Blocking sets in small finite linear spaces*

Lou M. Pretoriust Konrad J. Swanepoel

Abstract

‘We classify all finite linear spaces on at most 15 points admitting
a blocking set. There are no such spaces on 11 or fewer points, one on
12 points, one on 13 points, two on 14 points, and five on 15 points.
The proof makes extensive use of the notion of the weight of a point
in a 2-coloured finite linear space, as well as the distinction between
minimal and non-minimal 2-coloured finite linear spaces. We then
use this classification to drav. some conclusions on two open problems
on the 2-colouring of configurations of points.

1 Introduction

1.1 Finite linear spaces and blocking sets

By a finite linear space (or f.1.8.) S we mean a triple consisting of a finite set
of points (denoted by capital letters A, B,...), a finite set of lines (denoted
oy lower case letters ¢,m,...), and an incidence relation € between the set
of points and the set of lines (P € ¢ being read as “P lies on £” or “£ passes
through P™), such that the following properties hold:

I1 For any two distinct points P and Q there is a unique line passing
through P and Q (denoted by PQ).

12 Each line passes through at least two points.
I3 There exist three non-collinear points.

By I1 and I2 we may identify a line with the set of points lying on it.
By I3 we do not allow a finite linear space to be “one-dimensional”. Of
course we could have omitted I3 (as is done by certain authors) and then we
would only have to change the formulations of certain statements. Other
equivalent terms used in the literature are simple matroid of rank 3, and
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pairwise balanced incomplete block design. A proper finite linear space is an
fl.s. with each line passing through at least 3 points. Proper finite linear
spaces are important when considering generalizations of the Sylvester-
Gallai Theorem (see Section 1.4). A proper f.1.s. is also called an SG design
in [22]. Our terminology follows recent papers such as [19, 7, 8].

A blocking set of a finite linear space S is a subset B of S such that each
line of S contains a point of B and a point of S \ B. There is extensive
literature on blocking sets of block designs (see [1, 26] and their references),
and in particular of affine and projective planes (see [2, Chapter 8], [20,
Chapter 13], [5, 10, 27] and their references). Not as much has been done
on blocking sets for general linear spaces. Cameron [13] mentions in passing
that blocking sets may be studied in general finite linear spaces. Hahn has
two papers [17, 18] on how the existence of certain types of blocking sets in
finite linear spaces forces the space to be almost a projective or affine plane.
Hoffman, Lindner and Phelps [21] and Franek, Griggs, Lindner and Rosa
[15] show that a linear space on v points with four points on each line that
admits a blocking set exists whenever v = 1,4 (mod 12). Batten, Coolsaet
and Street [4] consider the existence of blocking sets in finite linear spaces
where each line passes through either 2 or 4 points. They show that apart
from the above-mentioned cases v = 1,4 (mod 12), such spaces also exist
for v = 2 (mod 12), and do not exist for all remaining congruence classes,
except perhaps v = 10 (mod 12), where they conjecture that no such finite
linear spaces admit blocking sets. Ling [23] proves that an f.ls. with five
points on each line that admits a blocking set exists whenever v = 1,5
(mod 20). See also [14, 9, 16] for related results.

Our main result is a classification of all finite linear spaces of at most
15 points that admit blocking sets.
Theorem 1.

1. No finite linear space on < 11 points admits a blocking set.

8. The punctured projective plane of order 3 is the only f.l.s. on 12 points
with a blocking set.

3. The projective plane of order 3 is the only fls. on 13 points with a
blocking set.

4. There are exactly two finite linear spaces on 14 points with blocking
sets. Both are subsets of the projective plane of order 4.

5. There are exactly five finite linear spaces on 15 points with blocking
sets. All except one are subsets of the projective plane of order 4, with
the exceptional one not embeddable in any Desarguesian projective
space. Furthermore, all except one are extensions of one of the two
14-point spaces with blocking sets.
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It is rather surprising that there are so few finite linear spaces with
blocking sets up to 15 points. In all of them the blocking sets are unique
up to complements and automorphisms of the space, with the exception of
one of the 15-point spaces which admits two essentially different blocking
sets. In Section 2 we describe the finite linear spaces mentioned in the
above theorem and then give a precise formulation of the theorem (see
Theorem 2). The proof of the theorem is an extensive case analysis, as is
to be expected. The two main tools used in the proof are the notions of
minimal two-coloured f.1.s. (see Section 1.3) and of the weight of a point
in a two-coloured fl.s. that we introduce below (see Lemma 7 and the
definition preceding it).

Note that finite linear spaces up to 12 points have been enumerated [6],
with 13 points still out of reach. A brute-force computer proof of our result
is therefore not yet feasible.

1.2 General results

We now give an overview of general results on the existence of blocking sets
which we use in the proof of our classification.

It is well known that the projective plane of order 3 has a blocking set
(see Example 1). It is easily seen that the punctured projective plane of
order 3 still has a blocking set (Example 2). This is a minimal example:
we show that an fl.s. on at most 11 points does not admit a blocking set.
More generally, if an f.1.s. admits a blocking set, the blocking set must have
size > 6 (Lemma 6). Also, for each v > 12, there exists an f.l.s. on v points
admitting a blocking set (Proposition 1). An f.l.s. with a blocking set of 6
points has at most 13 points (Proposition 2).

It is a folklore result that an fl.s. with at most three points on a line
does not admit a blocking set. Thus a necessary condition for an f.l.s. to
admit a blocking set is that the f.1.s. has a line with at least 4 points. A
further necessary condition is that there are at least 4 lines passing through
each point (Lemma 5), and more generally, that the f.l.s. is not the union
of 3 lines.

1.3 MR geometries: Definitions

Since the complement of a blocking set is also a blocking set, we find it more
convenient to formulate our results in terms of 2-colourings. A 2-colouring
x of the finite linear space S is a function assigning the colour red or green
to each point of S. In all the figures we use o for red and e for green. A
line is monochromatic if all points incident with it have the same colour. A
proper (weak) 2-colouring x is a 2-colouring with the property that no line
is monochromatic. An MR geometry (S, x) is a properly 2-coloured finite
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linear space. Thus each colour class of an MR geometry (S, x) forms a
blocking set of the underlying finite linear space S. Conversely, any blocking
set of S determines a proper 2-colouring. Thus an MR geometry is exactly
the same as a finite linear space with a blocking set that is singled out.
An isomorphism between two MR geometries is an isomorphism between
the underlying finite linear spaces such that points of the same colour are
mapped to points of the same colour.

An MR geometry (S, ') is a one-point extension of the MR geometry
(S, x) if S is a subset of S’ with one point less than S’, and the restriction
of x' to S is x. Note that in the sequel, when we refer to extensions, we
will always mean one-point extensions. An MR geometry (S, x) is minimal
if it is not a one-point extension of any MR geometry, equivalently, if for
all P € S such that S\ {P} is non-collinear, the restriction of x to S\ {P}
is not a proper 2-colouring of S\ {P}. Thus an MR geometry is minimal if
we cannot obtain an MR, geometry by deleting any single point.

1.4 The Sylvester-Gallai and Motzkin-Rabin theorems

Our motivation for finding small MR geometries arose from questions re-
lated to the following theorem (see [24] or [25] for a proof):

Motzkin-Rabin Theorem. If a finite non-collinear set S of points in the
real plane (affine or projective) is 2-coloured, then there exists a line £ such
that €N S has size at least two and is monochromatic.

In the above terminology this theorem asserts that no MR geometry can
be embedded into the real projective plane. It is an open question whether
an MR geometry can be embedded into the complex projective plane.

Problem 1. Does there exist an MR geometry that can be embedded into
the complex projective plane?

Since none of the MR, geometries on at most 15 points are embeddable
in the projective plane over a division ring of characteristic # 2, we have
the following corollary to Theorem 1:

Corollary 1. If there exists a finite set S of non-collinear points in the
projective plane over a division ring of characteristic # 2 thal can be 2-
coloured such that no line determined by two points in S is monochromatic,
then S has size at least 16.

A theorem closely related to the Motzkin-Rabin theorem is the Sylves-
ter-Gallai theorem [11]:

Sylvester-Gallai Theorem. For any finite non-collinear set S of points
in the real plane (affine or projective) there exists a line £ such that £NS
has size two.
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In terms of finite linear spaces, this theorem asserts that no proper
finite linear space (see 1.1) can be embedded into the real plane. These
two theorems have proofs that are very closely related (see [25]), leading
to the question whether the one implies the other, given some reduced set
of axioms. For example, if one assumes the axioms I1, I2, I3 and one of
the theorems, does the other follow from it? First of all it is clear that the
Motzkin-Rabin theorem does not imply the Sylvester-Gallai theorem, as
the Fano plane PG(2,2) shows. The converse implication is the following
open question:

Problem 2. Does an MR geometry always contain a proper linear space
as a subspace?

Our classification implies that if the answer to this question is negative,
then a counterexample would need at least 16 points. Indeed, all MR
geometries on at most 15 points that are not themselves proper, contain a
Fano plane.

Corollary 2. If there exists an MR geometry that does not contain a proper
fls., then it must have size at least 16.

For a survey on these and related problems, see [25].

1.5 Overview of the paper

In the next section we give a description of all MR geometries on 15 and
fewer points. In Section 3 we introduce special notation and prove general
properties of MR geometries. The remainder of the paper contains the proof
of the classification. In the proof we distinguish between minimal and non-
minimal MR geometries. The non-minimal geometries on n points may be
generated by extending the MR geometries on n — 1 points. The results are
indicated in the next section with proofs in the Appendix. It then remains
to enumerate the minimal MR geometries. Since in Section 3 it is shown
that there is no MR geometry on < 12 points, an MR geometry on 12 points
must be minimal. In Section 4 we show that there is a unique minimal MR
geometry on 12 points (the punctured projective plane of order 3), and that
there is no minimal MR geometry on 13 points. In Section 5 we show that
there are only two minimal MR geometries on 14 points, and in Section 6
that there is only one minimal MR geometry on 15 points, thus completing
the proof of the classification (Theorems 1 and 2).
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Figure 1: MR;3 = PG(2,3)—The projective plane of order 3

2 Examples of small MR geometries

We denote the projective plane of order ¢ = 2, 3,4 by PG(2, g). See Figure 1
for a standard drawing of PG(2,3). It will be convenient for us to represent
PG(2,4) as follows: The set of points is {i; : ¢ € Zv,j € Z3}, and the lines
are

{85, G+ 1);, (G + 3)j, f (1) j+1, F ()i}, (8 € Z7,j € Zs),

where f is defined by

i |o]1]2]3
f@yle6l3]o]s
}

-]

5|6

24"

See Figure 2. Clearly each {i; : i € Z7} is a Baer subplane isomorphic to
the Fano plane PG(2, 2).

Proposition 1. For any v > 12 there exists an MR geometry on v points.

Proof. Consider a complete quadrilateral in a projective plane P2 of order
q with sides £;,¢,£3,£4, and set Py; = ¢; N £;. Colour all points on ¢; and
£2 green, except for P4 and Pp3 which we colour red, and colour all the
points on ¢3 and ¢4 red except for P;g and Po4 which we colour green.

280



0010306162 0111316260 021232606;
1020403132 1121413230 122242303
2030500102 2131510200 223252000;
3040605152 3141615250 324262505:
4050001112 4151011219 4252021013
5060102122 5161112229 526212202,
6000204142 6101214240 6202224041

Figure 2: PG(2,4)—The projective plane of order 4

We then already have that any line of P? passes through a green and a
red point, except for the line P4 P23 which does not pass through a green
point, and Py3 P54 which does not pass through a red point. This is rectified
by choosing A € PiyP»3 and B € Py3Pp4 with A # B, and colouring A
green and B red. This is possible if ¢ > 3.

We now have a properly 2-coloured subset of 4 points of P? with the
property that every line of P? already passes through a green and a red
point. We may add points and colour them arbitrarily and still have an
MR geometry. We may thus find an MR geometry for all v satisfying
4g < v < ¢ + g + 1. By taking ¢ = 2* for k > 3, we cover all v > 32. By
taking g = 3,4, 5, we cover all remaining v > 12 except 14 and 15. These
two cases are covered by Examples 3 to 9 below. O

Example 1 (MR;3 = PG(2,3)—The projective plane of order 3).

Any complete quadrilateral (see A,B,C,D in Figure 1) and its three
diagonal points (ABN CD,AC N BD,AD N BC) form a blocking set. We
thus obtain an MR geometry with six points of one colour and seven of the
other. We denote it by MR;3.

It is well-known that PG(2,3) can be embedded into a Desarguesian
projective plane iff the underlying division ring has characteristic 3. It is a
proper finite linear space. MR;3 is not minimal and it cannot be extended
to a 14-point MR geometry (Lemma 8). a

Example 2 (MR;3 = PG(2, 3)*—The punctured projective plane
of order 3).

Remove any diagonal point of the seven-point blocking set above to ob-
tain a 2-coloured punctured projective plane with six points of each colour,
which we denote by MR;5.

It is also well-known that the punctured PG(2,3) can be embedded
into a Desarguesian projective plane iff the underlying division ring has
characteristic 3. It is a proper finite linear space. By Lemma 6, MR;2 is
minimal. It is easily seen that there is only one way to extend MR;2 to an
MR geometry on 13 points, viz. by putting back the diagonal point. 0O
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Figure 3: Proof of Lemma 1

All the MR geometries on 14 and 15 points have subsets isomorphic to
the following subset of PG(2,4):

Lemma 1. Let D be a division ring, and S the subspace of PG(2,4) with
points {ig : i € Z7}U{21,41,51,61}. IfS can be embedded in P2(D), then D
has characteristic 2 and % +z+1 has a root in D (eguivalently, D contains
the field on four elements), and the embedding of S can be extended to an
embedding of PG(2,4) in P2(D).

For any two embeddings of S there is an automorphism of P*(D) map-
ping the one embedded PG(2,4) onto the other.

Proof. We use projective coordinates. Without loss of generality we may
assume that 0p = [0,0,1],19 = [1,0,1],50 = [0,1,1]},3p = [1,0,0],40 =
[0,1,0] (by applying an appropriate projective transformation of P?(D)).
See Figure 3. Then the collinearities 192949 and 2¢3¢5¢ force 29 = [1,1,1].
The collinearity 3340605, implies that 6 and 5, are at infinity. Also, 0p2¢6¢
forces 6 = [1,1,0] and 195060 forces 6o = [1,—1,0]. It follows that 1 = —1
and the characteristic of D is 2. (Up to now we have merely created the
standard coordinatization of the Fano plane {ip : i € Z7}.)

Since 2; ¢ 0030, 21 ¢ 0050, and 2, ¢ 340, we have 2; = [a, b, 1] for some
a,b # 0. By 21406, and 093g6; we then have 6; = [a,0,1] (hence a # 1).
By 002;5; and 2¢5,6; we have that 0p2; and 2¢,6; are parallel in the affine
plane {[z,y,1] : z,y € D}. Thus ba~! = (a + 1)"1, hence b = (a + 1) la.
By 00204169 we have 4; = [z,z,1] for some = # 0,1. By 2,4,3p we then
obtain 4, = [b,b,1). Since 4, ¢ 1o4o, we have b # 1. By 194,5; we have
that 1o4; is also parallel to 092, and 2¢6,, thus b(b+ 1)~! = ba™!, and
b = a+1. Substituting into the previous equation b = (a+1)~'a we obtain
(a+1)"'a =a+ 1 from which follows a® + a + 1 = 0. Now the projective
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coordinates of all the points of S are uniquely determined, as well as the
remaining points of PG(2, 4). 0

Example 3 (MR} ,—complement of a Baer subplane of PG(2, 4)).

MR, is the subspace of PG(2,4) induced by two of the Baer subplanes,
say

{io:i€Z7}U{i1 :iEZ']}
to be definite, where we colour each ig green and each %, red.

This space is the example of an f.l.s. on 14 points with either 2 or 4
pomts on a line and admitting a blocking set given in [4]. By Lemma 1,
MR14 can be embedded into a Desarguesian projective plane iff the un-
derlying division ring has characteristic 2 and 22 + z + 1 has a root, and
the embedding is projectively unique. MRM is minimal (proven below in
Lemma 8). There are exactly two ways of extending MR}, to a 15—pomt
MR geometry: one is called MR} (Example 5), and the other MR%, (Ex-
ample 6). See the Appendix for a proof that these are the only one-point
extensions. a

Example 4 (MR32,).
MR2, is the subspace of PG(2,4) induced by

{io : i € Z7} U {21, 41,51, 61,02, 12,32},

where we colour each iy green and the remammg points red. MRZ, has
the same embeddability properties as MR}, (Lemma. 1), and is mlmmal
(Lemma 8). There are four ways to extend MRZ,: to MR};, MR, MR,
and MR}, (Examples 5, 7 and 8). See the Appendix for a proof that there
are no other one-point extensions. O

The following four examples on 15 points are extensions of MR geome-
tries on 14 points.

Example 5 (MR];).

There are two ways to obtain MR!; as an extension of an MR geometry
on 14 points. One is the extension MR}, U {65}. The point 6; may be
given either colour to give two isomorphic MR geometries. To be definite
we colour 6, green. The other is the extension MR?, U {62}, where in this
case 6, is forced to be red.

The following is an isomorphism between the two representations:

0o | 10 | 20 [ 30| 40|50 ] 600|222 ]|3:i]|4]5 [6:]62
023241122151 [62]10]00]5|30]4 |2 ]60]6

By Lemma 1, MR}, has the same embeddability properties as the MR
geometries on 14 points. O
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Example 6 (MRfs—closed complement of a Baer subplane of
PG(2, 4))

MRZ; is the extenslon of MR], where we add a point co to each of the
lines g1, ¢ € Z7 of MR14, and colour it green, say.

It is a proper finite linear space, being case (xii) in Brouwer’s clas-
sﬂicatlon of proper finite linear spaces on 15 points [12]. By Lemma 1,
MR15 cannot be embedded into a Desarguesian projective plane, since in
the (unique) embedding found in the proof of Lemma 1, the lines corre-
sponding to 2¢2;,4041,6061 are not concurrent in P2(D). 0O

Example 7 (MR and MR{%).

Both MRg5 a.nd MR3 have the same underlymg linear space: MR?, U
{42}. In MR. we colour 4, red, and in MR we colour it green.

These two MR geometries are not isomorphic (no automorphism of the
underlying finite linear space preserves the colour classes). Indeed, MR}
has a colour class isomorphic to the Fano plane, while no colour class
of MR is a Fano plane. By Lemma 1, MR3, and MR3 have the same
embeddability properties as the MR, geometri&s on 14 points. O

Example 8 (MRY;).

MR{; is the extension MR, U {3,}, with 3; coloured red.

By Lemma 1, MR15 has the same embeddability properties as the MR
geometries on 14 points. O

Example 9 (MR};).

We obtain the underlying fls. of MR} by choosing two lines ¢ and
m of PG(2,4), and removing four points from £ and two from m, such
that the intersection of £ and m is not among the removed points. To be
definite, we delete 0;,1;,3;,62 from £ = 6062 and 0;,3; from m = 646,
and let the green points be {0, 1o, 39,40, 51, 12,52}, and the red points
{201 50) 60’ 21: 411 61: 221 42}

This is the umque minimal MR geometry on 15 points (Proposition 6 in
Section 6). MR}; is a proper finite linear space, being case (vii) in Brouwer’s
classification [12] By Lemma 1, MRS, has the same embeddability prop-
erties as the MR geometries on 14 points. O

The relationships between the different MR geometries is shown in Fig-
ure 4.
We may now state our main result in an exact form.

Theorem 2. Up to isomorphism, the only MR geometries onv < 15 points
are

MRz, MR13, MR},, MRZ,, MR};, MR, MR, MR3%, MR%,, MR
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MRy2

MR;3

MR}, MR3,

MRS,  MRZ, MR}s MR, MR MRis

Figure 4: The MR geometries on < 15 points

3 Preparations

A k-line in an f.1.s. is a line of size k. The degree of a point P, denoted by
deg(P), is the number of lines passing through P. A d-point is a point of
degree d.

We often draw the (P, Q)-grid of a finite linear space. This is the grid
formed by the lines through P except PQ drawn vertically, and the lines
through @ except PQ drawn horizontally. The line PQ is then intuitively
considered to be at infinity. In particular, this shows that there are at most
(deg(P) — 1)(deg(Q) — 1) points not on PQ.

We denote the number of green points in a subset A of an MR geometry
by g(A), and the number of red points by r(A). An [{]-line in an MR
geometry is a line passing through exactly a green and b red points. We
always assume that a,b > 1. If we do not want to specify the number of
red or green points we put a * in its position. For example, a [;]-line is a
line passing through at least one green point and exactly two red points.
Suppose that the lines passing through P are [¥]-lines (i = 1,2,...,k)
where k = deg(P). Then the neighbourhood type (ntype for short) of P

is [} 72...7*]. Note that we consider such a matrix to denote the same

o

ntype if the columns are permuted. We use the same convention regarding
%1

*’s as before. For example, [, ],] denotes the ntype of a point incident
with a [}]-line, a [}]-line, and a [3]-line.
Lemma 2. Let G be a green point in an MR geometry (S, x) with ntype

z g g 1 1
y * T ox o T x]]
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Then ty < (t — 1)(g(S) — ). (In particular, t > 2.)

Proof. Denote the [ ]-lines by ; (¢ = 1,...,t) and the [?]-line by £. Choose
a red point R; € {; for each ¢ = 1,...,t. Let Sy,...,5;, be the red points
on £. Let g} = g; — 1. Then g(S) = z+zf=lg£. For a fixed j = 1,...,¢,
the set R;jS1 U R;S3 U--- U R;S, contains y distinct green points that are
also in the set UE;} ¢;. Therefore, y < 3. 9;, and

t t
<D ) gi=0-1))_gi=(t—1)(g(S) - z). o

J=1 iztj i=1

The following lemma is very useful in shortening the case analysis when
determining the minimal MR geometries of a certain size.

Lemma 3. In e minimal MR geometry (S, Xx), each green point G passes
through a [;]-h’ne for some b > 2, hence deg(G) < r(S) — 1. Consequently,
each line passes through at most r(S) — 1 points. (An analogous statement
holds for red points.)

Proof. By minimality, if we remove G, then either S\ {G} is collinear, or the
2-colouring is not proper anymore. In the first case, S is a near-pencil (i.e.
S\ {z} is collinear for some z), which is not 2-colourable, a contradiction.
In the second case there is a monochromatic line £\ {G} in (S,x) \ {G}-
Since £ is not monochromatic in (S, x), we must have G € ¢. Hence all
points (at least 2) of £\ {G} are red. Since there is a red point on any line
through G, we then obtain deg(G) < r(S) - 1.

Secondly, given any [}]-line £, there clearly must be a green point G ¢ £.
Then deg(G) > a +b. a

The above proof also gives
Lemma 4. An MR geometry contains a minimal MR geomelry. a
Lemma 5. The degree of any point in an MR geometry is at least 4.

Proof. Suppose that a red point P has degree at most 3. Let ¢; and ¢; be
two lines passing through P. Let G; be a green point on £; (i = 1,2). Let Q
be a red point on G1G3, and let £3 = PQ. Then for each red R € &2 \ {P}
there is a green point G = Gr € QRN¥; (Figure 5). The function R+ Gg
is injective. Thus r(€2) — 1 < g(€y \ {G1}) = g(&1) — 1. By using a green
point on {3 we obtain in a similar way an injection G = Rg from the
green points of £; to the red points on £; \ {P}. Thus g(4;) <r(f) -1, a
contradiction. O
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Figure 5: Proof of Lemma 5

Although we will not use it, the above lemma can easily be strengthened
to show that an MR geometry is not contained in the union of any three
lines.

The following lemma shows why an MR geometry has to have at least
12 points.

Lemma 6. In an MR geometry (S,X),
1. for any line £ there are at least 3 points of each colour not on £, and
2. there are at least 6 points of each colour.

Proof. Let G be any green point on £. Let #;,£s,43 be three other lines
through G (by Lemma 5). Then ¢;, £2,¢3 each contains a red point ¢ £. In
a similar way we can find three green points ¢ £.

Next we find six green points. If we choose two green points and let £
be the line through them, by the first part of the proof we obtain ¢(S) > 5.
If some three green points are collinear, then we would similarly obtain
g(S) > 6, and then we are finished. We may now assume that g(S) = 5 and
that no three green points are collinear, and find a contradiction.

By Lemma 4 we may assume without loss of generality that (S,x) is
minimal. Thus for every red point R there is an []]-line passing through
R with a > 2, and also deg(R) < ¢(S) — 1 = 4 (Lemma 3). By Lemma 5
we then have deg(R) = 4 and @ = 2. Thus R has ntype [}113]. It
follows that there are exactly as many red points as pairs of green points:
r(S) = (°$)) = 10.

By the pigeon-hole principle there are at least three red points # R on
one of the [1]-lines through R. Let G be the green point on this line. Then
GR is a [} }Hine with y > 4. Apply Lemma 2 to G to obtain 4t < ty <
(t —1)(g(S) — 1) = 4(t — 1), a contradiction.

Therefore, g(S) > 5. Similarly, r(S) > 6. O

287



The following generalization of the counting argument for finding the
number of red points in the previous proof will be crucial in the determina-
tion of the minimal MR geometries. We first define the weight of a point.
Let P be a point with ntype [ ... ‘r’:]. Then the weight of P is defined as

— Z (‘)/9; if P is green,
w(P)—{ z’j (%)/r: if Pis red.

For each point P in a minimal MR geometry we have w(P) > 1 by Lemma 3.
Lemma 7. In any MR geometry (S,x),

Y wG) = (’(25)) )

G green

Proof. Interchange the order of summation and use axiom I1:

o)
2ow@= 3 Y - 90

green G green G ¢5G
S>> )
green G € ¢ g(f)

SNONC N

¢
The following is our first application of Lemma 7.

Proposition 2. An MR geometry with exactly siz green points has at most
13 points.

Proof. Denote the total number of points by v, and the number of red 4-
points by f. Since there are only six green points, for any red point R we
have w(R) < 3 if deg(R) = 4, and w(R) < 1 if deg(R) > 5. By Lemma 7
we thus obtain

= (9\ - Ca_
15_(2) }Z;dw(R)s3f+v 6-f, (1)
hence
v+ 2f > 21. (2)

Let G1,G32,G3 be non-collinear green points (see Lemma 6), R; a red
point on G2G3, and R; a red point on G1G3. Then deg(R,;),deg(R;) < 5.
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Let Ri:R> be an [:]-line. Let G be a green point on R;R; and R a red
point on GG;. Then deg(R) < 5 as well, and considering the (R;, Rz)-grid,

5> deg(R) 2z +y 2v-16, @)

and
v < 21. 4

Suppose f = 0. Then by (2) and (4), v = 21, by (3) RiR; is a 5-
line, and by (1) the weight of each red point is 1. Thus any red point
lies on a [f]-line, and we may repeat the above argument for any two red
points R; and Ry, to obtain that any line passing through at least two red
points must be a 5-line. It also follows that deg(R) = 5 for any red R, by
choosin§ R; and R, such that R ¢ R, R;. Thus any red point must have
ntype | " 1 ,,ls ,,1‘ f] with each r; € {1,4}. Then v < 19, a contradiction.
Thus ? > 1. Let Ry be a red 4-point, G; and G2 two red points not
collinear with R; (see Lemma 6), R, a red point on G1G2, and R R, an
[;]line. Then deg(R2) < 5 and as before, by considering the (Ry, Rz)-grid
we obtain

52z+y>v-—12.

Then v < 17, and by (2), f > 2. Now let R3 be a second red 4-point, and
Ry R3 an [;]-line. By considering the (R, R3)-grid, 5> a+b>v—9, and
v <14.

Suppose v = 14. Then we must have a + b = 5, and by (2), f > 4.
Since each red point not on the 5-line R; Rz must have degree at least 5,
we have f < b < 4. Thus f = 4, RiR; is a [}]-line, and all red points on
R; R3 are 4-points. By Lemma 2 applied to the green point G on R; R3 we
obtain for £ = deg(G) — 1 that 4t < (¢t — 1)(6 — 1), hence ¢ > 5. This gives
at least 4 + 5 red points, a contradiction.

Thus v < 13. a

It is also possible to prove that an f.l.s. with a blocking set of 7 points
has at most 21 points. The projective planes of order 3 (Example 1) and 4
show that these two results are sharp. In general, using the techniques of
Proposition 2, we only get that an f.1.s. with a blocking set of g points has at
most g2 — cg points. As the Desarguesian projective planes of square order
show, there exist finite linear spaces with a blocking set of size g = g+.,/g+1

and with ¢2 + ¢+ 1= g% — g/4g — 3 + 1 points.

4 Determining the MR geometries on at most
13 points

Proposition 3. There is a uniqgue MR geometry on 12 points.
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Proof. Let (S,x) be an MR geometry on 12 points. By Lemma 6, ¢(S) =
r(S) = 6 and S is minimal. By Lemmas 3 and 5 we then have that 4 <
deg(P) < 5for all P € S. It follows that each green point G has one of the
following ntypes:

Type 1 {111 w(G) =1
Type 2 [}}13): w(G) =3.

Type 3 [ ;g;] for some a > 1: By Lemma 6 there are at least 3 green
points not on the [3]-line, hence 1 < a < 3. There must be a green
point on the line through the red points on the two []]-lines, giving
a > 2. By Lemma 2, a = 3 is impossible. Thus a = 2 and w(G) =

3/2.

By Lemma 7 we have 3 ,reen w(G) = (5) = 15. By letting z; be the
number of green points of type i, this equation becomes 1z, +3z2+3z3 = 15
where we also have z; + z; + z3 = 6,z; > 0. The only integral solution is
21 = 0,22 = 4,23 = 2. Thus four of the green points are of type 2, and two
of type 3. In particular, each green point is a 4-point. In the same way,
each red point is a 4-point. By Vanstone’s lemma [3, Proposition 2.2.3] S
can be embedded into PG(2, 3), i.e., S is the punctured projective plane of
order 3.

It remains to show uniqueness of the colouring up to isomorphism. Since
each line of the punctured projective plane passes through at least three
points, and each point is of type 2 or 3, each line must be a [1]-, [2]-, [2]-,
[3]- or [}]-line. Consider the two green points Gy and G of type 3: Each
has ntype [:1* f g ; ,G1G2isa [g]-line, and we may label the remaining points
as in Figure 6(a). Since G is of type 2, it is on a [}]-line. Thus we have the
collinearity G3R4Rs, and similarly, G4 R4 Rs, GsR3Rs and GgR3Rs. Also
we have either GsRyR; or G3R4R,;. Without loss of generality we may
assume G3R4R; (otherwise relabel R; <> Rz). Then G4R2 Ry is also fixed.

In a similar way we consider the red points. Since there is only one [3]—
line, we know that R; and R, are the two red points playing a similar role
to G; and G;. We then obtain the two further collinearities G5 Ry R3R5
and GgR; R3Rg (Figure 6(b)). Now we have determined all lines containing
at least two green points, and all lines containing at least two red points,
hence all lines. Therefore, we have uniqueness up to isomorphism of MR
geometries. O

Proposition 4. There is a uniqgue MR geometry on 13 points.

Proof. If (S,x) is not minimal, it is an extension of the 12-point MR ge-
ometry, which can only be PG(2,3) (e.g. by Vanstone’s lemma), and then
there are six points of one colour and seven of the other.
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Figure 6: Proof of Proposition 3

We now show that there is no minimal MR geometry on 13 points.
Suppose there is. By Lemma 6, g(S) = 6 and »(S) = 7 without loss of
generality.

Claim 1. The weight of a green point G is < 7/2, with equality iff the
ntype of G is [3321].

Proof of Claim 1. By Lemma 3, deg(G) < 6. If deg(G) = 6 then clearly
w(G) = 1, and if deg(G) = 5 then clearly w(G) < 3. By Lemma 5, the
only remaining case is deg(G) = 4. Let £ be a [;]—line through G where
y > 2 (Lemma 3). By Lemma 2, y < 3.

If y = 2, then G has ntype [;;;;] or [;;;;] for some a > 1. In the
first case, since there must be a green point on the line through the red
points on the two [}]-lines, we must have a > 2, hence w(G) < 5/2. In the
second case we already have w(G) < 3.

I y = 3, then the ntype of G must be [} ] ;; , where a > 2 as before.
Thus w(G) < 7/2. The case of equality implies a = 2. By considering the
lines through the red point on one []}-line and the two red points on the
[3]-line, we obtain that the other [1}Hine has at least three green points.
Hence each []]-line has exactly three green points.

By Lemma 7 and Claim 1 we have 21 = 6 X £ > Y5 green W(G) =

('(25)) = 21. Thus we obtain that the ntype of each green point is [f i’ 231

Therefore, each line is a [f]—, (2}, or [ 1}-line. By minimality (Lemma 3),
each red point R is on an [}]-line where @ > 2. Thus a = 3. Since
deg(R) > 4 (Lemma 5), it follows that R must have ntype [111 :1*], hence

(3331, giving g(S) = 6, a contradiction.
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The proof of the uniqueness of the 12-point MR geometry above can
easily be adapted to show that the colouring of PG(2, 3) is unique. O

5 Determining the MR geometries on
14 points

Lemma 8. An MR geometry (S, x) on 14 points is minimal.

Proof. Suppose (S,x) is not minimal. Then there exists a P € S such
that (S, x) \ {P} is an MR geometry on 13 points. By Proposition 4 and
Example 1, S \ {P} is PG(2,3). Without loss of generality P is green.

If all lines of S through P are 2-lines, then all the points of S\ { P} must
be red. Thus there is a monochromatic line in (S, x) \ {P}, a contradiction.
Otherwise there exists a line £ of S through P with at least two more points
of S on £. By Lemma 6 there must be a green point Q ¢ £. Then PQ is
a line with at least three points (since it also passes through a red point).
But now £\ {P} and PQ \ {P} are two non-intersecting lines of S \ {P},
contradicting the properties of PG(2, 3). O

Proposition 5. The only MR geometries on 14 points are MR}, and MRZ,.

Proof. Let (S,x) be an MR geometry on 14 points. By Lemma 8 it is
minimal. By Lemma 6 and Proposition 2, g(S) = 7(S) = 7. Without
loss of generality we now have two cases: Either each line of (S, x) passes
through at most three points of either colour, or (S, x) has a line passing
through at least four red points.

Case I. r(£),g(£) < 3 for each line £ of S.

Claim 2. Any line £ with r(£) = 3 is a[3]-line, and any line £ with g(£) = 3
is a [3]-line.

Proof of Claim 2. Suppose that r(€) = 3 and g(f) = a > 2. Let G be a
green point on £. By Lemmas 3 and 5 it follows that G has ntype [} } 53]
Let Ry, Rz, Rs be the red points on ¢, and R the red point on one of the
[1}lines. Then each RR; has to intersect the other []]-line in a green point,
giving at least four green point on each [}]-line, a contradiction. O

sexxw]l

Claim 3. The green point G on any [;]-line has ntype [117113

3.

Proof of Claim 8. Clearly deg(G) < 5.

If deg(G) = 4, then the ntype is [} } ; 3]- Since each line has at most
three green points, the two []]-lines each contains at most two green points
apart from G. Then the [;]-line passes through a least three green points,

] and weight
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B D c B D c'
Figure 7: The Fano planes in MR}, (Proposition 5)

hence exactly three by assumption, contradicting Claim 2. Thus there are
at most six green points, a contradiction.
Thus deg(G) = 5 from which the remainder of the claim follows. O

(_1'}laim 4. For any green point G, w(G) < 3 with equality iff G is on a
[3]-tine.

Proof of Claim 4. Suppose G is not on a [3]-line (otherwise use Claim 3).
Then by Claim 2 there are at most two red points on each line through G.
If w(G) > 3, then there must be at least three [}]-lines, and thus only one
further line with a single red point. But then all green points must be on
this fourth line, a contradiction. Thus w(G) < 3. (|

By Claim 4 and Lemma 7 we have 7 X 3 £ Y 4reen W(G) = (3) = 21.
Thus w(G) = 3 for all green G, and by Claims 4 and 3 they 2l have
the same ntype [}}}}3)- It follows that the red points form a Steiner
triple system, hence a Fano plane. Similarly, the green points form a Fano
plane. It follows that the ntype of each green point is [ 33121], and of
each red point is [;;;}f]. Label the green points A,B,...,G and the
red points A’,B’,...,G’ as in Figure 7. Since the Fano plane has enough
symmetries, without loss of generality AA’ is the unique 2-line passing
through A, A'BEG the unique [3]-line passing through A’, and AB'E'G"
the unique [;]-line passing through A. By permuting B,E,G as well as
B',E',G' we obtain without loss of generality the situation in Figure 8.
At this stage green and red are symmetric. We already have the [;]-line
and one of the [‘1’ J-lines through D. The remaining two [? J-lines through
D must then be DB and DE. The only possibility for DB is BCDE' and
for DE is DEFG'. 1t follows that the [1]-line through D must be DD'. In
the same way the lines through each of C, F, and by symmetry, through
C',D’, F', may be determined. Finally, to determine the lines through each
of B,E,G,B',E',G' is then straightforward. Thus there is a unique MR

geometry in Case I, which is clearly isomorphic to MR1,.
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Figure 8: Proof of Proposition 5

Case II. Line £; passes through at least 4 red points.

Claim 5. ¢y is a [i]-line, and the ntype of the green point G on £y is
333

1114l
Proof of Claim 5. By Lemma 6, r({y) = 4. Fix a green point G € £y. Then
by Lemma 5 deg(G) = 4, and by Lemma 3 there is no other green point
on £p.

Let R;, Rs, Ra, Ry be the red points on £y and S;, Sz, S3 the red points

¢ £y. There is a green point on each of Sy R; (i = 1,2,3,4) hence at least 4
green points # G on GS2 UGS3. Similarly, there are at least 4 green points
# G on each GS; UGS (1 <% < j < 3). Since there are 6 green points
# G, it follows that each GS; is a [}]-line. ]

Label the green points # G as G1, G2, G3, Hy, Ha, H3 such that we have
the lines GG H;S; (i = 1,2, 3).

Claim 6. The ntype of each S; is [} 3 11 3] (in particular, w(S;) = 3 and
deg(S;) = 5). Also, each S;S; passes through some Ry.

Proof of Claim 6. Since S; is not on the 5-line £y, deg(S;) > 5. Since there
are four green points not on GS;, deg(S;) < 5.

Since there must be a green point on each S;R; (j = 1,2,3,4), we must
have the situation in Figure 9. O

We now apply Claim 6 to each S;. For S; we have without loss of gen-
erality the situation in Figure 10 (after possibly permuting R, R2, R3, R4
and interchanging S; ¢ S3, G2 ¢ Hj, Gs &+ H3). Thus we have deter-
mined the lines S1R; G2, S1R4G3, S1S2R3H3, S1S3R2H,. By Claim 6,
S2S3 passes through some R;. We must have i # 2,3. Without loss of
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Figure 9: Neighbourhood of S; (Claim 6)

generality 5253 passes through R (if R4, interchange G, + G3, H2 <+ Hj,
Ry ¢ R4, Ry & R3, S3 ¢ S3).

Applying Claim 6 to S2 and using the collinearities obtained so far we
obtain the situation in Figure 11. The two green points G:Sy N SRy and
GS1NS:R; are G; and H;. Without loss of generality, GS; N S2Ry = Gy,
GS1NS3Ry = Hy, since we may still interchange Gy « Hy. Thus we have
the additional lines SoG1 Ry, S2S3R1 H, S2G3Rs.

Applying Claim 6 and the collinearities obtained so far to S3 we obtain
the situation in Figure 12. In particular we have the lines S3R3G; and
S3R4Go.

Thus Ry, R, R3 each lies on a [}]-, [3]- and [}]-line, and R4 lies on a
[3]-line and three [}]-lines. By Lemma 3, each R; is furthermore on an
[{}ine, where a > 2.

Claim 7. For eachi = 1,2,3,4, w(R;) < 3 with equality iff the niype of

o f11113
Ri's[‘tttl ‘

Figure 10: Neighbourhood of S;
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Figure 11: Neighbourhood of S Figure 12: Neighbourhood of S3

Proof of Claim 7. If deg(R;) = 4, then a = 4, hence there is a []]-line not
passing through G. Thus deg(G) > 5, a contradiction. Thus deg(R;) > 5,
and the claim is now clear. a

We now have 7 X 3 > T g rea @(R) = (°§)) = 21, and it follows that
each R; has ntype [11113] By also considering the ntypes of the S;’s
(see Claim 6), we see that each line passes through exactly 1 or 3 green
points. Thus the green points form a Steiner triple system, hence a Fano
plane. We already have R; Ry R3R4G, R4S1G3, R4S2G1, R4S3G2 as lines
through R;. Thus the fifth line must be R4 Hy H2 H3. We now have GG H;
(¢ = 1,2,3) and HyH2Hs as collinear green triples. This determines the
Fano plane: the remaining green collinear triples must be H;Gi11Gi42
(i = 1,2,3) (subscripts modulo 3).

Considering the neighbourhoods of R;, Rz, R3 and the green collinear-
ities determined above we obtain the remaining lines of (S,x): H;Ri4,
R;GiGiy2Hiya (i = 1,2,3) (subscripts mod 3). Thus we have found a
unigue linear space with a unique colouring in Case II, which is clearly
MR1,. O

6 Determining the MR geometries on
15 points

The proof of the following lemma is routine, for example, by checking the
list of finite linear spaces on 7 points in [3, Appendix].

Lemma 9. There is only one finite linear space on 7 points with siz 3-lines
and three 2-lines, namely the Fano plane with one line ABC replaced by
the three lines AB, BC, AC. See Figure 13.
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Figure 13: The unique f.1.s. on 7 points with six 3-lines and three 2-lines

The non-minimal MR geometries on 15 points are enumerated in Ex-
amples 5 to 8 and the Appendix.

Proposition 6. There is ezactly one minimal MR geometry on 15 points.

Proof. By Lemmas 6 and 2 there are at least 7 green points and at least 7
red points. Without loss of generality assume g(S) = 7 and r(S) = 8.

Claim 8. There is no [}]-line ifa > 3,0 > 2.

Proof of Claim 8. Let two of the red points on an [}]-line be R; and R;.
By Lemma 3 there is also a [{]-line through R, for some ¢ > 2. Since
there are a + ¢ > 5 green points on these two lines, there are at most two
further green points, hence at most two further lines through R;. Thus
deg(R:) < 4, and by Lemma 5, deg(R1) = 4, and a = 3,c = 2. It follows
that the ntype of R;, and similarly, of Ry, must be [1! 2 2]. By considering
the (R;, R2)-grid, we see that there are in total at most 3i ~1+3+b points,
hence b > 4. Thus there are at least seven points on Ry R», contradicting

Lemma 3. O
Claim 9. There is no green 4-point.

Proof of Claim 9. Suppose G is a green 4-point. Let the lines through G
be GR;, i = 1,2,3,4, and let GR; be an [;: J-line. By Lemma 3 we may
assume without loss that z4 =1,y4 > 2.

Suppose that z; > 4. Then the number of green points not on GR;
is at most three. Since for each red R € GRy there is a different green
point on R; R, we then must have y; < 3. Also, by Claim 8, y; = 1. Then
y2 +vy3 > 4. By Lemma 6 there are at least three green points not on GR;,
hence z; > 3 or z3 > 3. Without loss we consider only the case z2 > 3.
By Claim 8, y2 = 1. Thus y3 > 3. For each red R € GR; there is a distinct
green point on R; R. These green points must all lie on GR;, thus z; > 4.
Since z; > 4 as well, all green points now lie on GR; UGR;. Thus there is
no green point on R; Ry, a contradiction.
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Therefore, z; < 3, and similarly, z2,z3 < 3. Since there are only seven
green points, we must have 2; =22 =23 =3. By Claim 8, y) = yo = y3 =
1. Thus y; = 5. For each red R € GRy there is a different green point
on Ry R. These five green points must all lie on GR2 U GR3. Therefore,
22 + z3 > 7, a contradiction. O

Claim 10. There is at most one red 4-point.

Proof of Claim 10. Suppose R; and Ry are two red 4-points. Let Ry Rz be
an [7}ine. By considering the (Ry, R;)-grid, we see that there are at least
15-9 = 6 points on Ry Ry. Thus z+y > 6. By Lemma 3, z +y = 6 and
the 3 x 3 grid is full. Again by Lemma 3 both R; and R; lie on [ JHines.

Thus there are at least five green points not on R; Rz, and z < 2.
If z =1, then y = 5, and there are three red points not on R; R». Thus
the degree of the green point on R; R, is at most 4, contradicting Claim 9.
If 2 = 2, then y = 4, and by Lemma 3, through any green G € R; R,
there must be some [i]-line, a > 2. Then deg(G) < 4, again a contradiction.
O

Claim 11. For any green point G ezactly one of the following cases holds:
1. w(G) =6 and the ntype of G is [} 1114
2. w(G) = 4 and the ntype of G is [} 11 3)-
3 w(G) <4.

Proof of Claim 11. By Lemma 3, deg(G) < 7, and by Claim 9, deg(G) > 5.

If deg(G) = 7, then by Lemma 3 its ntype must be [} 77111 ;], and
w(G) = 1.

If deg(G) = 6, then its ntype must be either [} 11 3] with w(G) =3,
or [}11133] with w(G) <2.

If deg(G) = 5, its ntype must be one of:

e [11113] with w(G) =6,

[“t“

111 23) With w(G) < 4, and equality implies that the ntype must
be[i1123)
* [}1353) with w(G) < 3. i
Claim 12. Some green point has weight 6.

Proof of Claim 12. Suppose no green point has weight 6. Then by Claim 11
the sum of the green weights is

28 = (’(25)) = Y w@)<4xT.

G green
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Thus each green point has weight 4 and ntype [} ]33] by Claim 11. In
particular, each line has at most 3 red points, and a line passing through
at least 2 red points passes through only one green point.

We now consider the weights of the red points. Let all the [1]-1ines
through a red point R be RG4,...,RG,. Then by the above, RG; is a
[ 5 Jline for some b; < 3. Also, all other lines through R must be []-
hnw Adding up all the red points on the lines through R we find 7 =
> i=1(bi — 1) < 2n, hence n > 4. By Lemma 3, there is an [{]-line through
R, with a > 2. Let H; and H> be two green points on this line. We now
already have six of the green points: G, ...,Gy4, H1, H. The seventh green
point can be either on H; H,, giving w(R) = 3, or on a sixth line through
R, giving w(R) = 1.

Thus the sum of the red weights is a sum of eight odd numbers (1
or 3), which is even. By Lemma 7, this sum must equal (9g5>) =21, a
contradiction.

sess]l

Fix a green point G of weight 6. By Claim 11, G has ntype [} ] 7] 4J-

Denote the red points on the [1]-line through G by R,, Rz, R3, R4. Thus
we have the full line

GRyR2R3Ry. (1)
Claim 13. G has ntype either
Case a: [[333%] or
. 12233
Case B: [22331].

Proof of Claim 13. Without loss of generality G has ntype [ 53 % |
with
1<z <z <23 <34.

Let S; be the red point on the [7]-line. Since there is a different green
point on each line S4R;, i = 1,2, 3,4, and these 4 green points must be in
GS1 UGS2 UGSs \ {G}, we obtain

Ty +22+232>T.

We also have
Z1 + T2 + 23 + 24 = 10.

There are only two solutions to this equation under the above two con-
straints:
(3)1,232,2?3,184) = (21 21313)1(11313,3)' O

We now show that Case a in Claim 13 leads to a contradiction, while
Case B leads to exactly one MR, geometry.
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13831

11114

Let S be the red point on the [i]-line through G, and let S;,S2, 53 be the
red points on the three [":]-lines through G. We now consider the weights
of the red points.

Case a: G has ntype |

Claim 14.
. 111112
o S has weight 1 and ntype [, ,, . 41)-
11113

o Each S; has weight 3 and ntype |

sxsxll°

Proof of Claim 14. The lines SG and SR;, i = 1,2, 3,4, give deg(S) > 5.
By Lemma 3, S must also be on a sixth [{])-line, a > 2. It follows that
a = 2, deg(S) = 6, and then S must have the stated ntype and weight.
Without loss consider S;. The line S;G passes through three green
points, and each S1R;, ¢ = 1,2,3,4, passes through at least one green
point. Since there are seven green points, it follows that each S R; passes
through exactly one green point, and deg(S;) = 5. Thus S; has the stated
ntype and weight. a

Claim 18. For each R;, i = 1,2,3,4, we have one of the following:
o deg(R;) =6 and w(R:) = 1,
o deg(R;) =5 and either w(R;) < 3/2 or w(R;) € {3/2,2,3},
o deg(R;) =4 and 3 < w(R;) < 7/2.

For the following weights, the ntypes must be as in the table:

w(R;) | ntype
32 | [11333
2 |
3 |iid
72 | 1133

Proof of Claim 15. By Lemmas 3 and 5 we have 4 < deg(R;) < 6. The
cases deg(R;) = 6 and deg(R;) = 5 are clear. In the case deg(R;) = 4 we
consider the (R;, G)-grid. Note that GR; is a [:]-line and GSisa [i]-line.
Thus the complement of GR; UGS must consist of six green points and
three red points. See Figure 14. By this and Lemma 3, R; must lie on some
[i]-line. Thus w(R;) > 3. By placing the remaining three green points and
three red points we see that the remainder of the claim follows. O
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s
Figure 14: deg(R;) = 4 in Claim 15

Since by Lemma 7 the sum of the red weights must be (7), by Claim 14
we have E;?:l w(R;) = 11. Suppose that at most two R;’s satisfy w(R;) >
3. Then by Claim 15, the remaining R;’s satisfy w(R;) < 2, and recalling
that there is at most one red 4-point (Claim 10), we obtain

4
=) wR)<7/2+3+2+2,
i=1
a contradiction.

Thus at least three R;’s have w(R;) > 3. We then have by Claim 10
one of the following two cases without loss of generality:

Case al: w(R,) = w(Rz) = w(R3) = 3.
Case a2: w(R;) > 3,w(Rz) = w(R3) =3.

Case al

We must have w(R;) = 2. We now consider the subgeometry of the seven
green points. By examining the ntypes of the red points (see Claims 14
and 15), we see that there are in total six [3]-lines and three [?]-lines. By

Lemma 9 we see that any two [2]-lines must intersect in a green point.
However, from the ntype of R; we see that there are two [f]-lines not
intersecting in a green point, a contradiction.

Case o2

We must have w(R4) < 2. By Claim 15, w(R4) < 3/2. Thus w(R;) > 7/2.
Again by Claim 15, w(R;) = 7/2 and R, has ntype [} }23], w(R4) = 3/2
and R4 has ntype [: : : .f, f]. By considering the subgeometry of the seven
green points we obtain the same contradiction as in Case al.
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Case 8: G has ntype [:ﬁf:

Let Sy and S, be the red points on the []-lines through G, and let T} and
T; be the red points on the [$]-lines through G. We again consider the
weights of the red points.

Claim 186.
o w(S;) € {1,4/3,3/2}.
e w(T;)=3.
o If deg(R;) > 5 then w(R;) =3 or w(R;) < 2.
o If deg(R;) = 4 then w(R;) € {10/3,7/2,6}.
For the following weights the ntypes are as in the table:

w(S;) niype W(Té)l niype w(R;) | niype
111112 11113 11113

1 ttt.:l 3 sexx]l 3 sses]l
4/3 | (L2233 10/3 | (1133
11122 1123

3/2 sxx21 7/2 «e21
6 1114

*xx]l

Proof of Claim 16. Since GR, is a 5-line not passing through S;, deg(S;) >
5. Thus we have either deg(S;) = 6 and w(S;) =1, or S; has degree 5 and
ntype [11122] for some a > 2 (consider the lines S;G and S;R; ) and

sexqal

weight 1 + 1/a. Suppose a > 4. Let H be a green point on the [ }-line
through S;. By Lemma 3 it follows that deg(H) = 4, contradicting Claim 9.
Thus a < 3, giving w(S;) € {4/3,3/2}.

It is easily seen that w(T;) = 3 and if deg(R;) > 5, then w(R;) = 3 or
w(R;) < 2.

Suppose now deg(R;) = 4. Consider the (R;, T))-grid (Figure 15). Let
the green points on GT; be G,G1,G3. Let G5 be the green point on R;T}.
Let R be a red point on GG3. Let G4 be the green point on RT;. B
Claim 8, there is at most one green point # G; on G, R;. Thus there must
be a third green point G5 on R;Gs. Let R; be on the line through 73 other
than T R;, 1R, T1Gs, T1G. The final green point Gg must be on Ty R;. If
Gg € R;G2, then clearly R; has ntype [} 114] and weight 6. If on the other

sl

hand Gg € R;G;, then by Lemma 3 R;G: is a [ J-line; R; then has ntype

1123] where (b, c) = (4,2) or (3,3), which gives w(R;) € {7/2,10/3}. O

Claim 17. Some R; has weight 6.
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G G G2

Figure 15: deg(R;) =4 in Claim 16

Proof of Claim 17. Suppose not. Since by Lemma 7 the sum of the red
weights must be (7), we obtain by Claim 16 that Y5, w(R;) > 12.

Suppose w(R;) < 3 for some i, without loss for ¢ = 4. Then w(R4) < 2
and deg(R4) # 4 by Claim 16. Since at most one red point has degree 4
(Claim 10), we have by Claim 16

4
> w(R)<7/2+3+3+2<12,

i=1

a contradiction.
Thus w(R;) > 3 for all i = 1,2, 3,4. By Claim 10 we have without loss
one of the following two cases:

Case f1: w(R;) =3foralli=1,2,3,4.
Case $2: w(R;) = w(Rz) = w(R3) = 3, w(Ry) € {10/3,7/2}.

Case £1

Since Y% ;=1 w(R:) = 12 in this case, we must have w(S1) = w(S2) =
3/2 by Claim 16. If we now consider the subgeometry consisting of the
green points, we find as in Case a that there are six [3]-lines and three
[2}-lines, with some two of the [2]-lines not intersecting in a green point,
contradicting Lemma 9 as before.

Case (2

In this case i, w(R:) € {37/3,25/2}, giving w(S1)+w(S2) € {8/3,5/2}.
Without loss of generality we have one of

. w(Sl) = ‘W(Sz) = 4/3,‘!1)(R4) = 10/3’
o w($1) = L, w(Sz) = 3/2,w(Ry) = 7/2.
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Figure 16: The (R;,G)-grid in Case £

Considering the green subgeometry we obtain in both cases a contradiction
as before. O

Thus without loss of generality R; has weight 6 and ntype [} 111].

Denote the [‘;]-line through R; by £. Since deg(G) = 5, GT} must intersect
£ in a green point, which we call C. Let the other green point on GT; be
F. Choose a green point on R;T) and call it E. Then GE intersects £ in
a green point, say D. Since GF is then a [i]-line, we must have T € GE
(see Figure 16). The only possible green point on 73T must be on £, say A.
Finally, we let B be the fourth green point on £. We thus have determined
three full lines:

CFGT\, DEGT,, R,ABCD. (2-4)

Without loss we may have S; € AG and S; € BG. There are now essen-
tially two possible cases for the positions of S; and S..

Case 83 R;, 51,52 are not collinear.

Case 84 R;,S),S: are collinear.

We now show that 33 leads to a contradiction, while 84 leads to a unique
MR geometry.

Case 83

Without loss of generality S; € R, T} and S; € Ry T (otherwise interchange
T & T5,C & D,E & F). It follows immediately that

FRlssz and ER1S1T1

are full lines. Since T},T%, A are collinear, A ¢ T} S,. Also, B,C,E,F,G ¢
T1S,, and it follows that we must have D € T1.S;. Similarly, since then
D ¢ S,S,, we obtain C € $;S,. Also, since then C ¢ ST, we must have
B e 5 Ts.
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Figure 17: The (R;,T1)-grid in Case 53

We now consider the (R, T;)-grid, recalling that the ntype of Tj is
known from Claim 16 (Figure 17). We may assume without loss that
Ry, € ATy,R3 € BT ,Ry € DT,. We now have determined three full
lines:

AR;T\T>, BR3Ti, DR4S;T:.
Considering the (R;,T»)-grid (Figure 18), we see that we must have

R3 € CT: (since T> ¢ BR3) and then R4 € BT;. Since B € 5115, we have
determined the full lines

BR451T2 and CRaTg.

By now we have the following full lines through B: ABCDR,, BGS,,
BS1 R T>, BR3T). Thus there must be exactly one more line through B,
namely BR, which must also contain the remaining green points E and
F. Thus

BEFR,

is a full line.

Figure 18: The (R;,T3)-grid in Case 83
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Since S2 ¢ RpA, Ry B, R2G, we obtain that A,B,E,F,G ¢ S2R,. Also,
since Ry ¢ DS5, we have D ¢ SaR,. It follows that C € SoRy. We already
have that C, S}, S2 are collinear, hence C, S1, Sz, Rz are collinear. All other
points are on the other lines through Ry (RzA, Ry B, R2G). Thus we have
the full line

CS152R;,

and w(Rp) = 3.
We now have all the lines through C except for CR,, which must then
be the full line
CER,.

We already have the following full lines through R3: GR;R2R3:Ry,
BR3T), CR3T;. Because of the full line CS; SaR; the points S;, Sz, R3
are not collinear. Thus R3S; and R3S; are two more lines through R3. By
Lemma 3 there must be a sixth line through R; as well. Thus Rz must
have ntype [333332] and w(R3) = 1.

Let X; be the green point on R3S; for i = 1,2, and let X3, X4 be
the two green points on the [f]-line through R;. Because of AGS; and
ER\5Ty, we have X, # A, E, hence X; € {D, F}. Because of DR4S>;T)
and FR;S5;T3, we have X, # D, F, hence X, € {A,E}.

Because of BEFR;, {X3,X4} # {E,F}, hence (X;,X2) # (D, A).
Because of DEGT3, {X3, X4} # {D, E}, hence (X;, X2) # (F, A). Because
of ABCDR,, {X3, X4} # {A,D}, hence (X1, X2) # (F, E). Therefore we
must have (X3, X3) = (D, E), hence {X3,X,} = {4, F}, and we have the
full line

AFRs.

We already have the following full lines through R4: GRyR;R3R,,
.BR4$1T2, DR432T1, CER4. Because of A.BCDRl, R4A is a fifth line.
Since F' € AR3, R4F is a sixth line. Thus w(Ry) = 1.

If we now add up the weights of all the red points we obtain

21 = w(S))+w(S2) +w(Ty) + w(T:)

+w(Ry) + w(Ry) + w(Rs) + w(Ry)

g+:—;’+3+3+6+3+1+1=20,

IA

a contradiction.

Case 54

Without loss of generality 51,52 € RiT) (otherwise interchange T} +
T3,C & D,E & F). It follows immediately that the following are full
lines:

FRT,, ER 55T, AGS:, BGS;. (5-8)
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Figure 19: The (R;,T1)-grid in Case f4

Since T}, T, A are collinear, A ¢ T255. Also, B,D,E,F,G ¢ T25,, and it
follows that we must have C € T3S;. Similarly, since then C' ¢ T,S5;, we
obtain B € T,5;.

As in Case 83 we consider the (R;,T})-grid (Figure 19). We may as-
sume without loss that Ry € ATy, R3 € BTj,R4 € DT;. We now have
determined three full lines:

AR,T\T:, BRsTi, DRT:. (9-11)

From the (R;,T,)-grid (Figure 20) we see that we must have R3 € CT;
(since T, ¢ BR3), and then Ry € BT>, and also S, € CT: (since B, S, T,
are collinear). We have determined the full lines

BR;S\T;, CR3S:Ts. (12-13)

We already have the following full lines through B: ABCDR;, BGSa,
BR4S1T>, BR3T). Thus there must be exactly one more line through B,
namely BR,, which must also contain the remaining green points E and
F. Thus

BEFR, (14)

Figure 20: The (R, T2)-grid in Case 84
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Figure 21: The (R;, E)-grid in Case 54

is a full line.

Now consider the (R;, E)-grid (Figure 21). There is a red point on each
of AE, BE,CE,DE, and 4 red points on R, E. Thus deg(E) = 5. Since
E ¢ CR3, R3 € AE, and then Ry € CE. Thus we have the full lines

AER;, CER,. (15-16)

Consider the (R;, Rz)-grid (Figure 22). Considering the green points
we see that deg(Rz) = 5 and w(R;) = 3. Since R; ¢ CS,, S2 ¢ CRy,
hence S; € DR; and S; € CR;. Thus we have the full lines

CRyS1, DR,S,. (17-18)

Consider the (Ry, Rs)-grid (Figure 23). If S; € DRj3, then either F ¢
DR and w(R3) = 3/2, or F ¢ DR3 and w(R;3) = 1. If on the other hand
51 ¢ DRs, then F' € S)R3 and w(R3) = 1. Summarizing: w(R3) < 3/2,
with equality iff DF R3S, is a line.

Consider the (R;, R4)-grid (Figure 24). If S, € ARy, then either F €
AR, and w(R4) = 3/2, or F ¢ AR4 and w(R,) = 1. If on the other hand
Sz ¢ ARy, then F' € SRy and w(R,) = 1. Summarizing: w(Ry) < 3/2,
with equality iff AFR4S; is a line.

Ry A

(o]
D
Figure 22: The (R;, Rp)-grid in Case 4
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Figure 23: The (R;, R3)-grid in Case f4

We now add up the weights of the red points:

21 = w(S)+w(S2)+w(T)+ w(Tz)
+w(Ry) + w(R2) + w(Rs) + w(Ry)

3 3 3. 3
< -2-+'§+3+3+6+3+-2'+'§—21.

It follows that w(R3) = w(R4) = 3/2, giving the lines
DFR3S;, AFR4S;. (19-20)

We have now determined all the lines (1-20). We have found a unique MR
geometry, which is isomorphic to MR; by the following isomorphism:

A|B|C|D|E|F|G|R |R:|Rs |Ri|Si|S|Th|T
52 [40 [51 [30 00 [12 [ 10|60 |50 |22 |21 [42 |20 [41 |6

We have finished the proof of Proposition 6 and thus of Theorem 1. 0O

Figure 24: The (R, R4)-grid in Case B4
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Appendix: Finding all one-point extensions of
the MR geometries on 14 points

A partial parallel class (ppc) of a finite linear space S is a partition of
the points of S such that each set in the partition is either a line of S
or a singleton. An extendable ppc (eppc) of an MR geometry is a ppc in
which all singletons (if any) are of the same colour. Clearly each one-point
extension of an f.l.s. S determines a ppe: If SU {oo} is an extension of S
then
{€\ {00} : 0 € £}

is a ppc of S. Furthermore, for each MR geometry, this ppc is an eppc.
Conversely, each eppc of an MR geometry determines at least one one-point
extension:

Lemma 10. Let (S, x) be an MR geometry.

e For each ppc of (S,x) not containing singletons there exist ezactly
two one-point extensions of (S, x).

e For each ppc of (S,x) containing at least one singleton, and with
all singletons of the same colour, there erits exactly one one-point
extension of (S, x).

Proof. If {B; : i € I} is a ppc then the extension we are looking for is
SU{oo} with the original lines of S together with all B; U {co}. In the first
case we are free to give oo any colour, while in the second case the colour
of oo is forced. a

Extending MR},

By Lemma 10 it is sufficient to enumerate all eppc’s of MR},.

Case I: The eppc contains a 4-line of MRY,

By symmetry we may take the line to be 0p193¢61. The only lines parallel
to 00103061 are 01113160, 5051, 2021, and 4041. These five lines a.lrea,dy
partition MR},. If one of these lines, say £, does not belong to the eppc
then the eppc must contain singletons, one corresponding to each point of
£. Then there are singletons of different colours, a contradiction. Thus the
only eppc is
{00103061,01113160, 5051, 2021, 4041 }.

The point at infinity on these lines correspond to 6, in PG(2,4). Since the
eppc has no singletons, 62 can be assigned any colour. Thus there are two
extelnsions that are clearly isomorphic. If we colour 6, green we obtain
MR;;5.
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Figure 25: All isomorphisms between the two representations of MRZ,

Case II: There are no 4-lines in the eppc

The seven 2-lines of MR}, already form a partition. If one of them does not
belong to the eppc, then as before, there are singletons of different colours,
a contradiction.

Thus there are two one-point extensions, depending on the colour of oo
adjoined to each of the 2-lines. These two extensions are clearly isomorphic.
If we colour oo green we obtain MR?;.

Extending MR3,

Since it is not clear from the given representation of MR?, what its sym-
metries are, we use another representation:

Green points: G,G1,G2,Gs,Hy, Ha, Hs

Red points: R, R;, R2, R3,,51,52,53

Lines: GRleRaR, RH1H2H3
GG;H;S;, GiGi1 Hi-1 Ry
H;_1R;-15:Si41, RS;Gi_1
Gi1SiRi, HiR;y,,

with i = 1,2, 3, and indices modulo 3.

The mappings in Figure 25 can easily be checked to be isomorphisms
(between linear spaces). We now show that these are the only isomor-
phisms.

The only point occurring in only one 4-line is 6; in the first representa-
tion, and R in the second representation. Thus we must have R — 6; and
{H17H2:H3} = {00) 10130}-

The only 2-lines are 1539, 320¢, 0210, and Hy3 Ry, HyR3, H3R;. Thus
we must have {R;, Rz, R3} ~ {02, 12,32}. Furthermore, the restriction to
{H.1, H2,Hs} determines the restriction to {R, Rz, R3}.

The only 5-line is 021232606;, GR) R2 R3 R. Thus we must have G — 6.
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At this stage G and R are fixed. If we choose any of the 3! map-
pings {H1,H,,Hs} — {0,10,30} then, as mentioned above, the images
of Ry, R2, R3 are determined. In each case, by considering the three lines
H;R;, we determine the images of the pairs {S2,S3}, {S3,51}, {51, S2},
from which the image of each S; is determined. Then by considering the
lines RS; we determine the images of G1,G2,G3, and the whole isomor-
phism is fixed. It then only remains to check that the remaining lines
GG;H;S;, GiGiy1H; 1Ry, Git+1S:iR; are mapped properly. In this way
all six isomorphisms are obtained. (Note that the even automorphisms
preserve the colours, i.e., they are also isomorphisms of MR geometries.)

Now we can write down the automorphisms of the second representa-
tion:

identity
(G151)(G253)(GsS2)(H3 Ha)(R3 R, )
(G152)(G251)(G3S3)(Hz H1)(Re Rs3)
(G153)(G252)(G351)(H1 H3)(R1Ra)
(G1G2G3)(515253)(H H2 H3)(Ry Ra R3)
(G3G2G1)(S35251)(HaH2 Hy )(R3sRa Ry )

The action of the automorphism group on the lines has seven orbits:

(i) GR3R2R3R

(i) RH,HyHs

(i) GG;H;S;

(iv) GiGyaHi—1Riyy, Hi 1R;_15:Sina
(v) RSiGi1

(vi)  GiuaSiR;

(vii) H;Rin

We now determine all eppc’s of MRf,,. We consider seven cases, de-
pending on whether the eppc contains a line from one of the seven orbits.
(We could also have considered 20 cases, one for each line, in which case it
wouldn’t have been necessary to calculate the automorphism group. How-
ever, such an approach would have been more tedious and less insightful.)

Case (i)

Since GR) R, R3 R intersects all other lines, all points not on this line must
be singletons in a ppc. Thus there is no eppc containing GR; R R3 R.

Case (ii)

Suppose RH,H,Hj is an eppc. The only parallel lines are G;415;:R;. All
of them must be in the eppc. The only remaining point is G, which must
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be a singleton in the eppc. Thus there is one extension, with oo coloured
red. This MR geometry is isomorphic to MR};:

G |R |G1 |Gz IG3 |Sl ng |Ss IHI IH2 IHa |R1 IR2 IRa |00
61|62 |51 |41 |21 |20 [50 [40 |11 |31 010020 |30]60

Case (iii)

Assume without loss of generality that RH; Hs H3 is not in the eppc, and
GG1H,S: is. Lines parallel to GG1H1S: are RS3G2, G3S2Ra, HaRj3,
H;3Ry. They already partition MRZ,. All of them must be in the eppc.
The point oo may have either colour. In the first two isomorphisms in

Figgre 25 the point oo corresponds to 4. We have obtained Mng and
MR;;.

Case (iv)

Assume without loss of generality that Cases (i), (ii) and (iii) do not oc-
cur, and that G1G2H3 R, is in an eppc. Lines parallel to G1G2H3 Ry are
H, R, 5253, RS1G3, HoR3. All these lines must be in the eppc, leaving G as
a singleton. Thus there is a single extension, with oo, which has to be red,
corresponding to 3; in the second and fourth isomorphisms in Figure 25.
We have obtained MRis.

Cases (v), (vi), and (vii)

In each of the remaining cases we obtain that a ppc must contain singletons
of different colours, giving no extensions.

We have shown that MR}, MR, MR3;, and MR}, are the only exten-
sions of MR3,. (]
Acknowledgements

We thank the referee for valuable advice.

References

[1] L. M. Batten, Blocking sets in designs, Congr. Numer. 99 (1994),
139-154.

[2] L. M. Batten, Combinatorics of finite geometries, second ed., Cam-
bridge University Press, Cambridge, 1997.

313



[3] L. M. Batten and A. Beutelspacher, The theory of finite linear spaces,
Cambridge University Press, Cambridge, 1993.

[4] L. M. Batten, K. Coolsaet, and A. Penfold Street, Blocking sets in
(v, {2,4}, 1)-designs, Des. Codes Cryptogr. 10 (1997), 309-314.

[5) L. Berardi and F. Eugeni, Blocking sets and game theory: origins
and problems (Italian), Atti Sem. Mat. Fis. Univ. Modena 36 (1988),
165-196.

[6] A. Betten and D. Betten, Linear spaces with at most 12 points, J.
Combin. Des. 7 (1999), 119-145.

[7] A. Betten and D. Betten, The proper linear spaces on 17 points, Dis-
crete Appl. Math. 95 (1999), 83-108.

[8] A. Betten and D. Betten, Note on the proper linear spaces on
18 points, Algebraic combinatorics and applications (GofSweinstein,
1999), Springer, Berlin, 2001, pp. 40-54.

[9] E. J. Billington, C.-M. Fu, H.-L. Fu, 2-colouring {Cj3,C,}-designs,
Bull. Inst. Combin. Appl. 20 (1997), 62-64.

[10] A. Blokhuis, Blocking sets in Desarguesian planes, in: Combinatorics,
Paul Erés is Eighty, Volume 2 (D. Miklés, V. T. Sés and T. Szdnyi,
eds.), Bolyai Soc. Math. Stud. 2, Jinos Bolyai Math. Soc., Budapest,
1996, pp. 133-155.

[11] P. Borwein and W. O. J. Moser, A survey of Sylvester’s problem and
its generalizations, Aequationes Math. 40 (1990), 111-135.

[12] A. E. Brouwer, The linear spaces on 15 points, Ars Combin. 12 (1981),
3-35.

[13] P. J. Cameron, Four lectures on projective geometry, Finite geometries
(Winnipeg, Man., 1984), Lecture Notes in Pure and Appl. Math., vol.
103, Dekker, New York, 1985, pp. 27-63.

(14] S. L. El-Zanati, C. A. Rodger, Blocking sets in G-designs, Ars Combin.
35 (1993), 237-251.

[15] F. Franek, T. S. Griggs, C. C. Lindner, A. Rosa, Completing the
spectrum of 2-chromatic S(2,4,v), Discrete Math. 247 (2002), 225-
228.

(16] C.-M. Fu, H.-L. Fu, A. Penfold Street, Two-colorable {Cy, C }-designs,
New Zealand J. Math. 31 (2002), 99-107.

314



[17] E. Hahn, Blocking sets in linear spaces, Proceedings of the First Inter-
national Conference on Blocking Sets (Giessen, 1989), no. 201, 1991,
pp. 73-81.

[18] E. Hahn, Characterizing linear spaces by blocking sets, Combinatorics
'90 (Gaeta, 1990), Ann. Discrete Math., vol. 52, North-Holland, Am-
sterdam, 1992, pp. 241-248.

[19] G. Heathcote, Linear spaces on 16 points, J. Combin. Des. 1 (1993),
359-378.

[20] J. W. P. Hirschfeld, Projective geometries over finite fields, Clarendon
Press, Oxford, 2nd ed., 1998.

[21] D. G. Hoffman, C. C. Lindner, K. T. Phelps, Blocking sets in designs
with block size 4, European J. Combin. 11 (1990), 451-457.

[22] L. M. Kelly and S. Nwankpa, Affine embeddings of Sylvester-Gallai
designs, J. Combinatorial Theory Ser. A 14 (1973), 422-438.

[23] A. C.H. Ling, On 2-chromatic (v, 5,1)-designs, J. Geom. 66 (1999),
144-148.

[24] L. M. Pretorius and K. J. Swanepoel, An algorithmic proof of the
Motzkin-Rabin theorem on monochrome lines, Amer. Math. Monthly
111 no. 3 (2004), 245-251.

[25] L. M. Pretorius and K. J. Swanepoel, The Sylvester-Gallai theorem,
colourings and algebra, submitted.

[26] A.Rosa and C. J. Colbourn, Colorings of block designs, Contemporary
design theory, Wiley-Intersci. Ser. Discrete Math. Optim., Wiley, New
York, 1992, pp. 401-430.

[27] P. Sziklai and T. Sz8nyi, Blocking sets and algebraic curves, Rend.
Circ. Mat. Palermo (2) Suppl. 51 (1998), 71-86.

315



