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Abstract

By applying the method of generating function, the purpose of
this paper is to give several summations of reciprocals related to I-
th power of generalized Fibonacci sequences. As applications, some
identities involving Fibonacci, Lucas numbers are obtained.
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1 Introduction

In the notation of Horadam [4], write
Wn = Wi(a,b; P,Q),
so that
Wp = PWn_y — QWa_g, (Wo=a, Wy =b, n > 2), (1)

where a, b, P and Q are integers, with PQ # 0. In the sequel we shall

suppose that A = P2 — 4Q > 0. Then it is easily to obtain the Binet
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formula [4]:

_ Aa™ - Bp"
SAm @

where a = P+“§2-4Q, B = P—"}:_m, A=b—-fa,and B=b-qaa. In

Wa

particular, we write

{ Un = Wo(0,1;P,Q) (3)
Vn= n(2,P;P’Q)

In (1], R. Andre-Jeannin obtained the following series identities:

"g Wan+k - Um ngl Wan+m’ (4)
00 n k
Z = 1 Wn+l - ka , (5)
ne=l Wan+k ABUk =1 Wn

where P > 0 and k and m are nonnegative integers. (4) and (5) are given by
Good [3] in the case Q = —1. Brousseau [2] proved (5) for W,, = F;,. In [§]
and [6], T. Mansour used the generating function techniques to get several

summations of reciprocals related to generalized Fibonacci numbers.

By applying the method of generating function, the purpose of this
paper is to give several summations involving the reciprocals of I-th power

of recurrence sequences (1).

Throughout the paper, !, k and ¢ are three positive integers with t > k.

2 Main Result

Theorem 2.1 Let P > 0. Then
n -1

- l-1-i
—_— W, -k 2(n—k)+1
> WiWl > |(Wigs - WaB)Q™ *a — (Wiy1 — Wia)f
n=k 'l‘ n+l j—0 [ ]
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X [(W""'l — WiB)Q™ "B — (W1 — Wka)ﬁz("_k)“]i

(P2 _4Q)(l—1)/2Qk [i B ﬂl(t+1—k)]
Wiy — Wi w} wh, 17

(6)

Proof Let f(z) =3 oo, Woz". From (1) we have

n=k
f(@) = Wiz* — Wi 12! = Pz[f(z) — Wiz®) — Qz? £ (z).

Hence the following generating function is obtained:

Wi + 2(Wiy1 — PWe)
— kW +1 k
fl@)== 1— Pz + Qz? )

Since 1 — Pz +Qz? = (1 - az)(1 — Bz), we can decompose f(z) into partial

fractions:

gk (Wi — Wi Wiy — oW
f(x)_a—ﬂ( l-cz  1-fz )

Comparing the coefficients of z" in both sides of above equation, we obtain

that

Wie1 —=WiB o Wi —Wia oy

W, =— """ - S gnk,
"t T a-pg a=p "

Let

-k -k

In= ﬂ;’ = Wiy —Wi8 n—fn Wit1—Wea ok ”

" a=B & - a—pB g

Then

l

- (57) - o~ (7

" Wn - V_VEJ'l_-ﬂl/EEan—k _ W ‘_Wkaﬁn—k . )
a— ﬁ_a—

Computing the difference of T, we have
n—k\ ! ntl-k\ ¢
. o _ (B _ (B
Tn Tn“ B ( Wa ) ( Wn+l )
[ﬁ(n—k) Wn+1]l _ L@(n-}-l—k) Wn]l)
B WiW,
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1
(e -pWEWL,,

- [(Wk+1 —WiB)Q™ %8 — (Wiy1 — Wka)ﬂ2("-k)+l]l}

% —-W, n—k -1
= ((aﬁz)z—l;’fzk?/t Z [(Wies1 — WiB)Q™Fa — (W1 — Wia)

n+l ;=0

{ [(Wk+l - WiB)Q" *a — Wiy - Wka)ﬁZ(n—k)ﬂ]‘

i

<20 7 (s — WaB)Q 8 ~ Waws — Wi g2n—+1]

That is

(Wit = WeB)Qm* -
~(Wiy1 - Wka)ﬂz(n_k)ﬂ]l_l-i [(Wis1 — WiB)Q™ 5B

i

L

~(Wis1 - Waa) g3+ ] ®)

Hence we have

-1

zt _Qo 1-1-i
W Y [(Whst = WaB)Q % — (Wi — W) g2n=R+1
n=k W'l' 'l"H- i=0 [ * + ) ]

x [(Wk+1 - WiB)Q" %8 — Wiy — Wka)ﬁz("‘k)“]i

_ @B N
T Wi - Wi ; (Tn - Tn+1)

(P? — 4Q)(-V/2Qk [ 1 ﬁl(t+l—k)]
T Wk =W (WL W, |

The proof of theorem?2.1 is completed. O

Corollary 2.2 Let P > 0. Then

t n Qk 1 ﬂt-i-l—k
= — -2}, 9
Z WaWas1 Wi — Wi (Wk Wit ) )

n=k

and
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pue
0<q 1o < |P=ed/ = =¢g
Ov—ed/M+d| |©

Aq peyiysn[ usaq sey sseooxd Sumrwiy| oY) s1eym

gIm = ) im
102/(1-n(OV — ¢d)

[ t+:M oouﬁ; B ?ﬁ] gim - iy
(r-1+2):8 102/(1-n(OV — ¢d)
Lg% = 10) = g, _uB(em ~ )]

x
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9m = "Mt im
102/(1-1(OV = od)

?[I+(q—u)zg(”°’/ld — 1Y) — g,,_u@(gam — I'HM)]

(11)

X

[1+(u—u)z9'(’°”/14 - Hy) — o, _B(dIm - ‘“’AA)] Z zAézM i

—1—
=17 -1

syl '0 < d 17 §'g waloayf,
O ‘A[eanoadsar ‘(9) Ajquept ul g =) puB [ =) aye], jooid

_— —— =

a-1+0zd T 1400 d/*
y=u
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The proof of theorem2.3 is completed. O

Corollary 2.4 Let P > 0. Then

= ) 13
rgc WaWni1  Wi(Wiir — Wi) (13)
and
> chgvz_[P(WkH - WiB)Q™ ¥ — 2(Wis1 — Wia)g2n—R)+1)
amk m ]

QVPEG

- WZ(Wiy1 — WiB)'

Proof Take!=1 and ! =2 in the identity (11), respectively. O

Theorem 2.5 Let P > 0. Then

t a1l
Z # Z [(Wk+1 - Wkﬂ)Q"—kam - (Wgg1 — Wia)

n=k ntm ;=0

1-1-i
xR (Wi = We)QPAB™ — (Wiis — Wia) 24 ]

(P2 - 4Q)V/2Q* m—1 [ g ﬁl(t+i+1—k)]

(a™ = Bm)(Wisr — WieB) &4 | Wiy Wisin

i

(15)

Proof From (7), we have

ﬂn-k { ﬁn+m—k l
Trlt —Trll+m = ( Wn ) - Wn+m

_ [ﬂ(n_k)wn+m]l - [ﬁ(n+m—k) Wn]l
- WIWE

n+m

{[((Wis1 — WiB)Q™ % o™ — (Wi — Wia)

1
" (a- BYWIW}

n+m

xﬁ2(n—k)+m]l _ [(Wk+l - Wkﬁ)Qn_kﬂm

!
- (Wi — Wka)ﬂz(n_k)"'m] }
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n—k _ m _ -1
= Q (Zkilﬁ)lglgﬂ)(la ﬁm.) Z [(Wk+l _ Wkﬁ)Qn_kam

1,-0

~Wis = Weadg?e=0m) 7 (Wi~ W)@t

=(Wig1 — Wka)ﬂz("'k)“"]

Hence
-1
(Wear = WiB)Q™*a™ — (Wiyy — Wia)
'gc Wl W,l‘_‘,m g +1 +
x GRm] T (W - WiB)Qe
~ (Wi ~ Wea)g2r—h+m]
_ (a—B)'Q* (T -
(@™ — ™) (Wis1 — WiB) Z,c

( P2 _ 4Q)1/2Qk m—1 ﬂu BHt+i+1-k)
T (@™ = ™) (Wiqr — WiB) pard [W’ W ] ’

k+i t+i+1l
as required.

'n+rn

Corollary 2.6 Let P > 0. Then

~ Q*/P?-4Q

S WoWnim (o™ = ™) (Wiy1 — WiP)
m—1 ) .

ﬁ‘ ﬂt+t+l—k]
- ) 16
X ; [Wk-l-i Wt+i+1 ( )

and
t Q"
W2 [(Wk+1 Wkﬁ)Qn_kV - 2(Wiy1 — Wka)ﬂ2(n—k)+m]
n=k "'+m

(P2 _ 4Q)Qk m—1 [ ﬁ2i ﬁ2(t+i+l—k)] . (17)

(a™ — ) (Wie1 — WiB) i=o Wi B Wit

Proof Take!=1and! =2 in the identity (15), respectively. O
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Theorem 2.7 Let P > 0. Then

xﬂ*‘"-*“"']"’ [(Wess - WeB)@™p

(W1 — Wkﬁt)ﬁz("'k)"“"']l

(pz _ 4Q)1/2Qk m-1 Bl
(@™ = Bm) (Wi — WiB) 3 Wi,

(18)

Proof By (15) and (12), we have

-1
Z A Wz Z [(Wis1 — WiB)Q™*a™ — (Wit1 — Wia)

n=k n+m =0
I-1—i
X GBI T (Wi = WeB)Q™B™
~(Wess = Wia) 2 0+m ]’

(P2 - 4Q)1/2Qk m~1 i
@ — B Wit — WiB) 2

(P2 _ 4Q)l/2Qk m—1 ﬂ"
(a™ = ) (Wi — WiB) o Wi,

BUt+i+1=K)
— — lim
Wi t—e Wlin

as required.

Corollary 2.8 Let P > 0. Then

o FVPP-4Q P
2 WoWrs, = > (19)

(o™ = ™) (Wiy1 — WiB) =0 Wisi’

n=k
and

o0

Z W2Qn — [(Wk+1 Wkﬁ)Q"_kV ~ 2(Wig1 — Wka)ﬁ2("‘k)+m]
n=k T n+m

- (P? - 4Q)Q* = p

T (@™ = B (Wis1 — WiB) ; W2’ (20)
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Proof Takel! =1 and [ =2 in the identity (18), respectively. O

Corollary 2.9 Let P > 0. Then

-1

t n
Z .M/IQT Z [(Wk+l - Wkﬁ)Qn—k 2 - (Wk+1 - Wka)
n=k n

n+2 j=0
I-1-%
xﬂ2("‘k+1)] [(Wk+1 _ Wkﬁ)Q"_kﬁz
(W1 — Wka)ﬂz("'k“)r

(P? - 4Q)U-D/2Qk [i _ Bit+1-k)

,Bl ﬂl(t+2—k)
+ —
P(Wiy1 — WiB)

] 3 i ] !
Wk Wt+ 1 Wk+ 1 Wt +2

and

-1

[e o]

—Q" n—k 2
S i3 (Wiss — WaB)@ a2 — (Wiss — Wia)
L WIWEL,, &

xﬁ2(n—k+l)]l—l—i [(Wk+1 - Wkﬂ)Qn_kﬂz
—(Weq1 — Wka)ﬂz(n_k“)]i

_ (P2_4Q)(l—1)/2Qk 1+ ﬁ’
T TPWip - WiB) \WL T WL, )

Proof Take m =2 in the identity (15) and (18), respectively. O
3 Some Applications

In this section we can obtain some interesting identities involving Fibonacci,

Lucas numbers by taking special values for a, b, P and Q.
3.1 Fibonacci Numbers

In this case, W,,(0,1;1, —1) = F,, the Fibonacci number. Then according

to above theorems and corollaries we obtain
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-1
Z FlFl+ > [(Frs1 = FuB)(=1)""*o™ — (Fiy1 — Fier)
REM =0
1-1-i
xGAn=RAm T (B — Re)(—1)m g™
~(Firs = Fea)0+m)’

(P? - 4Q)l/2Qk m—1 Bl pHE+i+1-k)
(@™ — B™)(Fry1 - FiB) & [F;fH.i - ] ’

1
Fiiin
and

-1
Z F(l ll) z [(Fk+1 - Fkﬂ)(_l)n_kam = (Fi41 — Fra)
nck FaFaem i=0

ﬁ2(n—k)+m] Fk+1 - Fk:@)( 1)"-kﬁm

—(Frg1 — Fka)ﬁ2("'k)+'”]

(P?-4Q)2Qk R gt
T (@ =B (Ber1 - Feh) & FL,,
In particular,

(=D _1-v5 [3- VB _ (158 (1—-35)*“1 _

S FFar 2 2 Fin  Fue

Z (=1)7[2(=1)""1 4 (105)2n+3)

n=1 F3F3+3
_ 5-3v5 [27-7v5 _ (1—2 5)2: _ (1_—235)2(”1) ~ (1_-_35)2(&2) .
8 8 FZ Flo Flia ’
and

LDt K[(3+vB), o (3-vB\

St | (5) - (45) ]
X [(—1)” - (3 —2\/5) ]

_sa-vE [, (55

- 2 Ry
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which are equivalent to

- (- . =
;FﬂFn+2_2 \/5’

0o (_l)n[2(_1)n—1 + (1—215)2n+3] _ 60—29\/5.
T; F2F2? . 1.

and

) (—l)" 2 3+\/f_) . 3—\/5 nq2-i
S n|(5f) - (7]

fer-(=]

5(1 - v5)
2

3.2 Lucas Numbers

In this case, W,(2,1;1,—1) = L,, the Lucas number. Then according to

above theorems and corollaries we obtain

t n I-1
Z LE—LI) Z [(Lk+1 - Lkﬁ)(_l)n—kam — (Lg+1 — Lyo)

n=k ~nTntmM =g
1-1—
xﬁ2(n—k)+m] [(Lk+1 — Lkﬁ)(—l)n_kﬂm
_(Lk+1 - Lka)ﬁ2(n—k)+m]1
(P? — 4Q)"/2Q* m-1 [ gl ﬂl(t+i+1-k)J

(@™ = Bm)(Le+1 — LiB)

T ]
i=0 Llc+i Lt+i+1

and

oo n -1
> LSZ}) > [Tkt = LB)(=1)"*a™ = (Lyr — Lia)

n=k n+m -0

x ﬁz(n—k>+m] B [(Lisr = LiB)(-1) 6™
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