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The problem of graceful labeling of a particular class of trees called quasistars
is considered. Such a quasistar is a tree Q with k distinct paths with lengths
1,d+1,2d+1,...,(k~1)d+1 joined at a unique vertex . The k paths of Q
intersect only in the vertex 8 .

Thus, Q has 1+ [1 + (d+ 1) + (2d+1) + ... + (k = 1)d + 1)] = 1 + k + Ae-0d
vertices. The k paths of Q have lengths in arithmetic progression with common
difference d. It is shown that Q has a graceful labeling for all k < 6 and all
values of d.
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Introduction:
Labeling of a graph is an assignment of a unique label to each of the vertices
of a graph. Let G be a graph with n vertices. Let V(G) = {v;,v2, .....,un} be
the vertex set of G and E(G) the edge set of G. A bijective mapping f: V(G) —
{1,2,.....,n} is said to be a (vertex) labeling of graph G . A labeling f:V(G) —
{0,1,2,....,n -1} is called graceful and G is called a gracefully labeled graph if
the induced edge labels {| f(v:) — f(v4) |: (v:,v;) € E(G) } are all distinct and
take all values in the set {1,2,--,n — 1}. The term graceful labeling was first
introduced by S.W.Golomb. A tree T is a simple connected graph (without loops
or multiple edges) which has no cycles. The Graceful Tree Conjecture (Kotzig-
Rosa) states that every tree is graceful. This conjecture is widely believed to
be true and some classes of trees are shown to have a graceful labeling. Rosa[3)
proved that all paths and caterpillars are graceful. A k-quasistar T is a tree
with k paths (of various lengths) rooted at a unique common vertex and there
are no other vertices in T. Such a quasistar is called a balanced quasistar if the
lengths of any two paths differ by at most one. A recent result of R.Badrinath
and P.Panigrahi [2] proves that a balanced quasistar has a graceful labeling.
We give a graceful labeling for a k-path quasi-star in which the lengths of the k
paths increase in arithmetic progression by a fixed difference d € N.

Fix positive integers k and d. By a k-paths quasistar we mean a tree Ty g = T
with the following properties:
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1. T has k paths P; meeting in a common vertex 6.

2. Length of path P; of T denoted by &(P;) is ¢(P;) = 1+ (i — 1)d where
i=1,2---,k. de N, d fixed.

The aim of this paper is to prove :

Theorem: Let T 4 denote a quasistar with k paths commonly attached to a
vertex 6 such that the paths have lengths 1 4 (i — 1)d wherei=1,2,...,k and
k < 6. Then Ty 4 has a graceful labeling.

Proof: We give a graceful labeling for the cases where k < 6. The number of
vertices of tree T g is givenbyn= 1+14+(1+d)+ (1 +2d)+ +(1 + (k- 1)d.
Let N =n—1=k+ (-l

We obtain a layout of the tree by rooting at the vertex 4 and paths flow verti-
cally from the root @ with paths arranged in increasing size from left to right
with increment d. The labeling of tree T can be described by constructing a
matrix so that the k paths are written as k columns of the matrix. We con-
struct matrix L(x-1)axkx = L such that it contains distinct values from the
set {1,2,3,........ ,n}. The values in the matrix L will be the labels given to the
vertices of the tree Ty 4. The common vertex 8 is assigned the value N. The first
row of the matrix will have the value N and the subsequent rows will have the
remaining values.

The matrix L can be described in the following manner.

L=[ Lr ] wherer =1,2,3,...,k and L, is the submatrix of L having the
first »r — 1 columns blank. Thus L, consists of the k vertices at distance 1 from
the root @ (i.e. neighbours of #) and L2 consists of the vertices on the paths
P, ..., P (in that order) that are distance < d + 1 from the root 8. (The
path P; has no such vertices and so on. For example in table 1.1 we have three
columns that respectively correspond to three paths length 1, 14+d and 2+d.

Further R refers to the row of 6.

The Labeling: We consider the case k = 3.

Tree Ty 4 is & quasistar with 3 paths of length 1, 14-d and 14+2d.
N =3 + 3d. The case d = 1 requires separate consideration.

6 6 6
01 2
L= 35
4

For the case d=1 the edge diflerences are as follows:
6 5 4
D= 2 3
1

Thus for d=1 tree T3, has a graceful labeling. Now let d > 2.
Table 1.1 gives a labeling for the tree T3 4 which will be shown to be graceful.
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R 3d+3 3d+3 3d+3
Ry 0 1 2
Rz;-4 3d-3j+3|3d-3j+5|5 =1,23,---,[§]
Raj 35 34+1 |j=123,-1%l
R3j- 3d-3j+5| j =|%2),.--.d
Ry; 3j+1 i=[4, d
Table 1.1
L,
Logxa= | L2
L3
Ll=(3az+3 3d+3 3d+3)
0 1 2 2x3
O 3d—3j+3 3d-3i+5|j=1,23-,[§
l’2= o . . . d
¢ ¥ 35+1|J =123,,|3
¢ dx3
O O 3d-3+5|5 =424
Ls={| ¢ ¢
VARY 3j+1 i=T0d ] 4a

In the matrix L, the first row corresponds to the label given to the common
vértex @ and the second row has distinct values. The values in odd rows of the
matrix L, are of the form 3d — 35 +p where p = 3,5 and j = 1,2,3,---, [g].
The values are obviously distinct. In Lz the entries in the even rows are of the

form 35 + g where g=0,1and 5 =1,2,3,---,|§].
We now prove that the values in columns are distinct.

If 3d — 3j4+p= 3j + g then the congruence 3d-6j+p—q = 0 mod(3) is not

true for d > 2.

Also values in L) and Ly are distinct as 3 + 3d #

Jj= 112:3t"'»[g]-
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3d — 35 + 3 for any




Further the values in odd rows of Ly are of the form 3d-3j+p where p = 3,5
and j = 1,2,3,---,[$) and the values in the odd rows of L3 are 3d — 3;' + 3
for any ' = [%—:’-J,-w, d.

3d-3j+p # 3d— 35 +3 for any j,j'.

Similarly the values in the even rows of L, and L3 are 35 + 1 where j =
1,2,3,---,|$) and 35’ + 1 where j' = [4}1],---, d respectively and clearly
3j+1#35+1 for any j,5'.

Thus the values in Ly, Lo and L3 are distinct.

Each value in the matrix L is associated with a vertex in tree T 4.

We now show that the differences obtained from the labeling given above is
graceful.

We construct matrix D(x—1)axx = D which gives edge differences for the la-
beling of the tree described above. The common vertex @ is assigned the value
N.|R-Ro|=| 3+3d 2+3d 1+3d||R - Ro|=|3d-1 3d]

(From Lo we calculate the absolute difference :

| Raj — Rpj_y|=| 3d=6j+3 3d—6j+4|
| Rajer — Roj|=| 3d—65  3d—6i+1]|

iFrom L3 we calculate the absolute difference :

| Roj — Rpj—1|=| 3d-6j+4]
| R2j41 — Rayj|=| 3d-6j+1|
The matrix D can be described in the following manner. D= [ D, | where
r=1,2, 3 and D, has first r-1 entries blank.
For the case k=3 the matrix D = [D,] where r=1,2,3. Specifically D is:
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[ Di | R-Ro 3d+3| 3d+2 [3d+1
Ry - Ry Y 3d-1 |[3d
D2 {Ryj=Ryy—1| O |3d-6j+3|3d—6j+4|j = 1,2,3,...,1,-;]
Ryjp1—Ryy| O 3d-6j |[3d-6j+1|j =1,23,..., |3
D3| Ryj—Ryy—1| 9 o 3d—6j+4|j =[2],..., d
\ Rajpri—Res | & ¢ 3d-6i-1|j =[§],---, d~ s



We now show that the values in D;, D2 and Dj are distinct. The values in
Dy are 3d+3, 3d+2, 3d+1, 3d, 3d-1 which are obviously distinct. The values in
D, are 3d-6j+p where p=3,4and j = 1,2, -+ -, | §| and 3d—6;+p’ where p'=0, 1
andj =1,2,---,| 45! ]. The valuesin Dj are 3d—65'+4 where j' = [441],... d
and 3d-6j'+1 where ' = [-g-], «er,d—1. 3d-6j4p # 3d-6j’+4 for any j, j’. Also
3d-6j+p # 3d-6j'+1 for any j, j’. The values 3d-6j+p’ # 3d —65+1 for any j, j’.
Comparing the values in D, D2 and D3 the values are distinct as j takes dif-
ferent values in each D, where r=1,2,3. Therefore matrix D has distinct values.
In conclusion, the tree T3 4 has a graceful labeling, for every d € N.

Case 2: k=4.

Tree Ty q is a quasistar with 4 paths of length 1, 14+d, 14+-2d and 143d. Also,
N =4 +46d.

Table 2.1 gives a labeling (which will be shown to be graceful). Ry; and Rp;_;
are respectively the even rows and odd rows of the label matrix L.

Table 2.1
R 6d+4| 6d+4 6d+4 6d+4
Ry 0 1 2 3
Raj 6d-3j+2|6d-3j+4|6d-3i+6| j=1,23,-[§
Ry; 3j+1 3542 3;+3 i=1,231%|
Rajy 6d—3j+4|6d-3j+6 i=142),--.d
Ry; 3j+2 3j+3 i=[41,-d-1
Raq 6d+2 3d+3
Ryj1 6d-3j+4| j=d+1,d+2,---,|34]
Ra; 3%-1 |j=d+1,d+2,--,[¥1
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Ly

dex3= 232
Ly
L[ 4+6d 4+6d 446d 4+6d
e 0 1 2 3 2x4

[ O 6d-3j+2 6d-3j+4 6d-3j+6| j=1,2,3,---,[§]

L2=1 o 341 35 +2 3+3 |5 =123""-|¢
\ dx4
[0 O 6d-3j+4 6d-3j+6]|j= |42, ..d

=10 0 3+2 35+3 |i=[%)-d
\ & & 6d+2 3d+3 "
[0 O O 6d-3j+4|j=d+1,d+2,-., |35
Lg= O ¢ 3j-1 i=d+1,d+2,..-,[35]

\ dx4

In the matrix L, the first row corresponds to the label given to the common
vertex 6 and the second row has distinct values. The values in L; are dis-
tinct. The values in the odd rows of Ly are 6d — 35 + p where p = 2,4,6
and j = 1,2,3,.-.,[4] which are obviously distinct. We also observe that
Ly has distinctdvaluw in the even rows which are 3j+q where q=1,2,3 and
j = 1)2’3|"')l J'

We now prove tgat the values in Ly, Ls, Ls and L4 are distinct.

Considering the values in Lo:

If 6d — 35 + p = 35 + g then the congruence 6d — 65 + p — g = 0 mod(6) is not
true for any d € N.

The values in the odd rows of L3 are 6d — 3j + p where p = 4,6 and j =
[42],---,d which are distinct.

We also observe that Lg has distinct values in the even rows which are 3j-+q
where q=2,3 and j = [41],...,d - 1. Also 6d + 2 and 3d + 3 is distinct from
any value in Ls.

The values in odd rows of Ly are of the form 6d-3j+p where p=2,4,6 and
=1,2,3,---, %] and in L3 the values in the odd rows are 6d-3j'+p’ where
p'=4,6 and j'=| 42|, ... d.

The values 6d-3j+p # 6d-3j'+p’ for any j, j’. Similarly the values in the even
rows of Ly are 3j+q where g=1,2,3 and j= 1,2,3, -+, [$] and the values in the
even rows of L3 are 35'+q’ where ¢'=2,3 and j’=|'i'2ﬂ'|, ooy d.3i4+q# 3 +4
for any j3,7’.
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Further the values in odd rows of L3 are 6d — 3j + p where p = 4,6 and
j = |42),---,d and the values in the odd rows of L, are 6d — 35'+4 where
J=d+1,d+2,-.,| 28]

Therefore 6d — 3J + p # 6d-3j'+3 for any j,J

Similarly the values in the even rows of L3 are 3j + 3 where j = [+]

1 and values in L4 are 3j’-1 where 5/ =d+1,d+ 2, [3“ 1 r%pectwely
Therefore 37 + 3 5 3j'-1 for any j, j’. Thus the values in L1,L2, L3 and L4 are
distinct. Each value in the matrix L is associated with a vertex in tree T4 4.
We now show that the edge differences obtained from the given above labeling
are distinct and therefore the labeling is graceful.

|R — Ro|=| 6d+4 6d+3 6d+2 6d+1|

|Ry — Rg|=| 6d—2 6d—1 6d|

iFrom L we calculate the absolute difference :
| Roj — Raj—1|=| 6d—6j+1 6d—6j+2
| Roj41r — Rpj|=|6d—6j-2 6d—6j-1

3d—6j+3|
6d —6; |

iFrom L3 we calculate the absolute difference :

| Ro; — Rgj—1|=|6d—-65+2
|R2j+1 — Ryj|=|6d-65~-1

6d—65+3]
6d — 65 |

(From L, we calculate the absolute difference :

|R2j — Rpj—y|=|6d-65+5 6d—6j+3]|
| Rojy1 — Ryj|=|6d—6j+2 6d—6j|

The matrix D = [D,] can be described in the following manner. Each D,
where r=1,2, 3,4 has the first r-1 columns blank.
Specifically D is:
(Dr| R-Ro |6d+4|6d+3 6d+ 2 6d+1 \
Ri - Ro 6d—2 6d—1 6d
Dy | Ryj = Raj-y | © 6d—6j+1|6d-6j+2|6d—6i+3| j=12--[2]
Raypr - Rai | © 6d—6j—2|6d—65—1]6d—6j = -, [452]
D3| Ryj—Ryj1 | © 6d—6j+2|6d-6i+3| j=[42,--,d=-1
Rajsr~Ray | 0 6d—6j—1[3d~865 i=[gl,d=1
Dy —Ryj1 |0 6d-65+5|j=d+1,d+2,---, ¥
\ Raser - Raj | © 6d—6j+2| j=dd+1,---, |2 /..
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Therefore for k=4 and any d € N the tree T4,4 has a graceful labeling.

The Labeling:

We consider the case k = 5.

Tree T,q is a quasistar with 5 paths of length 1, 1+d, 1+2d, 143d and 1+4d.
N =54 10d. Table 3.1 gives a graceful labeling for k = 5.

Roj; and Rp;_; are the even rows and odd rows of the label matrix L respec-
tively.

Table 3.1
R 5+10d | 5+ 10d 5+10d 5+10d 5+10d
Ro |55 55+1 5 +2 5j+3 55 +4 ji=0
Ry 10d-55+3[10d~5j+5]10d~5;+7|10d-55+9]| j=1,-.-,[§]
Ryy 55 55+1 5j+2 55438 i=1,-1$]
Loy 10d-55+5|10d-57+7[10d=55+9 j=[5),-.d
Raj 55 +1 55 +2 55 +3 i=2), - d=1
Rag 10d+ 3 5d+1 5d+4
“Raan 5d 5442
Ry 10d-55+5)10d-5j4+9 | j=d+2,--,[3f]
Ry 55-2 Sj+1 j=d+1,-,|38)
Ray- 10d-5j+9| j=[42],... 24
Ry; 55+1 i=138),....2d

L= [ 8+10d 5+10d 5+10d 5+10d 5+10d
e 0 1 2 3 4 Jos

© 10d-5j+3 10d-5j+5 10d~5+7 10d-5j+9|;j=1,23,...,[4]

L=

o 55 55+1 55 +2 55+3 |i=1,23,(§)
dx5
(O O 10d-5j+5 10d-5+7 10d-55+9| j=|%2],---,d
L=l 6 o si41 55 +2 5543  |j=|%1),...d-1
\ ¢ ¢ 10d+3 5d+1 5d +4 dx5
(o ¢ 0 5d 5d+2
Li=| € © ¢ 10d-5j+5 10d-5j+9|j=d+2,---,[¥]
O ¢ ¢ 5i-2 5+-1 |j=d+1,---,|¥]
\ dx5
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O O O O 10d-5j+9]j=[%2],...,2d

Ls = 54 -1 j=|_§$J."'-2d
dx5

In the matrix L; the first row corresponds to the label given to the common
vertex & and the second row has distinct values. The values in odd rows of the
matrices L, where r = 2, 3,4, 5 are of the form 10d — 55 + p where p = 3,5,7,9
and j = 1,2,3,---, 4. The values are obviously distinct. In L; the entries in
the even rows are of the form 35 4+ ¢ where ¢ =0,1,2,3 and j = 1,2,3,---,%
We now prove that the values in columns are distinct.

If 10d— 55 +p = 3j+q then the congruence 10d —8;j +p—g = 0mod(10)
is not true for any d € N. Also values in L, and L, are distinct as 5 + 10d #
10d — 55 +p for any p = 3,5,7,9and j = 1,2,3,- ‘2’. Further the val-
ues in odd rows of Lz are of the form 10d — 51 +p where p = 3,5,7,9 and
i =1,23,-, —2- and the values in the odd rows of L3 are 10d — 55’ + p’
where p’ = 5,7,9and ' = "+1.§+2 , d. 10d —5j +p # 10d-55'+p'
for any j or j'. Similarly the values in the even rows of Ly and L3 are 5j + q
whereq—0123and_7_123 . ,-iandSJ + ¢’ where ¢’ = 1,2,3 and
i = +l "+2 , d — 1 respectively .5j + ¢ # 5j' + ¢’ for any j or j'.
Further the valu&s in odd rows of L3 are of the form 10d—5;+p wherep =5,7,9
andj = § 441,48 $+2,---,dand the values in the odd rows of L, are 10d— 5,1'+p
where p’ = 5,9 and j' = d+2,-~,§§. 10d —55+p # 10d - 55’ +p’ for
any j or 5'. Similarly the values in the even rows of L3 and L, are 5j+q where
q=1,2,3andj -2-+1,2+2 .,d—1 and 55’ + ¢’ where ¢’ = —2,1 and
J=d+1,d+2, 3" respectively. 55 + ¢ # 55’ + ¢’ for any j or j'. Also
10d + 3,5d + 1, 5d + 4 in Lg are not equal to any value in Lg. The values in
the odd rows of L are 10d — 55 +p wherep=5,9and j =d +2,- — and

values of the odd rows in Lgs are 10d — 55’ + 9 where j' = T'*'l"i +2,---,2d,
therefore 10d — 55 + p % 10d — 55 + 9 for any j and j'.

The values in the even rows of Ly are 5j + g where ¢ = -2,1 and j =
d+1,d+2,---, -5— and the values in the even rows of Ls are 5j' + 1 where
= -+1 -.;+2 -,2d. Therefore 55 + 1 # 55’ + 1 for any j and j'. Thus

the values in Ly, Lo, L3, L4 and Lg are distinct.

Each value in the matrix L is associated with a vertex in tree Tk 4. We now
show that the differences obtained from the labeling given above is graceful.
We construct matrix Di_jjax x = D which gives disitnct edge differences for
the labeling described above.

The values in the matrix D will be the edge diflerences of the tree T 4. The
common vertex @ is assigned the value N. The matrix D can thus be described
in t,hei following manner. Each D, where r = 1,2,3,4, 5 has r — 1 entries blank,
D=| D

D;=(5+10d 4+10d 3+10d 2+10d 1+ 10d )1x5
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Note that the differences in D, are between R and Ry.

|Ri — Rg|=|10d-3 10d—2 10d-1 10d]

iFrom L2 we calculate the absolute difference :

| R2j — Raj—1|=| 10d—105+3 10d—10j+4 10d—10j+5 10d—105+6 |
| R2j41 — Roj|=]| 10d-105—2 10d-10j—1 104—10; 10d—105+1 |

D';,,-R,,_, O 10d-10j43 10d—10j+4 10d-10j+5 1oa-1o,:+e| .j=1.---.5_§_{ )
Rossi=-Rog | O 10d-10j-2 10d-10j-1 10d-10j 10d—10j+1]|j=1,-, 153 J _

tFrom L3 we calculate the absolute difference :

| Raj — Raj—1|=={10d — 105 + 4 10d — 105 + 5 10d — 105 + 6 |
| Raj41 — Raj |=|10d — 10 — 1 10d — 105 10d - 105 +1 |

Ra; = Rajy
Ds=| Rass1 - Ry
R24 = Raa-

O O 10d-1054+4 10d-10j+5 10d—105+6
¢ O 10d-10j-1 10d-10; 10d - 105 +1
¢ 0 5d—-2 6 5

j=[4,....d-1

J=|42),... d=1 )
dxs

LFrom L4 we calculate the absolute difference :

| Roeat1 — Raa | =] 1 2]

| R2j — Raj—:|=|10d — 10 + 710d — 10 + 8 |
| R2je1 = Raj|=|10d - 10j+2 10d — 105 +3 |

Rader — Raa
De= Raj ~ Ry

Raje1 ~ Raj-y

o 0 0 1 2
¢ & O 10d-10j+7 10d-10j+8

j=d+1.-~.l-“,4j)
j:d.....l%—_‘.] ax

O ¢ O 10d-10j4+2 10d-10j+3

(From Lg we calculate the absolute difference :

| R2; — Rzj-1|=]10d - 105 + 8]
| R2j+1 — Ra;|=]10d — 105+ 3|

Ds=( Ras—Ra-r [0 O O O 10d-10j+8| j=[38],...,2d
Ryjy1—-Ray—1 | O O ¢ 10d-10+3|j=[3],.--,2d~1 s

The matrix D = [D,] can be described in the following manner.
Each D, where r = 1,2, 3,4, 5 has the first r-1 columns blank.
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Specifically D is:

[ D1 R-Ry, |10d+5]|10d+4 10d+3 10d 42 10d +1
Ri-Ry 10d-3 104-2 10d—1 10d
Dy| Rayy—Ryy |0 10d - 105+ 3 | 104105 +4 | 10d—10j +5| 10d -~ 105+6| j=1,---,|§)
Ryn—Ry |0 10d - 10j - 2 | 10d - 10 — 1 | 10d - 105 10d-10j+1| j=1,---,|¢3]
Ds| Ray-Ry-1 |O o 10d— 105 +4 | 10d~ 105 +5 | 104 - 105+ 6 | j = [¢§4),---, d—1
Rajn—Ry | €@ o 10d-10j -1 10d - 105 104-105+1| j=|44),...,d=1
Rag=Rayy |0 o 5d— 2 6 s
Dy| Ryasr—-Ru |0 ¢ ¢ 1 2
Raj—Ryy-y | O o o 10d-10j 47| 10d =105+ 8| j=d+1,---,[¥]
Ry —-Ryy | O o 10d—10j+2]10d-10j+3| j=4d,---, |3
Ds| Ryy=FRayr | O o 10d-105+8| j=[¥g],.-,2d
\ | Rys1-Ryy1 |0 o 104-105+3 | 5= (¥}, 24~ 1

We observe that the differences in D; are distinct as they are 10d+p where
p=—3,-2,...,5 and the values in the remaining D, where r =2,3,...,5 are
10d — 105 + g where ¢ = =2, -3,...,8. In each D, j takes different values so
the values 10d — 105 + ¢ are distinct. Therefore for any d € N the tree Ts5 4 has
a graceful labeling.

any & € N).
Ry; and Rgj_; are the even rows and odd rows of the label matrix L .

Table 4.1 gives a labeling (which will be shown to be graceful) of Ts, d (for

Ro 0 2 3 4 5

“Ray-1| |[15d-5j+2|15d-55+4|15d-5j+6|16d—55+8 | 16d—85+10| j=1,---,13]

Ras 5+1 5542 55 +3 5544 55 +5 i=1,4)

Raj-a 15d—5j+4 |15 -5j+6 | 15d-5j+8 ) 154 - 55 410| ;= |42}, .d
Roy 5j+2 5j+3 55 +4 5545 | ji=[41],---,d-1
Raa 15d 44 §d+3 5d+4 Sd+45
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Raj e 2 pontd 15d-5j+10 [ 156d—5j +8 [ 16d=5j+6 | j=d+1,---, [551]
a5, 15d-5j+10 ] 15d -5 +8 | 15d =5+ 7| j=[%] (d odd)
Raj-a 15d 55 -3 | 15d-5j+6 | 15d - 55+ 8 j =[] (d even)
Ra; 5545 5544 55+3 j=d+1,..-, |21
Raj 55 +5 55410 5j+3 J =[¥51](d even)
Raj 55+ 6 55 +3 5j+4 j = [2=L1(d odd)
Raj 15d =55 +6 | 15d =55 + 7| j = [222](d cven)
Raj-y 15d -5 +6 | 15d =35 +2 | j = [2421(d odd)
N5 15d =55 +6 | 15d~5j+2| j=[¥2)... 2
Ry; 55 +2 55 -1 7 =[%1(d cven)
Ny; 55 -3 55 i =[31(d odd)

fa; 5 +2 55 -1 J=124£2],... 24 -1
Raa 15d + 2 10d — 1

(2 15d-3j+6 ;_‘=2d+1,.-7§1_
Raj 55-3 j=2d+1,---, 5]

The matrix D = [D,] can be described in the following manner. Each D, where
r=1,2,3,4 has the first r-1 columns blank. Specifically D is:

R-Ro

[ Dy 15446 15445 15d +4 15d+3 154 +2 15d+1 \
Ri~Ro 154-4 154-3 15d-2 154 -1 154
D3| Ray=Raer | & [15d4-10j41)15d~10j+2|15d-10j+3 | 16d-10j4+4| 15d-10j+5
i=1,--,1§)
Rysm—Ray| O |15d—10j-4|154-10j-3]15d-10j-2 | 154 —10j—1 10d - 105
i=1,---, 193]
Ds |Ryy-Ryyr | ¢ o 154105 +2 | 154~ 10j+3 [ 15— 10j +4 |  15d—10j+5
i=[4,..., d-1
Ryn-Ry| o o 15d—10j - 3 [ 15d = 10j — 2 | 154 — 10§ — 1 15d - 10§
j=|#,.d-1
\__ | Ru=Raar| ¢ o 5d 5d+3 5d+4 5d+5 y,
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Raj - Raj1 O|¢|¢|15d-10j45]| 15d-10j +4 ; :Zd;lf?-]té;—’ \
Raja1 — Ry Olo|o]| 15d4-107 |[15d-10j-1 15d - 10 - 2
j=d+1,...’3d,-‘
nj(!.",‘.!).ﬂ-ng(af,-_z-) (3 K2 K 3 7 10
Ryagy = Ryagy | Q|0 [0 8 4 5
Ds| Ryagy-Fagy [O]O° o ] 1
Rysapay— Ryaaga, [0 O |0 o 6 2
Raj — Raj 01019 o 15d - 10§ + 4 154 — 105 + 3
J’=f#].'".2d—1
Rager = Raj olole o 15d — 10j +4 154 - 10§ %3
j=|'£§ﬂ'|»'“.2d—l
_ 1 Rape - Raaqyy 01¢1¢ ¢ 10d — 4 5d-3
Ragaay1 — Raaa) IEAKS ¢ [ 5d-2
Ra; — Raj-y Ll KV R ¢ o] 15d — 105 +9
j=2d+1....,l§2§J
Raji1 — Ray o019 ¢ ] 15d — 105 +4 J
i=2d+1,--, %]

d-1x6

We observe that the values in D, are distinct. The values in Dy are 15d—105+p
where p = —4,-3,...,5 which are clearly distinct. Comparing the values of
Dy with D, where r = 3,4,5,6 we observe that even though the values are
15d—-10j+ p for p = —-3,—4,...,5 and 9 the values in D,., where r = 2, 3,4, 5,6
are distinct as j takes different values in each D,. Note that the remaining
values in the D, are distinct as they have no j component. Thus all the values
in D are distinct and correspond to the edge differences of tree T, d. Therefore
for k = 6 and any even d € N the tree Tgq has a graceful labeling.

D1 R-Ro 15446 | 154+ 5 15d+4 15d + 3 16d +2 15441
R - Ro 15d-4 154-3 154 -2 15d-1 154
Da Ray = Ragr o 154~ 10§41 [ 154~ 20§ +2 | 15d - 10j +3 | 15d - 105 +4 154~ 10 + 5
j=1,00,14)
Raje1 — Ray [ 18d-10j -4 —10;~3 | I8d- 107 - 2| I3d~ 10 =1 104 =105
je=1,-..,]82)
Da Ry = Rag1 ¢ o 154 - 105 +2 | 154 - 10j + 3 | 15d - 105+ 4 15d - 10j +5
j=[4],. -, d-1
Rajs1 - Ry; [ [ 154 - 105 -3 | 15d- 10§ —2 | 15d - 10— 1 15d - 10§
i= ) d-1
Rag — Ryu-y 0 o 5d 5443 5d+4 5d+5
Da Rag = Ray-y o o o 15d = 107 +§ | 15d - 105+ 4 15d - 105 +3
j=d+l,..., |23
Rager — Rag o o 15d - 10§ 15d - 105 - 1 15d - 105 — 2
j=d | 352
Roaepr) = Ryagpay , | 0 ° 0 9 10 7
Raatzyyy = Rygasnny | O o o ] 5 3

319



( - Table contd \
Do | Ryaps) = Ryaan,y , [O O TOTO 6 2
Ryspy,, - Ry, [0 [ € 1 8
Ryj - Ryj, 019 o1¢ 15d - 105 +4 156d - 105 + 3
j=[2449,...,2d 1

Raj4r — Raj— o1 (v K 15d - 105 + 4 15d - 10 + 3
J=[343],...,2d -1

- -1 019 o1¢ 10d - 4 5d~3
De Ragadyer = Ragaa) K 3K ) 5d— 2
Raj - Rajy Ll R oo & 15d - 105 +9
J =2d+1r""l.§$i=lj
Rajr = Raj [ K (K [

15d - 107 +4 )
\ j=dn"'v|.3—dz-—a'1

We observe that the values in D) are distinct. The values in D; are 15d — 105 + p
where p = —4,-3,...,5 which are clearly distinct. Comparing the values of D2 with
D, where r = 3,4, 5,6 we observe that even though the values are 15d — 105 + p for

= -3,~4,...,5 and 9 the values in D, where r = 2, 3,4, 5,6 are distinct as j takes
different values in each D,. Note that the remaining values in the D, are distinct as
they have no j component. Thus all the values in D are distinct and correspond to the
edge differences of tree Ts,d. Therefore for k = 6 and any odd d € N the tree Ts 4 has
a graceful labeling,.

References:
1. J.A.Gallian A dynamic survey of graph labeling, Electronic Journal of Combi-
natorics, 5(2002), ds6.

2. R. Badrinath and P.Panigrahi Graceful labeling of Balanced star of Paths. To
appear in Proceedings of R.C.Bose centenary conference, Indian Statistical In-
stitute Kolkatta(2002).

3. A.Rosa On certain valuations of the vertices of a graph, in Theérie des Graphes,
Dunod, Paris(1968) 349-355,MR 36-6319.

320



