Stability Number and Fractional F-factors in
Graphs *

Jiansheng Cai Guizhen Liut
School of Mathematics and System Sciences, Shandong
University, Jinan 250100, P. R. China

Abstract

Let G be a graph with vertex set V(G) and let f be a nonnegative
integer-valued function defined on V{G). A spanning subgraph F of
G is called a fractional f-factor if d%(z) = f(z) for every x € V(F).
In this paper we prove that if (G) > b, and &(G) < %%?, then
G has a fractional f-factor. Where a and b are integers such that
0<a < f(z) < b for every x € V(G). Therefore we prove that the
fractional analogue of Conjecture in [2] is true.
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1 Introduction

The graphs considered in this paper will be simple graphs. Let G be a graph
with vertex set V(G) and edge set E(G). Denote by dg(z) the degree of a
vertex z in G. Let g and f be two integer-valued functions defined on V(G)
such that 0 < g(z) < f(z) for all z € V(G). Denote by a(G) the stability
number of a graph G, by §(G) the minimum degree of verticesin G. If A and
B are disjoint subsets of V(G), then ec(A, B) denotes the number of edges
that join a vertex in A and a vertex in B. If A = {z}, then eg(z, B) denotes
the number of edges that join = and a vertex in B. For a subset S of V(G),
we denote by G — S the subgraph obtained from G by deleting the vertices
in S together with edges incident with vertices in S. In the following we
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write f(W) = Z f(z) and f(@) = 0 for any W C V(G). In particular,
we set dg— s(T) Z dg-s(z) for S,T C V(G) and ST = 0. We also

set Ng[A] = Ng(A) U A. A fractional (g,f)-indicator function is a function
h that assigns to each edge of a graph G a number h(e) in [0,1] so that for
each vertex x we have g(z) < d%(z) < f(z), where di(z) = Z h(e) is

z€E,

the fractional degree of x in G with E; = {e : e = zy € E(G)}. When
g9(z) = f(z) for every z € V(G), a fractional (g,f)-indicator function is
called a fractional f-indicator function. Let h be a fractional f-indicator
function of a graph G. Set E, = {e: e € E(G) and h(e) # 0}. If Gi
is a spanning subgraph of G such that E(G}) = Ej, then Gy, is called a
fractional f-factor of G. In this paper, we prove the fractional analogue of
Conjecture in [2). Notations and definitions not given here can be found in
(1] and [6].

Many authors have investigated graph factors and factorization [5,8],
connected factors [3], and fractional (g, f)-factors [4,7]. There is a neces-
sary and sufficient condition for a graph G to have an fractional f-factor
which was given by Guizhen Liu and Lanju Zhang.

Theorem A. [4] A graph G has an fractional f-factor if and only if
for every subset S of V(G)

¥(S,T) = F(S)+ Y _ da-s(z) - f(T) 20

zeT

where T = {z:z € V(G) — S and dg_s(z) < f(z)}.

In [2], we gave a sufficient condition for the existence of an f-factor in
a K n-free graph in terms of its stability number and minimum degree 4,
where a < f(z) < b for every vertex z € V(G). The following theorem is
the main result in [2].

Theorem B.[2] Let G be an K, ,-free graph and let f be a nonnegative
integer-valued function defined on V(G) such thatl1 <n—-1<a < f(z) <b
for every x € V(G). If f(V(G)) is even, 6(G) 2 b+n — 2, and a(G) <
%ﬁ&"—fﬁl, then G has an f-factor.

Furthermore, we made the following conjecture in [2].

Conjecture.|2] Let G be a connected graph and let f be an nonnegative
integer-valued function defined on V(G) such that 0 < a < f(z) < b for
every & € V(G). If 6(G) 2 b, f(V(G)) is even and a(G) < B3, then
G has an f-factor.

In this paper, we prove the following theorems which show that the
fractional analogue of the conjecture is true.

Theorem 1. Let G be a connected graph and let f be a nonnegative
integer-valued function defined on V(G) such that 0 < a < f(z) < b for
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every z € V(G). If§(G) 2 b, and (G) < G52, then G has an fractional
f-factor.

2 Proof of Theorem 1

If &(G) = 0, then G is an empty graph. Theorem 1 is trivial. Now we
assume that a(G) > 1, If o(G) = 1, the graph G is a complete graph.
Then obviously G has an fractional f-factor. So we may assume that 2 <
o(0) < ‘gt

Let G be a graph satisfying the hypothesis of Theorem 1, we prove
the theorem by contradiction. Suppose that G has no fractional f-factors.
Then 4(S,T) < 0 for some subsets S of V(G) by Theorem A. We choose
such a subset S of V(G) which satisfies

¥(S,T) = £(S5) + ) de-s(z) - f(T) <0. ®

z€T

Where T = {z: z € V(G) — S and dg_s(z) < f(z)}.

We first prove the following claims.

Claim 1. |T|>a+1.

Proof. If | T |< a, then by (1) and since | S | +dg-s(z) > dg(z) >
4(G) 2 b for x € T we obtain

0>9(8,T) = f(S)+ ) de-s(x)— f(T)

z€T
> a|S|+) de-s(z)-b|T]|
z€T
> Y (S| +de-s(z) - b) 20,

zeT

which is a contradiction. So | T |> a + 1.

Since T # 0, let h = min{dg-s(z) | z € T}.

Claim 2. h<b.

Proof. According to the definition of T, we know that any z € T
satisfies dg_g(z) < f(z) < b. Hence h < b.

Now we proceed to prove Theorem 1.

We take z; € T such that z; is the vertex with the least degree in
G[T). Let Ny = Ng[z,]JNT and Ty =T. Fori > 2,if T — |J N; # 0,

j<i
let T; = T — |J Nj. Then take z; € T; such that z; is the vertex with
i<i

the least degree in G[T;] , and set N; = Ng[z;](}T;. We continue this
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procedures until we reach the situation in which T; = @ for some %, say for
i = k+ 1. Then from the above definition we know that z,zs,---, z is an
independent set of G. Since T # @, we have k > 1.

Let | N; |= n;. From the definition of NV;, we can get the following
properties.

o(G[T]) 2 k, (2)
ITl= Y n, (3)
1<i<k
Yo (Y dn@) = ) (nf-n). 4)
1<i<k c€EN; 1Li<k

It is easy to see that
de-s(T)2 ) (Mi-n)+ D ec(NuNj)2 D (nf-m). (5)
1<i<k 1<i<i<k 1<i<k

Let f(n;) = ni(n;—b—1). By differentiation we know that the minimum
value of n;(n; — b —1) is —(b+ 1)?/4, ie. ny(n; —b—1) > —(b+1)%/4.
From (1),(3),(4) we get

0>%ST) = f(S)+)_ de_s(z)- f(T)
z€T
> a|S|+de-s(T)-b|T|
> a|S|+ ) (ni(ni—b-1))
1<i<k
> a|S|—-(b+1)%/4.

Since 6(G) <| S | +h, we know that
[ S|=6(G)-h (6)
Since a(G) > a(G[T)) = k, from (2), (6), and the assumption a(G) <

4a(6-b
BTy We get

0>%S,T) > a|S|-(b+1)%k/4

2 -
a(é(@) - ) - L2 S0
a(5(G) — h) — a(§(G) - b).

v

Since h < b by Claim 2, we have
0>4(5,T)=20
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Thus we get a contradiction and complete the proof. |
Remark. The condition of Theorem 1 is sharp. The upper bound
on the stability number condition (a(G) < %f—;;‘;l) is best possible in the

following sense. We cannot replace a(G) < ji—;,”‘z fl‘ ) by ofG) < %2 5 b +1
in Theorem 1, which is shown by the following example

Let k = [%S‘_ST)QJ We set G; = K3 and G, = U K}, where K} is a

complete graph with b vertices(1 < i < k + 1) Then let G =Gy + G2
be the join of Gy and Ga(that is, V(G) = V(G1)|JV(G2) and E(G) =
E(G)UE(G2) U{uv : u € V(G1),v € V(G2)}). Then we have a(G) =
G85? + 1 and §(G) > b. Thus, if we take § = V(G1), and f(z) = q,
z € V(Gy); f(z) =b, z € V(G2), then obviously T' = V(G2). Then

1S, T) = f(8)+ Y de-s(z) - f(T)
z€T
= 2a+b-(b—1)(k+1)— bb(k + 1)
= 2a—b(k+1).

Note that a(G) > 2, k > 2. So
20 -blk+1)<2a-3b<0.

Therefore, according to Theorem A, G has no any fractional f-factors.
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