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Abstract

Let k(D) be the index of convergence of a digraph D of order
n > 8. It is proved that if D is not strong with only minimally
strong components and the greatest common divisor of the cycle
lengths of D is at least two, then

1(n®*-8n+24) ifniseven,
k(D) < { ;(,R —10n+35) if nis odd.

The cases of equality are also characterised.

1 Introduction

Let D be a digraph and m be a nonnegative integer. The mth power D™
of D has the same vertex set as D and an arc from z to y if and only if
D has a walk of length m from z to y. The period p(D) and the index of
convergence k(D) are defined as follows: p(D) is the least positive integer
p such that for all sufficient large ¢, D* = D'*P and k(D) is the least
nonnegative integer such that D* = D*+P(D) whenever ¢t > k(D).

If D has only trivial strong components, then p(D) = 1. Otherwise,
Rosenblatt [4] proved that if D is strongly connected (or strong), then p(D) .
is the greatest common divisor (ged for short) of the distinct cycle lengths
of D, and if D is not strong, then p(D) is the least common multiple (Icm
for short) of the periods of all the nontrivial strong components of D. Since
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our knowledge about the period p(D) is quite complete, we are interested
in the study of the index k(D).

Let fo(D) be the ged of the cycle length of a digraph D. If D is strong,
then fo(D) = p(D). Let M, = {D|D is a digraph of order n which is not
strong and fo(D) > 2} for n > 7. Jiang [3] proved that

L(n? - 8n+24) ifniseven,
k(D) < { Yin? —6n+15) ifnisodd,
and characterized the cases of inequality.
A strong digraph D is minimally strong if no digraph obtained from

D by removal of an arc is strong. Let MM,, = {D|D € M,, D has only
minimally strong components} for » > 8. In this paper, we will prove

L(n?-8n+424) ifniseven,
k(D) = { $(n® —10n+35) ifnisodd,
and characterize the cases of equality. Since result follows from [3] when n
is even, we are interested in the case when n is odd.

2 Results

Let D be a digraph with p(D) = p and let z,y € V(D). The local index
from z to y, denoted by kp(zx,y), is defined to be the least integer k such
that for each ¢t > k there exists a walk of length ¢ from z to y if and only
if there exists a walk of length ¢ 4+ p from z to y. It is easy to see that
k(D) = max{kp(z,y):z,y € V(D)}.

Denote by P(z,y) the set of paths from z to y in D, and (W) the
length of a walk W (I(Q) =0 if £ =y). Let Q € P(z,y), and let C(Q) be
the set of nontrivial strong components of D which have vertex in common

with Q. If C(Q) # 0, define f(Q) = ged{p(C:):C; € C(Q)}. Let L(C(Q))
be the set of cycle lengths in those nontrivial strong components of C(Q),

let s(Q) be the smallest number in L(C(Q)), and let ng be the largest order
the nontrivial strong components of D with n vertices. Further define

W(@Q) = { n+5(Q) (788 -2) C@Q #0,
(Q) +1 if C(Q) = 0.
Lemma 1. ([2, 6]) Let D be a digraph with z,y € V(D). If P(z,y) # 0,

then

kp(z,y) < max{W(Q):Q € P(z,y)}.
Lemma 2. [5] Let D be a digraph of order n with at least a nontrivial
strong component. Then

k(D) < n+ so (%—2),
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where sy is the mazimum of a shortest cycle length of the nontrivial strong
components of D.
Lemma 3. [3] Let D be a digraph of order n that is not strong and has
a unique nontrivial strong component, say Do, of order m. If fo(D) > 2,
then k(D) < k(Do) +n—m, and equality holds if and only if there is a path
Q from z to y in D and an ordered pair of vertices x1,y1 of Q in Dy such
that kp(z1,v1) = k(Do) and l; + lp = n — m, where 1} (I3) is the length of
the subpath from x to xy (from y1 to y) of Q.

Suppose D is a strong digraph of order » and period p. Let CL(D) be
the set of cycle lengths of D. Then [7, §]

kp(z,y) < max{dcr,py(Z,¥) + B(r1,...72) ~p+ 1,0}

where CLo(D) = {ry,...,ra} € CL(D) with ged(ry,...,72) = p, doro(D)
(z,y) is the relative dlstance from z to y, that is, the length of a shortest
walk from z to y which meets at least one cycle of length r; fori =1,..., A,

(rl, .,7x) is the generalized Frobenius number. For two positive 1nteger
a1, g2 With ged(q1, g2) = p, we have ¢(q1, g2) = p(q1/p — 1)(q2/p — 1).
Lemma 4. [1] Let D be a strong digraph of order n with period p and let
s be the smallest cycle length of D. Then

k(D)sn+s(EJ-2).

Let F, be the digraph that contains a cycle (1,2,...,n—1,1) and three
additional arcs (n—6,n—1), (n—1,n) and (n, 1), and let G,, be the digraph
that contains a cycle (1,2,...,7 —1,1) and two additional arcs (n — 4,n)
and (n,1).

The upper bound in the following proposition follows from the results
of [8], and the case when n is odd follows from [3, Lemma 4], however for
completeness, a more self-contained proof is provided here.

Proposition 1. Let D be a minimally strong digraph of order n > 7 with
p=p(D) > 2. Then

1(n®—8n+24) ifniseven,
k(D) < { 12 —6n+415) if nisodd, M

equality holds if and only if D is isomorphic to F,, when n is even and G,
when n is odd.

Proof. Let s be the smallest cycle length of D. If s = n, clearly
k(D) = 0. Suppose that s < n. D is minimally strong, any cycle in D has
no chords, in particular, D has no cycle of length n if s < n.

First suppose that n is odd. If s=n -1 (n —2), then p(D) = n -1
(»(D) = n — 2) and hence by Lemma 4, k(D) < 2 < (n? - 6n + 15)/2.
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Suppose that s < n — 3. Then by Lemma 4,

k(D) <n+(n—3) ("2;1-2) =%(n2—6n+ 15).

If equality in (1) holds, then s = n — 3, p = 2 and hence D has a cycle of
length » — 1 and D is isomorphic to G,,.

Now suppose that n is even. If s = n—1 or n—2, by the same argument
as above, k(D) < 2 < (n? - 8n + 24)/2.

Case 1: s = n—3. Then p(D) = n — 3 and hence k(D) < n+ (n —
3)(1-2) =3 < (n? — 8n + 24)/2.

Case 2: s =n —4. Then we have CL(D) = {n —4} or {n —4,n - 2}.
If CL(D) = {n — 4}, then by Lemma 4, k(D) < 4 < (n? — 8n + 24)/2.
Suppose CL(D) = {n — 4,n — 2}. Then it can be easily checked that D
is isomorphic to Fy, (and hence k(D) = (n? — 8n + 24)/2), or one of the
digraphs obtained by duplicating a vertex of any vertex of G,_1 (and hence
k(D) = (n® — 8n + 24)/2 — 1), or one of the three digraphs obtained by
adding to G,_, arc pairs (n — 4,n) and (n,2), or (n — 3,n) and (n,3),
or (n —2,n) and (n,4) (and hence k(D) = (n® — 8n 4 24)/2 ~ 2 or n? —
8n +24)/2 — 1 or (n? — 8n +24)/2 —1). We have proved that in this case
k(D) < (n? — 8n + 24)/2, equality holds only if D & F,,.

Case 3: s =n — 5. Then we have two possibilities:

(1) CL(D) = {n — 5}. Then k(D) < 5 < (n? — 8n + 24)/2.
(2) CL(D)={n-5n—2}, n=2mod 3). Then p(D) = 3 and hence

n-—2

k(D) < n+(n-5)<T—2)
= %(n2 —10n+40) < %(n2 — 8n + 24).
Case 4: s < n —6. Then we have
n 1 2
k(D)_<_n+(n—6)(§—2)—§(n — 8n +24),

equality holds only if s =n —~6, p(D) =2 and hencen =8, n—4 € CL(D)
or n —2 € CL(D). Suppose s = n — 6 and p(D) = 2. If n = 8, neither
n —4 nor n— 2 is in CL(D), then clearly D can be obtained by replacing
each edge of an undirected path of order 8 by two opposite arcs and hence
we have k(D) = 6 < (n? — 8n +24)/2. If n —4 € CL(D), then (let
R={n-6,n—4})
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< b(n — 6,n —4) — 1
k(D) < pax dr(z,y) + ¢(n — 6,n —4) —p(D) +
< n+l+d(n—6n-4)-1

1
—;—(n2 —12n+48) < §(n2 - 8n + 24).

We are left with n—4 ¢ CL(D). Then n—2 € CL(D) and gcd(n—6,n-2) =
2. Similarly, we have

kD) € n+l+¢(n-6n-2)-1

= %('n2 —-10n +32) < %(nz —8n +24).

It follows that in this case we have k(D) < (n? — 8n + 24)/2.

By combining Cases 1-4, we get (1).

From the above argument we know that the equality in (1) holds if and
only if D is isomorphic to F, when n is even and G, whennisodd. O

Remark. Let D be a minimally strong digraph of order n with 2 <
n < 6 and with period > 2. By listing all the non-isomorphic minimally
strong digraphs of order n < 6 with period > 2, or by [8] directly, we get
k(D) <n-2ifn=23,4, k(D) <5ifn=>5and k(D) < 7if n=6, and
the bounds are best possible.

Let Hy(;l)(Hf;z)) be digraph obtained by adding to G,_; a vertex n and
an arc (n,n —4)((n — 2,n)). Let A (Ls,z) ) be the digraph by adding to
F,_, a vertex n and an arc (n,n — 6)((n — 3,n)). Let LI, L) ve
the digraph obtained by adding to G,—2 two vertices n — 1,n and two
additional arc pair (n,n—1) and (n—1,n—5)((n—3,n—-1) and (n—1,n),
(n—1,n—5) and (n — 3,n)).

The main result of this note is the following.

Proposition 2. Let D € MM, with n > 8. Then

1(n2 -8n+24) ifniseven,
k(D) < { $(n? ~10n+35) ifnisodd, @
equality holds if and only if D is isomorphic to H,(Ll) or H,(,2) when n 18
even, and one of JAY fori=1,...,5 when n is odd.

Proof. The case when n is even follows from [3, Theorems 1,3]. Suppose
that n is odd and Dy is a strong component of order ng.

Case 1: ng = n — 1. By Lemma 3 and Proposition 1,

KD) < k(Do)+1
< %((n—l)z—S(n—l)+24)+1

%(n2 — 10n + 35).
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Case 2: ng=n—2.
Case 2.1: Dy is the unique nontrivial strong component. By Lemma 3
and Proposition 1,

k(D) < k(Do)+2
< %((n—2)2—6(n-—2)+15)+2

= %(n2 — 10n + 35).

Case 2.2: D has at least two nontrivial strong component, say Dy, D;.
Then the two vertices not in Dy form a cycle of length 2. Take z,y € V(D)
with kp(z,y) = k(D). If z,y € V(D;) or there is no path from z to y,
then k(D) = kp(z,y) =0. If z,y € V(Dy), then

k(D) kp(z,y) < k(Do)
%(n2 - 10n + 31)

IA I

%(n2 — 10n + 35).

Otherwise, suppose that there is a path Q from z to y. Then C(Q) # 9,
5(Q)=f(Q)=2and

W@ = n+s(@Q (%—2)

n—2
< - < _
< n+2( ) 2)

= 2n-6< %(rﬁ - 10n + 35).
By Lemma 1,
k(D) = kp(z,y) < %(n2 —10n + 35).

Case 3: ng=n-—3.
Case 3.1: Dy is the unique nontrivial strong component. By Lemma 3
and Proposition 1, for n > 11, we have

k(D) < k(Do)+3
< -;—((n—3)2—8(n—3)+24)+3

%(Tﬁ — 14n + 63)

%(n"’ — 10n + 35).

A
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For n = 9, k(Do) < 8 by Lemma 4, we have k(D) < k(Do) + 3 < (n? —
10n + 35)/2.

Case 3.2: D has at least two nontrivial strong components, say Dy, D;.
Then CL(D,) = {2} or {3}. Take z,y € V(D) with kp(z,y) = k(D). If
z,y € V(D;) or there is no path from z to y, then k(Do) = kp(z,y) < 1.

If z,y € V(Dy), then
k(D) kp(z,y) < k(Do)

%(n’— 10n + 31)

VAN |

%(n2 — 10n + 35).

Otherwise, suppose that there is a path Q from z to y. If C(Q) = 8, then
W(Q) < n. If C(Q) # 0, then s(Q) = f(Q) =2 or 3, and hence either

W@ = n+o@ (58 - -2)

< n+2(£2—3—2)

1in2_10n + 35)

= 2m-7< 2(

or

n—3
< -t -
< n+3( 3 2)

= 2m-9< %(n2 - 10n + 35).
By Lemma 1, )
k(D) = kp(z,y) < §(n2 - 10n + 35).
Case 4: ng < n —4. By Lemma 2,
KDo) < nt(a-d) (250 -2)
= %(nz —10n+32) < %(n2 —10n + 35).
By combining cases 1-4, we get (2).

If D is isomorphic to Ls.i) fori=1,...,5, then it is easy to check that
the equality in (2) holds.
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Suppose that the equality in (2) holds. The we have either (1) ng =
n—1, k(Do) = ((n—1)2 —8(n— 1) +24)/2 = (n? — 10n + 33)/2 and hence
by Proposition 1 Do 2 Fy,_; or (2) no =n —2, k(Dp) = ((n —2)? - 6(n —
2) +15)/2 = (n® — 10n + 31)/2, and hence by Proposition 1 Dg & Gp_s.
It is easy to see that there is an unique ordered pair of vertices n — 6,n — 3
in F,,_, such that

k(Foo1)=kp,_,(n—6,n-3)= -;-(n.2 — 10n + 33)

and there is an unique ordered pair of vertices n — 5,n — 3 in G,_2 such
that

k(Gnz) = k,_,(n—5n—3) = %(n2 ~ 10n + 31).

Note that Dy is the only nontrivial strong component. By Lemma 3,
k(D) = (n? — 10n + 35)/2 implies that D is isomorphic to some L for
i=1,...,5. ]
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