary 6 Let G be a (g, f,n)-critical graph with n > 1, g(z) > 1, and
f(z) even for all z € V(G). Then for any integer m with0 < m < n, G is
also (g, f.m)-critical. In particular, G has a (g, f)-factor.

The following result is a special case of Corollary 6 for g(x) = f(x) = 2r
and n = 1.

Theorem C (P.Katerinis [3]) Let G be a graph of order at least two,
and r a positive integer. If G — {x} has a 2r-factor for each x € V(G),
then G has a 2r-factor.

Corollary 7 Let G be a (g, f,n)-critical graph withn >1 and 1 < g(z) <
f(z) for all x € V(G). Then for any integer m with0 < m < n, G is also
(g, f, m)-critical.

This reads to the following theoremn.

Theorem D (G. Liu and J. Wang [6]) Let G be a [a, b, n]-critical graph
with1 < a < bandn > 1. Then for any integer m with0 < m < n, G is
also [a. b, m]-critical.

Theorem 4 Let G be e (g. f,n)-critical graph with n > 2 and g(x) > 1 for
all x € V(G). Then G is also (g, f.n — 2)-critical.

Proof. By Corollary 1, we need only to show that for all disjoint subsets
Sand T of V(G) with |S|=n—-1or |S|=n-2
6c(8,T) = f(5) + da-s(T) — g(T) — ha(S,T)
> max{f(N): N C S and |[N|=n-2}.
As the same with the proof of Theorem 3, we have |U| = {V(G)\(SUT)| > 1.
Case 1. |S|=n-1. ‘
Let u be any vertex of U. Since |SU {u}| = »n and G is (g, f, n)-critical,
‘we have
JG(Sv T) = f(S) + dG—S(T) - g(T) - hG(SvT)
=dc(SU{u}, T) - f(u) +ec(u, T) + ha(S U {u}, T) — ho(S,T)
> f(SU{u}) — f(u) + eg(u,T) + ha(SU {u}, T) — ha(S,T),
that is, 8¢ (S, T) 2 f(S)+ec (v, T)+ha(SU{u}, T)-he(S,T). By f(z) 2 1
for all € S and ha(SU {u},T) — he(S,T) = -1, we have
66(5,T) 2 f(S) + ha(SU {u}, T) - ha(S,T) + ec(u, T)
>max{f(N): NCSand |[N|=n—-2}+1+he(SU{u},T)
— he(S,T) + eq(u,T)
> max{f(N): NC S aud |N|=n -2},
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as desired.

Case 2. |S|=n-2.

Suppose that U] = 1. Let U = {u}. Since dg_g(x) = g(x) +1 = 2 hold
for each & € V(G) by Lemuna 1. we have eg(u.T) > 2, implying |T| > L.
Thus

3(8.T) 2 f(S) + de-s(T) — g(T) - 1 2 f(S) +|T| - 1 2 J(S).

Therefore we may assume that [U| > 2.

Let C;.....Cy be the components of G — (SUT'). and let u;. ug be
any two vertices of U. Since |S U {uy. u2}| = n and G is (g. f.n)-critical.
we have

0¢(8.T) = f(S) +dG-s(T) — g(T) — ha(S.T)
=dc(S U {uy. u2}. T) — f({uy. w2}) + ec({w. u2}. T)
+ ha(SU {uy. u}. T)— ha(S.T)
> f(Su {ur. u2}) — f({ur. u2}) + cq({ur. u2}. T)
+ ha(SU {ur. ua}. T) — he(8.T).

that is.
3¢(8.T) = f(S) + ecc({ur. w2} T) + ha(S U {ny, u2}.T) = he(S.T). (3)

By Lemma 1. we have eq(w. T) = de(u)—cq(u. SUU) 2> glu)+n—|S|—
(ICi] = 1) = g(u) +3 = |Ci] for cach u € V{Ci). If uy or ug. say w1 € V(Ci).
satisfies |Ci| < g(uy) + 1, then eq(ur. T) > 2. This inequality together
with (3) and ha(SU {uy, 12} . T) —he(S. T) > -2 implies ¢(S.T) > f(S).
Hence we have |Ci} 2 g(u) +2 23 foreachi=1.....m

We divide into two subeases.

Subcase 2.1. There exists a non-odd component C; of G — (SUT).

With out loss of generality, we may assume that wy, ue € V(C;). Since
C; is a non-odd component of G — (S U T),we have ha(S U {ur. w2}, T) —
ha(8.T) > 0. Henee 8(S.T) = f(S) by (3).

Subcase 2.2. Each C; is an odd component of G — (SUT) with |C;| > 3.
wherei=1.---.m.

If there exists 17 € V(C;) such that eq({n1}.T) > 1, then for any 4 €
V(Ci)\ {u1}. we obtain he(SU{uy. u2} . T) — ha(S.T) + eg({u1, u2}.T) >
—141 > 0. Hence 6¢(S.T) 2 f(S) holds by (3). Counsequently. we may
assume that eg(Ci.T) = 0 foralli = 1.....m. By |C;| > 3. there exist two
vertices uy. ug € V(C;) with f(u;) = f(ug) (mod 2) for each i. 1 <i < m.
Then f(V(Ci)) + ea(V(C).T) = f(V(C)) = S(V(C)\ {urouz}) = 1

(mod 2). which means G[C; — {u;.u2}] has at least one odd component of
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G - (SU {uy,u2} UT). Thus he(S U {u,u2},T) — hg(S.T) > 0 and so
3¢ (8.T) > £(S) by (3).
Finally, our proof is complete. l

By Theorem 4, we immediately obtain the following result.

Corollary 8 Let G be a (g, f.n)-critical graph with n. > 2 and g(z) > 1
for all z € V(G). Then for any integer m with0 < m < nand m = n
(mod 2), G is also (g. f.m)-critical. In particular. G has a (g, f)-factor for
n =0 (mod 2).

The following theoremn gives a relationship of properties of edge-inclusion
(or edge-deletion) and (g. f,n)-critical graphs.

Theorem 5 Let G be a (g, f.n)-critical graph with 1 < n < |G| and 1 <
g(x) < f(x) for all x € V(G). Suppose that H, and Hy are any two edge-
disjoint subgraphs of G with |E(H,) U E(H,)| < n and dg,(z) < f(z) for
all z € V(H,). Then G has a (g, f)-factor F such that E(H,) C E(F) and
E(H)NEF)=0.

By Theorem 5, we obtain the following results.

Corollary 9 Let G be a (g, f,n)-critical graph withn > 1 and 1 < g(x) <
f(x) for all x € V(G). For any n edges of G, let H be a subgraph of G
induced by the n edges and dy(z) < f(x) for all z € V(H). Then G has a
(g, f)-factor which includes the n edges.

Corollary 10 Let G be a (g. f, n)-critical graph withn > 1 and 1 < g(z) <
f(x) for allz € V(G). Then the subgraph obtained from G by deleting any
n edges has a (g. f)-factor.

Corollary 10 implies the following result. which is due to G.Liu and
J. Wang.

Theorem E (G. Liu and J. Wang [6]) Let G be an[a, b. n]-critical graph
withn > 1 end 1 £ a < b. Then the subgraph obtained from G by deleting
any n edges has an [a, b]-factor.

In order to show Theorem 5, we use the following.

Theorem F (P.B.C.Lam, G.Liu, G.Li, and W.C. Shiu [5]) LetG
be a graph and let H, and H be two edge-disjoint subgraphs of G. Let g and
f: V(G) > Z be two functions such that g(x) < f(z) for each z € V(G).
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