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ABSTRACT

In this note we construct nested partially balanced incomplete block
designs based on NC,,-scheme. Secondly we construct NPBIB designs from
a given PBIB design with A; = 1 and A, = 0 with same association scheme
for both systems of PBIB designs. Finally, we give some results and
examples where the two systems of PBIB designs in NPBIB designs have
different association schemes.
Keywords & Phrases: Partially balanced incomplete block designs, Nested
design, Association schemes.

INTRODUCTION:

In incomplete block designs there may exist natural grouping of
blocks into sets of blocks, which can be used to reduce the inter-block
variations. Preece [5] introduced nested balanced block design (NBIB)
designs in this context first. Later Rees [7] and Robinson [8] proposed
certain nested split plot designs. However these designs are special cases of
nested PBIB (NPBIB) deS1gns introduced by Homel and Robinson [3] with
few exceptlons They have given some methods of constructions of NPBIB
(m) design viz by Kronecker products, method of differences and geometric
constructions along with its analysis. Recently, some results on NPBIB
design are also due to Banerjee and Kageyama [1], Philip et. al.,[4] and
Satpati and Parsad [10]. The design is defined as below:

The arrangement of v treatments in b, sub-blocks (second system
of blocks) of size kj, nested in b; = b,/ blocks (first system of blocks) each
of size k| = pk,, p an integer such that

(i) each treatment occurs r times in the design and no treatment occurs
more than once in a block

(ii) 1gnonng second system of blocking, the first system of b; blocks of
size k; form a PBIB (m) design with any two treatments which are t-
th associates appear together Ay, t = 1, 2, ..., m times, assuming
existence of an association scheme.

(iii) ignoring first system of blocking, the second system of b, blocks of
size k, form a PBIB (m) design with any two treatments which are t-
th associates appear together in A, blocks, t = 1, 2, ..., m, assuming
existence of an association scheme.

(iv) the two association schemes both on same treatments may or may not
be same.
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Originally as defined by Homel and Robinson [3] the two association
schemes were same. Hence the parameters of NPBIB &1) design are:
r,v, bl’kl =/1k2’ ’Lﬁbz =ﬂbl’k2! "21; H; nnB = ;klt’j’k =1,2,---,m

On para one page two, of Homel and Robinson [3], the authors
admit “the authors have not been able to show that any PBIB design nested
in another PBIB design must have an association scheme in common with
it”.

The authors present in this paper by means of some results and
some examples that PBIB designs of two systems in NPBIB designs having
different association schemes. Some such results are also due to Banerjee
and Kageyama [1] and Philip et.al. [4].

Next, we have constructed NPBIB (m) designs based on NC,-
scheme of Saha et. al. [9] with pu = 2 and a single initial block for the first
system. These designs have smaller number of blocks and block size and
therefore are more suitable. The designs of Theorem 2 practically, cannot be
obtained by the methods given in Homel and Robinson [3].

We have also constructed NPBIB (2) designs from given PBIB (2)
designs with A; = 1 and A, = 0. Such PBIB (2) designs based on Group
Divisible, triangular association scheme, Cyclic and L,-association schemes
are available in the literature (Raghavarao [6]).

Homel and Robinson [3] (p 204, para 2) mention that one can
construct nested PBIB design of m associate classes (denoted as NPBIB
(m)) when v = mk+1 = p", ‘p’ a prime and ‘n’ a positive integer. Referring
Wilson [11], they say that when one considers any subset B of the
multiplicative group of GF (v) then the initial sets {x™ B:u=0,1,2,... k- °
1} forms a PBIB (m) design. If B can be spilt into sub-blocks-sets then these
considered as initial blocks form a PBIB (m) design, which is nested in the
previous one. However these NPBIB designs have large number of blocks or
association scheme or large block size and hence become practically
unsuitable.

MAIN RESULTS :
At first we are presenting below the NPBIB designs from single initial block
for the first system.

A. NPBIB designs with same association scheme for both systems:
THEOREM 1: When v =sm+1 = p", p a prime, n is a positive integer, then
we can always construct a NPBIB (m) design based on NCy,-scheme with

parameters: = 25; v; by = v, k; = 25,0, =5, B’=(P;; ), 4, =p}, + pl, + p}» b
=12, ..m; b =2V, k=5, & =pj, + pj,»i#}, t=1,2, ..., m, any

pair of cosets C; and C;, with same scheme for both the systems, by
developing the initial block
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I={(C),(C)},i#j=1.2, ..., m, where cosets C;=x"' C, =x"' {x™|0<q
<s-1} and x is a primitive element of GF(v).
The contents in parentheses represent blocks of second system.

EXAMPLE 1.1: Let s =2 and m = 3. The cosets are:
Cl = {1s6}’ CZ = {334}a C3 = {2’5}'
The initial block I = {(1,6), (3,4)}, when developed mod 7 yields a
NPBIB design with parameters: r=4;v=7;b; =7,k =4, A,;,=3, A2 =2,
M=3b=14, kb=2,u=2,2=1,A2=0, An=lLn=m=m=2,

001 011 110
Pp=lo 1 1|, B=[1 0 o), A=|1 0 1]
110 1 01 010

and blocks of the design are: [(1,6), (3,4)], [(2,0), (4,5)), [(3,1), (5,6)],
[(4,2), (6,0)], [(5,3), (0,1)], [(6,4), (1,2)}, [(0,5), (2,3)].

Next we construct NPBIB design from existing PBIB designs.
THEOREM 2: Existence of a PBIB (2) design D with parameters: v, b, r,

k,n, ny, A =1, 4,=0, pjk, 1 <i, j, k, <2, implies the existence of NPBIB
(2) design D* with same association scheme and remaining parameters:

v =b, =v, r =r(k"’1)=k|“s’1fl =Py > A:‘z =p|21’

by =vr, ki =k-lLu=r,2; =k-2, 23, =0.

PROOF: Construct blocks Bg; = B, - {6}, 1 < t < r where B/s are the
blocks of D containing 0. Since A; = 1, Bg,’s are all disjoint. Consider blocks

B, = 0: B, 1< 6 < v. We take Bg, 1 <0 <v as first system of blocks and

Be, 1 < t < r for each 0, as second system of blocks of D*. Thus
V=8 =v, K =r(k-1),b} =vr,k} =k-1, u=r inD".

A block Bg, 1 <t < r, yields k-1 blocks B,, with respect to (k-1)
treatments ¢ € Bg,. The treatment O belongs to all these r(k-1) blocks B,
Hence r* = r(k-1).

Now let us consider (0, ¢) two first associates in D i.e. 0 and ¢
appear together in exactly one block of D. Obviously in the second system
of blocks 6 and ¢ shall be occurring together in the blocks Byy, 1 St<r
where y too occurs in that one block in which 6 and ¢ are occurring and in
other r-1 blocks.

Since besides 0 and ¢ there are k-2 other treatments y appearing in
a block of D, so pair (8, ¢) appears in exactly k-2 blocks of B, of second

system of D* as y changes. Thus A =k —2. Again any pair (6, &) of
treatments which are second associate in D do not occur together in any
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block of second system, since A, = 0. Therefore £, = 0. Thus parameters of

second system are proved. Hence the association scheme of this system D*is
same as that of D.

Consider now the first system of blocks of D* each of which is a
collection of r blocks of second system. Consider two first associates 6 and
¢ in D, they appear in exactly one block of D. The pair @ and ¢ occur
together in a block B,, (may be in same or different sub-blocks B,) if y is a
common first associate of © and ¢. Hence ﬂf | = p,' - With similar
arguments for any pair (0, £ ) which are second associates in D occur
together in the first system of blocks of D* as many as A%, = p}, blocks.
This proves that the PBIB design with first system of blocks of D* has same
association scheme and also the other parameters of the PBIB design of first
system are established.

This completes the proof.

NOTE 1: In case of Group Divisible-PBIB designs the resultant design will
be disconnected.

EXAMPLE 2.1: Consider a PBIB design D based on triangular association
scheme with parameters: v=b=10,r=k=3,n,=6,n,=3,1,=1,4,=0,
p,ll 3, pf, = 4 and blocks as: (1, 2, 5), (1, 3, 6),(1,4,7), (2,3, 8), (2, 4,
9), (3,4, 10), (5, 6, 8) (5,7,9),(6,7,10) and (8,9, 10).
The NPBIB design D by Theorem 3 has blocks:
{2, 5), (3,6), (@4 D}, {(1, 5, (3, 8), (4, 9N}, {(1, 6), (2, 8), (4, 10)}, {(1, 7),
(2,9), (3, 10)}, {(1, 2), (6, 8), (7, 9}, {(1, 3), (5, 8), (7, 10)}, {(1,4), (5, 9),
(6, 10)}, {(2, 3), (5, 6), (5, 10)}, {(2 4), (3, 7, 8, 10)} and {(3, 4), 6,7,
(s 9)}, with parameters: r* = 6; v* = 10; b*, = 10, K, = 6, A*;, =3, A*, = 4,
pt =3;b%, =30, k*, = 2, A%, = 1, A*; = 0, and same scheme for both the
systems as that of D.

Existence of above L,-type and PBIB design based on triangular
association scheme are well known (cf. Clatworthy [1] p.20, 22).

B. NPBIB designs with different association schemes for two systems:
Finally, we are giving some NPBIB designs with different
association schemes and also present some examples.
THEOREM 3: Existence of two BIB design with parameters:
v,b',r k', A" and v b", ", k", A" respectively, implies the existence of a
series of nested PBIB design D with rectangular association scheme for
treatments arranged in blocks and GD association scheme for treatments
arranged in sub-blocks having parameters:

r=rr; v=vv"; b =b'b", k =k'k", n,=v'-l,n, =v"=Ln, =("-D'-1),
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My =(WV=-DWV=D, A4, =r"A, A, =rA" A, =A2"; b=k"b'b",k, =k', n,, =v'-l,
n,=0,4,=4r"4,=0.

V2 0 0 0 0 v 0 1 V-2
B=l0o o 1 | B=l0 v 0 R=l1 o0 2
1 V-l =)p-2) V-1 0 (2)p-) V-2 V2 (-2)-2)

vi-2 0 0 v-1
B =[ 0 v'(v"-l)]' Fa =[v'—1 v'(v"—z)]’

PROOF: Let there be a BIB design D, with parameter v',5',r' k', A'
written by using the first v’ natural numbers from 1 as treatments. Now, add
v“to each treatment in all the blocks in the above to get another BIB design
to be denoted by D, . Again v”is added to each treatment in all blocks of D,

to get a design to be denoted byD,. Likewise number of designs
D,,D,,D, ..., can be obtained.

Now, take another BIB design D" with parameters:
v'",b",r", k", A" . This design has the natural numbers from 1 to v"'

as treatments. Next, the treatment in D" is replaced by the design matrices
D;»D, efc., i.e. the i-th treatment in D" is replaced by D,. The resulting

design is a nested PBIB design D with v'v"* treatments (cf. Das and Giri
[13]). Let the treatments of p, be 1, 2,..., /..., V' then treatments of D, shall

be (G(+1Ww+1,G+1IWv+ 1,0+ 1V +j,.., 0 1<i<v. Thus
treatments of design D arrangement as shown below,
1 D,' : I, cees  Js e, V!
2 D,: v'+l, s V], 2V

V' Do (v=vHLL L, (V=D v fe., VY
This is a rectangular arrangement of V'V’ treatments in V"' rows and V'
columns. We represent a typical treatment by $; =(i-Dv'+j, l<i<v, 1

< j <V of the design D. We define a rectangular association scheme for
treatments of design D, which are arranged in blocks. Further, in this
rectangle if we assume that every row is forming a group then we have a
group divisible scheme for treatments arranged in b, sub-blocks of design D.

Now any treatment i, 1 <i<v" appears in BIB design D", 7’ times
and is replaced by D‘f so it appears in design D", »’’ times too. But any
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treatment of D, in this BIB design appears #’ times, so that a treatment and
is replaced by g, = (i-1v'+j, 1 <i<v"”, 1<j<V appears in design D,
r'r times. The size of blocks of design D becomes k = K"k’ and
considering replacement of treatment i by D, in D" as sub-blocks of design
D we have in total b, = k"'b'b" sub-blocks of size k, = k" and so p =k

Consider now a pair of elements, which are first associates
arranged in blocks of D. They are belonging to same group/row say i-th i.e.
in Dj say viz. g, = (i~1)v'+j,, and g, = (i —1)v'+ j,, where 1 <i
< v (kept fixed) and 1 <y, j; < V. This pair of treatments (first associates)
appears together A’ times in BIB design D’ which itself appears /* times in
D, hence in D, pair (¢, ,4,, )appears in Ay = r'4 blocks. In case we

consider the sub-blocks of D by above argument this pair is a first associate
in GD scheme and appears 4, = ' A’ times.
Further, since D; forms a sub-block of D for fixed i say i = 1 the

treatments of other groups i = 2, 3,..., V"' do not belong in this sub-block.
These treatment pair viz. (j;, (i -1)V' +j2), i# 1, 1 <y, j> < V' are second
associates in GD scheme, appear together in 4;; = 0 blocks of D'

Next, consider a pair of second associates of rectangular
association scheme arrangement of treatments in blocks of D, viz.

(@, )58,,) = (G =DV, (i, =DV'+ ), in # g, 1Sinip <V, j fixed, 1 <
< v'. Since these elements belong, respectively to the group D;l and D,;
which occur together in A" blocks in D" corresponding to two treatments in
BIB design D". In D; ’s each treatment appears ’ times, hence in D these
second associate pairs appear together in 4,, = ¥ A"’ blocks.

Finally a pair of treatments not in the same row and same column
i.e. third associates pair of type ((i, — 1)v'+j,,(i, —=1)V'+j,), i #i2 iy #j2
1< éi; € V", 1< jijs < V', appear in 4;; = A'A” blocks of D by similar
arguments as in preceding paragraph. This completes the proof of theorem.

EXAMPLE 3.1: Let us take a BIB design with parameters: v =3, b’ = 3,
¥ =2, kK =2, A =1 with the following blocks, (1,2), (1,3), (2,3). Then take
another BIB design with parameters: V' =5, 0"=10, 7' =4, k" =2, 2" =1

having blocks (1,4), (2,5), (3,1), (4,2), (5,3), (2,3), 3.4), (4,5), (5,1), (1,2).
From the above method we have following D, matrices
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D, D, D, D, D,
1 2 4 5 7 8 10 11 13 14
23 56 8 9 11 12 14 15
13 4 6 79 1012 13 15
1 2 3
4 5 6
. _ . 7 8 9
and we have this rectangle of size 5 x 3 for design D 0 11 12
13 14 15

Then we have nested PBIB design with parameters:
r=12 v=154=30,k =4,n,=2,n,=4,n,=8,4,=4,4,=2, 4, =1,b, = 60,

ky=2, n, =2, ny,=12, 4,=4,4,=0.
The blocks of the design are:

a2 o 1} 5 a3 49|17 8 a 2
2 3): (11 12)||(5 6): (14 15| [ 9): (2 3)
@ 3) 0 12)4i¢5 6 A3 159){(7 9 a 3

THEOREM 4: Let there exist a PBIB(2) design D, with block size k; and
another PBIB (2) design D, with same number of treatments as in D, with
block size k; = ki/m. If the blocks of D, can be embedded in clocks of D,
then get a NPBIB design.

NOTE 2: The designs of Theorem 5 may be with same or different
association schemes for two systems of blocks.

However the examples given below have different association

schemes for D, and D,.
EXAMPLE 4.1: Consider L,-type association scheme with n = 3. There

exists a PBIBD D, with following parameters: v=9,b=18,r=4, k=2,
=1,m=4,0,=0,m,=4, P, = p5 =2.(Cf. Clathworthy W.H. [1]) with
blocks: (1,2) (1,3) (2,5) (3,6) (2,3) (1.4) (1,7) (2,8) (3,9) (4,5) (4,6) (4,7)
(5:6) (5.8) (6,9) (7,8) (7,9) (8,9).

Consider again a PBIB (2) design D, based on Cyclic association
scheme with parameters: v=b=9 (4t+l andt=2),r=k=4,A,=1,n, =4,
M=2,n,=4, p|, =4, p> =4 (Cf. Raghavarao [4]). Blocks of this design
are: (2,4,6,8), (6,5,1,3), (9,2,8,5), (5,8,7,1), (7.3,4,2), (1,7,2,9), (4,9,5,6),
(3,1,9,4), (8,6,3,7).

However parameters of the two schemes turn to be the same here. The
blocks of design D, can be embedded in blocks of PBIB design D, as below:
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{(1,3), (5.6)}, {(2,5), 8,9}, {(1,7), (5,8)}, {(2,3), 4.1}, {(1,2), (7.9)},
{(4,5), (6,9)}, {(1,4), (3,9)}, {(2.8), (4,6)}, and {(3,6), (7.8)}.

Hence this forms a nested PBIB (2) design with parameters: r = 4;
v=9 b6=9k=4,n;=2,A;=1,42=2,b,=18,ky=2,0n =1, A=
0, with different association schemes contrary to the conjecture of Homel &
Robinson [2].

EXAMPLE 4.2: Consider a PBIB design with blocks: (1,2) (1,3) (1,4) (1,7)
(2.3) (2,5) (2,8) 4,7) (5,8) (4,5) (4,6) (5,6) (3.6) 3,9) (7.8) (7.9) (8,9) and
(6,9). This is based on L, - association scheme with parameters: v=9,b,
=18,r=4,k; =2, A= 1,03 =4, A =0, 1= 4, =(1 2] p 2(2 2}
2 2)7% 21

This design is nested in the following design with blocks: [(1,2),
(3.6)1, [(1,4), (2,3)], [(1,7), (8,9)], [(2.8), (7.9)], [(3,9), (7.8)], [(4,5), (6,9)),
[(4,6), (5,8)] and [(4,7), (5,6)),)]). This design is a group divisible PBIB
design with parameters: v=9,b, =9,r=4, k=4,A1=3,n,=2, A=

= 1 0 0 2
l,nl2 69 P“=(0 6}})]2=(2 4),m=n=3.

ACKNOWLEDGEMENT

The authors are grateful to the learned reference for the valuable suggestions
(specially in Theorem 2 and Theorem 4) to improve the manuscript.

REFERENCES

1. BANERIJEE, S. and KAGEYAMA, S.(1993): Methods of constructing
nested partially balanced incomplete block designs. Utilitas
Mathematica, 43, 3-6.

2. CLATWORTHY, W.H. (1973): Tables of two-associate partially
balanced designs. National Bureau of Standards, Applied Maths. Series
No. 63, Washington D.C.

3. HOMEL, R.J. and ROBINSON, J.(1975): Nested Partially Balanced
Incomplete Block Designs. Sankhya, The Indian Journal of Statistics,
37, Series B, Part 2, 201-210.

4. PHILIP, J., BANERIJEE, S. and KAGEYAMA, 8. (1997): Construction
of nested t-associate class PBIB designs under restricted dualisation.
Utilitas Mathematica, 51, 27-32.

5. PREECE, D.A. (1967): Nested Balance Incomplete Block Deign.
Biometrika, 54, Part 3 & 4, 479-486.

6. RAGHAVARAO, D. (1971): Constructions and combinatorial
problems in design of experiments. John Wiley.

7. REES, D.H. (1969): The analysis of variance of some non-orthogonal
designs with split plots. Biometrika, 56, 43-54.

260



8.
9.

10.

11.

ROBINSON, J. (1970): Blocking in incomplete split plot designs.
Biometrika, 57, 347-350.

SAHA, G.M,, KULSHRESHTHA, A.C. and DEY, A. (1973): On a new
type of m-class cyclic association scheme and designs based on the
scheme. Ann. Stat., 1, 985-990.

SATPATI, S.K. and PARSAD, R. (2004): Construction and cataloguing
of nested partially balanced incomplete block design. ARS
Combinatoria, 73, 299-309.

WILSON, R.M. (1972): Cyclotomy and difference families in
elementary Abelian groups. J. Number Theory, 4, 17-47.

261



