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Abstract

Let C, denote the cycle with n vertices , and C,(.') denote the graphs
consisting of t copies of C,, with a vertex in common . Koh et al.
conjectured that the graphs C’,(f) are graceful if and only if nt = 0,3
(mod 4). The conjecture has been shown true for n = 3,5,6,4k. In
this paper, the conjecture is shown to be true for n = 7.
Keywords: graceful graph, vertez labeling, edge labeling

1 Introduction

The graceful labeling traced its origin to one introduced by Rosa ] in
1967 as a way of decomposing a complete graph into isomorphic subgraphs.
Let G = (V, E) be a simple graph with |V| vertices and |E| edges. Let
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Figure 2.1: The graph C-(,4).

f:V ={0,1,...,|E|} be an injective mapping. Define an induced function

9:E—{1,2,...,|E|} by setting g(p, q) = |f(p) — f(q)| , for every (p,q) €
E. If g maps E onto {1,2,...,]E]|}, then f is said to be a graceful labeling

of G. A graph is graceful if it has a graceful labeling.

Let C, denote the cycle with n vertices , and CtY denote the graphs
consisting of t copies of C, with a vertex in common . Koh et al. (8
conjectured that the graphs C,(f) are graceful if and only if nt = 0,3 (mod
4) , and proved that the graphs C’Sc) and C‘(;z‘) are graceful for ¢t > 1.
Qian [7) proved that the graphs CS2) are graceful. Bermond et al. [2: 3]
proved that the graphs C’ét) (i.e, the friendship graph or Dutch t-windmill)
are graceful if and only if £ = 0 or 1 (mod 4). The first author 6] of this

paper proved that the graphs Cét) are graceful for ¢ = 0,3 (mod 4). So

the conjecture has been shown true for n = 3,5,6,4k. In this paper, the
conjecture is shown to be true for n = 7.

For the literature on graceful graphs we refer to [4] and the relevant
references given in it.

2 The graphs C’?)

Now, we consider the graphs C;‘).

Let v§, v}, v5, v§, v}, vE, v} be the vertices of the i-th cycle , v§ = v for
all i. The graph of C-$4) is shown in Figure 2.1.

Theorem 2.1. The graphs C;‘) are graceful for t =0,1 ( mod 4 ).

Proof. Let 8 =t mod 2, we define a vertex labeling f as follows:
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fw) = 0,
f(@) = Tt+1-4, 1<i<t,
fol) = 2L+i+0, 1<i<(t-0)/2,
2 i+0, (t-0)/2+1<i<t,
Fd) = 9t-0)/2+1-i+20, 1<i<(t-0)/2
3/ = (Tt—0)/2+2-i+8, (t-0)/2+1<i<Lt,
f(vi) = t+i+6, 1<i<y,
fi) = (11t-60)/2+2-i+86, 1<i<t,
i, 1<i<(t+0)/2,
, 5t+1+i—8, (t+06)/24+1<i<tand
flvg) = imod2=1,
3t—1+i+6, (t+0)/2+1<i<tand
imod2=0.
Denote by
Sj={flv;) 1 i<t} 0<j <6,
D;= {g(v},vzj_l_l) mod I 1S5 th 0<j<86,

905941y mod ) = W (¥j41) mod 7) — J@3)l, 1<i<t 0<j5<6.

Case 1. Suppose that ¢t = 0 (mod 4), say t = 4k, then we have:

So = {0},

Sy ={6t+1,6t+2,...,7t},

So=821US»n ={2t+1,20+2,...,5t/2} U {t/2+1,t/2+2,...,t},
S3=_S831USs ={9/2,9/2-1,...,4t +1}U {3t +1,3t,...,5t/2 + 2},
Sy={t+1,t+2,...,2t},
Ss = {11¢/2+1,11¢/2,...,9/2 + 2},
Se = S61U Sg2 U Se3
={1,2,...,t/2} U {11¢/2 + 2,11t/2 + 4,...,6t}
u{7t/2+1,7t/2+3,...,4t — 1}.

Hence, SoUS;US,US3US,US5USe is the set of labels of all vertices ,
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and

SoUS i USUS3US;US;U S

So U S U Sz US2U 831 US35U S84 USsU Sg; USgyU Ses
(SoUSslU322U34U521)US32U553U531U(SsUSszUSl)
{0,1,...,¢/2,¢/24 1,t/2+2,...,t,t + 1,4 4+2,...,2t, 2t + 1,2t + 2,
., 58/2,5L/2+2,5t/2+3,...,3t+ 1, Tt/2+1,7Tt/2+3,...,4t -1,
441,46+ 2,...,9t/2, 9/2+2,9t/2+3,...,11¢/24+1,11¢/2 + 2,
11¢/2+4, ..., 6t-2, 6t 6t+1,6t+2,...,7t}.

It is clear that the labels of the vertices are different, and Maz{f(v})|1 <
i<t 0<j<6}=7t=|E|. We thus conclude that f is an injective
mapping from the vertex set of G into { 0,1,...,|E|}.

Now, we verify that g maps E onto {1,2,...,|E|}.

Do={6t+1,6t+2,...,7t},
Dy =Dy UDp={5t—1,5t —3,...,4t+ 1} U {6t — 1,6t —3,...,5t + 1},
Dy = Dy U Dy

= {5¢/2-1,5¢/2 —3,...,3t/2+ 1} U {5¢/2,5(/2 = 2,...,3t/2 + 2},
D3 = D3, U D3y

= {7t/2-1,7t/2 = 3,...,5t/2+ 1} U {3t/2,3t/2 - 2,...,4/2 + 2},
Dy ={9t/2,9t/2-2,...,5t/2+ 2},
D5 = D5, U D5y

= {11¢/2,11¢/2 - 2,...,9t/2 + 2} U {t/2 + 1,¢/2+ 3,...,3t/2 — 1},
D¢ = Dgy U Dga U Dg3 = {1,2,...,t/2}U{11t/2+2,llt/2+4,...,6t}

u{7t/2+1,7t/2+3,...,4L - 1}.

Hence, Do U Dy U D U D3U Dy U D U Dg is the set of labels of all cdges,
and

DouDyU Dy D3UDyU DgU Dg

=DoU D13 UD12U Dy U DyyU D3y UDay U Dy U Dsy U Dsa
UDg1 U Dgz U Dg3

= Dg; U (Ds2 U D3z) U (D33 U Da2) U (D33 U Dgz U Dyy U Dy2)
U(D4 U D5y U Dga) U Dy

={1,2,...,t/2 U {t/2+1,¢/2+2,...,3t/2 - 1,3¢/2}
u{3t/2+1,3t/2+2,...,5t/2 - 1,5t/2}
U{5t/2+1,5t/2+3,...,7L/2 —1,TL/2+1,7t/2+3,...,4t — 1,

4L +1,4t+3,...,5t - 1,50+ 1,5 +3,...,6t— 1}

U{5¢/2+2,5¢/2+4,...,9t/2,9t/2 +2,9t/2 +4,...,11¢/2,11L/2 + 2,
11t/2 +4,...,6t}U {6t + 1,6t +2,...,7t}

= {1,2,...,7t}.

It is clear that the labels of the edges arc diflerent. So, g maps E onto
{1,2,...,|E]|}. By the definition of graccful graph, we can conclude that

the graphs Cgk) are graceful.
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Case 2. Suppose that ¢ = 1 (mod 4), say ¢ = 4k + 1, then we have:

So = {0},
Sy={6t+1,6t+2,...,7t},
S2 = 821U Sa2

= {26422t +3,...,(5t +1)/2} U {(t +3)/2, (t + 5)/2, ..., t +1},
S3 = 831 U S3;
= {(9t +3)/2, (9t +1)/2,...,4t + 3} U {3t + 2,3t + 1,..., (5t + 5)/2},
Sy={t+2,t+3,...,2t+1},
Ss = {(11¢ + 3)/2, (11t + 1)/2, ..., (9t + 5)/2},
Se = Se1U Sg2 U Se3
={L,2,...,(t+1)/2YU{(11¢+5)/2, (11t + 9)/2, ..., 6t}
U{(7t+ 3)/2, (Tt +T)/2, .., 4t — 1}.

Hence, SpUS1U S, US3US;US5USg is the set of labels of all vertices ,
and

SoUS;US,US3US U S;U S
= SopU S USs USs U S3; US30USsUSsU Sg; USgaU Se3
= (SoUSslUSngS4USQ1)US32US¢;3U(5'31US5U562US1)
={0,1,...,(t+1)/2,(t+3)/2,(t +5)/2,...,t +1,t +2,t +3,...,2t +1,
2t 4+2,2t+3,...,(5t+1)/2, (5t+5)/2,(5t+7)/2,...,3t+2,
(7t +3)/2, (Tt +7)/2,...,4t - 1, 4+ 3,4t +4,...,(9t + 3)/2,
(9t +5)/2, (9t +7)/2,..., (11t +3)/2,(11L +5)/2, (11t +9)/2,
6t -2, 6t 6t+1,6t4+2,...,7t}.

It is clear that the labels of the vertices are different, and Maz{f(v})|1 <
i<t0<j <6} =Tt =|E|l. We thus conclude that f is an injective
mapping from the vertex set of G into { 0,1,...,|E|}.

Now, we verify that g maps E onto {1,2,...,|E|}.

Do ={6t+1,6t+2,...,7t},

Dy =Dy, UDyp = {5t —-2,5t—4,...,4t+1}u {6t - 1,6t —3,...,5t},

Dy = D2, U Dyp = {(5t — 1)/2, (5t - §)/2,...,(3t +5)/2}
u{(5t + 1)/2,(5t - 3)/2,...,(3t + 3)/2},

D3 = D3 U D3y = {(7t —1)/2,(7t - 5)/2, ..., (5t + 5)/2}
u{(3t+1)/2,(3t - 3)/2,..., (¢ +3)/2},

Dy = {(9t - 1)/2,(9t - 5)/2,...,(5t + 3)/2},

Dgs = Ds; UDgp = {(llt-l- 1)/2, (llt - 3)/2, v (9t + 3)/2}
u{(t +5)/2,(t +9)/2,...,(3t - 1)/2},

D¢ = Dgy U Dgz U De3

={1,2,...,(t +1)/2} U {(11¢ + 5)/2, (11t + 9)/2,...,6t}
u{(7t + 3)/2, (Tt +7)/2,...,4t — 1}. ‘
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Hence, Do U Dy U Dy U D3 U Dy U D5 U Dy is the sct of 1abels of all edges,
and

DoUDlUDzUD:;UD.;UDsUDs
=D0UD11UD12UD21UD22UD31UD32UD4UD51UD52
UDg; U Dga U Dga
= Dg1 U (D32 U Ds3) U (D3 U Dyy) U (D4 U Ds; U Dey)
U(D31 U Dg3 U Dy U Dy2) U Dy
={1,2,...,(t+1)/2 U {(t +3)/2,(t +5)/2,...,(3t — 1)/2, (3¢ +1)/2}
U {(3t +3)/2, (3t +5)/2, .., (5t — 1)/2, (5t + 1)/2}
U {(5t +3)/2, (5t + 7/2,...,(9t -1)/2, (9t +3)/2,(9t +7)/2,...,
(11t +1)/2, (11t+5)/2,(11t+9)/2,...,6t}
U {(5¢+5)/2, (5t +9)/2, ..., (Tt — 1)/2, (Tt + 3)/2, (Tt + 7)/2, ...,
4t—l,4t+l,4t+3,...,5t—2,56,5t+2,...,6t—1}
U {6t+1,6t+2,...,7t}
= {1,2,...,7t}.

It is clear that the labels of the edges are different. So, g maps E onto
{1,2,...,|E|}. By the definition of graceful graph, we can conclude that
the graphs C.(,4'°+l) are graceful. '

According to the proof of Case 1 and Case 2, the graphs C-(,‘) are graceful
fort =0,1 (mod4). m]

In Figure 2.2 we show our graceful labelings for C;s) and ng) .
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Figure 2.2: The graceful labelings of C$® and C{).
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