UNITARY ANALOGUES OF SOME FORMULAE OF
INGHAM

by

V.SITARAMAIAH and M.V.SUBBARAO !

1 Introduction

In 1927, among other results, A.E.Ingham (cf.[3]) established the follo-

wing asymptotic formulae : As z — o0,

2
3 o()a(n+ k) ~ %%0_3(k)x3, (1.1)
n<z

and

3 _
3 g(n)g(n + k) ~ %331;[ (1 - é) 11 ”?fo—;“)l. (1.2)

n<z plk

In the above k denotes a positive integer and as usual ¢ is the Euler-totient
function ;05(n) the sum of the s-th powers of the divisors of n, o1(n) = o(n)
and ((s) is the Riemann-Zeta function. In fact the formula(1.2) was stated
by Ingham(cf.[3],eq.(18)) without proof.Later, L.Mirsky(cf.[4],eq.(30)) ob-
tained the formula(1.2) with error term o(z2log? z) which he deduced in
[4] as a particular case of a general result.

The object of the present paper is to obtain asymptotic formulae for

the unitary analogues of the sums in (1.1) and (1.2).
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A divisor d of n is called a unitary divisor (cf.{1])if (d,n/d) =1, where
the symbol (a,b), as usual,denotes the greatest common divisor of a and b.
The notation dj|n means that d is a unitary divisor of n.Let o*(n) denote
the sum of the unitary divisors of n and ¢* denote the unitary analogue
of the Euler-totient function ¢. It is known (cf.[1]) that o* ,¢* are multipli-
cative , 0*(p®) = p® + 1 and ¢*(p*) = p* — 1, where p is a prime and o a
positive integer.Also,

s =ny D, (19

djin
where p*(n) = (—1)“(® is the unitary analogue of the M 6bius function (cf.[1])
w(n) being the number of distinct prime factors of n with w(1) = 0.

In the present paper, we show that (see Theorem 3.1 and (3.18)),

AB(k)z3

Z o*(n)o*(n+k) = 3 + O (z%(log 2)*), (14)
and
* D* 3
z #*(n)p*(n+k)= E%c)i + Oy (z*(log 2)*), (1.5)

where A, B(k), A*and B*(k) are as given in (2.3),(2.10),(2.12) and (2.14).

We use Ingham’s method (cf.[3])in establishing (1.4) and we proceed
as in Mirsky (cf.[4]) to prove (1.5). Incidentally we obtain an asymptotic
formula for the sum zﬁtﬁ; - 2‘;7{-'9 with uniform error term in £ and m
(Lemma 2.8) , for any integer £ and a positive integer m , which is required
in the proof of (1.5). We develop preliminaries in §2 and the main results

are proved in §3.
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2 Preliminaries

Throughout the folowing the letters, m ,N, k,a, 3,and v denote posi-
tive integers. The letter p is reserved for primes.We use the notation p*|k
to mean that p*|k and p**+! [k.

Lemma 2.1. Let

G(m,N,k)= Y &)LZLN) (2.1)

rim
(mr,N)jk

where p is the Mobius function. Then G(m, N, k) is a multiplicative func-

tion of m and

(M) -1), Pt [N, 5=+, NIk
G(p®,N,k) = { o, if ” p*+tN, p |k or if (p*, N) [k
»%, if p**1|N, p°||k.

Proof : Let

& (mm) = (m,n), if (m,n)lk,

0, otherwise,

so that
G(pa,N, k) = Z %Gl(poﬁa,]v)

0<a<1

= G'(p*,N) - %G’(p"“,N)
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(pa’N) - %(pa-H:N), if (pa+1’N)|k’
=\ (@*,N), if (p*+1, N) fkand (p*, N)|k,
0, if (p*,N) [k.
(2:2)

If (p°*, N) # po+, dlearly (p°+1, N) = (p*, N). Thus either (p*+!, N) =
(p®, N) or "(p®*!,N) = p**!and (p*, N) = p*.” Further, (p*, N)|k and
(p**!,N) Jk if and only if p**+!|N and p*||k. Using this in (2.2),Lemma
2.1 follows.

Lemma 2.2. We have

= Q(":n’_é"’"l = AH(N, k),

m=

where
1
A=11 (” o+ 1)) 0
and
p(p+1) ! -
H(N, k) };—IIVP““ }'“[N (1+pa-1(p+1)) ,HN ( +p7)
o8k L
pY Il (2.4)

Proof : From (2.1), it is clear that

IGlm, N, k) < kS "—2T(L) - k@ < kr(m), 25)
rim
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% being the Dedekind -function and 7(m) the number of divisors of
m. Hence the infinite series ) converges absolutely. Also, the general
term of this series is a multiplicative function of m. Hence the series can
be expanded as an Euler-Infinite product (cf.[2],Theorem 286). Writing
G(m) = G(m, N, k) and using Lemma 2.1, we obtain,

- )}H{HZGM}' 0

PAN PPN

Let pP||N and p?||k. We have

ICLANEEI e, oy L

a=1 p prtlyN prH N

(potl, Nk P> (lk
(e, N)|k

Lpﬂza—ﬂ?_’ ifpﬁlk
1 if 8 Jk.

pY?

1 .
iy d Pk @.7)
L if p# Jk.

v

Substituting (2.7) into (2.6), we obtain Lemma 2.2.
Lemma 2.3. Let
I(m,k) =Y Egi)H(mt, k), (2.8)

tim

where H(N, k) is as given in (2.4).Then I(m, k) is a multiplicative function

of m and
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(1-3) (14 ). Pk

P+p+l L= 3+ =G ~ T if p= Ik,

plp+1) 1= 1-1, if p Jk,
k(1+,+,) (1—11,), if p7||k, p* fk.

(2.9)
Proof : I(p*,k) = H(p*k) — ;H(p>*', k). Now (2.9) follows from the
definition of H(N, k) given in (2.4).
Lemma2.4. We have

where

- 1 P 423 27t - -1
3= T1 (1+ ) IL (= prr—
(2.10)

Proof : From (2.5) and Lemma 2.2,

=]

|

7(m)
A m2
m=1

|H(N, k)| < = O(k).

Hence
[I(m, )| = O (kz" (t)) (kfg—":‘l) —Okr(m), (211)
tlm

so that the series 3’ converges absolutely . Expanding this series as an
Euler Infinite product, we obtain Lemma 2.4, by using Lemma 2.3 and on

simplification.
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The following lemmas (Lemmas 2.5-2.7)can be obtained on lines similar

to those of Lemmas 2.2-2.4. We suppress the details of proof.

Lemma 2.5 We have for any integer £ and a positive integer m,

i I""(d)G(d’ m’ e) - A*H‘(m,e),

d=1 a?
where
1
A = 1—-—], 2.12
I;I ( p(p+ 1)) (212)
and
p(p+1) 1 1
B (m,0) =[] 224111 (1~_1— I (1-2).
Am P tP=L G PR+ P
At pPye
il
(2.13)
Lemma 2.6. If H*(m, ¢) is as given in (2.13), let
I*(d, k) = Z M_(M
rid T
Then I'*(d, k) is a multiplicative function of d and
4
(-5 0-2). e
1 1 :
p2+p_11t(pa k)=< 1_-11-’_P°- p+1 +PT"T’ lfpa"k’
p(p+1) 1_%a ifp Xk,
(6-#)6-). ik 1

Lermma 2.7.

Z #‘(d)i;(‘t k) — B‘(k),
d=1
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where

Pl 4 p? 41
pl,_“I,s{l PP +p+ )PP +p- 1) } '
(2.14)

oI

pAk

Lemma 2.8. We have for any integer £ and any positive integer m,

i -3 L’iﬂ = ZAH (m, 0 +0(|log’s),  (215)

n<z
n=£ (mod m)

where A* and H*(m,{) are as given in Lemma 2.5, the O—constant in
(2.15) is uniform in £,m and z.
Proof : Since ¢*(n) =n), dé=n —'a@l, we have

(d\8)=

Z ) #(d) Zﬂ(d) T o1

A<z d<z s<z/d
ds=¢(mod m) (5,d)=1
(d,8)=1 sd=¢(mod m)
Y505 ¥ 1
d<z t|d ugz/de

dtu=€(mod m)

- S ED S o {H +ou)

d<z t|d
25400 > uodem) (E TS’))
d<z (d‘ m)ll d<z

-z i p (d)c(d mf) . ( > |G(d, m, z)|) 10 (log?2).
d=1 d>x

(2.16)
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From (2.5),

5 Ctdm ol -o(|e|z“’(d)/“) (sxﬂ) 2.17)

d>z d>z

since 3,4, %5 #d) — O(z) and partial summation. Substituting (2.17) into
(2.16), we obtain Lemma 2.8 from Lemma, 2.5.
Remark 2.1. From Lemma 2.8 and partial summation we obtain the for-

mula

Z ¢*(n) = %A’H'(m, 0 + O (|tjzlog? z) . (2.18)

n<x
n=¢{mod m)

Taking m = 1 in (2.18), we obtain the formula

(zlog® z) (2.19)

> am =2

n<z

originally established by E.Cohen (cf.[1],Corollary 4.1.2). The error term
in (2.19) was improved to O (:c log®/3 z(loglog )/ 3) by D.Suryanarayana,
and R.Sita Rama Chandra Rao (cf.[5],(1.5)).

3 Main Results
Theorem 3.1. We have

AB(k):c

T =Y o*(n)o*(n+k) = =——— + O (z*(log 2)*),, (3.1)

n<z

where A and B(k) are as given in (2.3) and (2.10) respectively.
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Proof : We proceed as in A.E.Ingham [3]. Let X2 = z(z+k). Using 0*(n) =

3" 4s=n_d, we can write
(d,8)=1

T=T+T:-R, (3.2)

where

T1 = Z dd" (3’3)

ds<z
(d,8)=(d’,8")=1
ds+k=d' s’
dd'<x

T,= Yy, dd, (3.4)

ds<m
(d,5)=(d’,5')=1
db4k=d’ &’
58’ <X

R= )  dd, (3.5)

ds<z
(d,8)=(d’,8")=1
Able=d’ 8
dd’ <X
§8'<X

We now estimate T;. We have

T Y dd=)dd d )Y 1

ds<z d<z gr<X 5<z/d
d4k=d'8’ ST d'sy d5=—k(mod d')
dd'< X

B> d'{“”(d d') +0(1)}

d<z d'<Xx/d
(d,a") |k

<kzy Y 1+O(Zd > d’)
d<zd’'<X/d d<z d'<X/d

=0 (ar:2 logz) + O (:1:2 log x)

= Ok(:r,2 log z),
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so that
= Oi(z® log z). (3.6)

We proceed to estimate R. We have

R=Yd > d > 1

d<z d'<X/d 5<2/d
d§= —k(mod d’)
S(ds+k)< Xd'

<MadY & > 1

d<z d'<X/d $<z/d
= d6=—k(mod d’)
82d< xd’
XD I ID I
d<z d'<X/d s<

d6=—k(mod) d’)

<Ya ¥ a"{ ALl 0(1)}

d<z d'<X/d

@ Bk
<kVX) Vd) Vd+o (Zd > d’)
d<z d'<¥ d<z @'<X

d<z

(\/—X:i/zz d) + O (z* log z)

= Ok(z®log z) + Ok (% log ) = Oy (2% log z).

Thus
R = Ox(z?log x). , (8.7

The main term in (3.1) can be obtained from 7. We have
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e
[

> (%)

dé<z

<x
A6z —k(mod &%)

(d,.s):(i‘.&#,s')ﬂ

z- Y @4k Y g

66'<X as=/8 dé<z
(d,8)=1 55 <X
( 41k ,67)=1 dé=~k(mod &)
d8= = k{mod &) (d,8)=(2FE )=

= E +k Z’ (38)’
1 2
say. We have

$- Y prun ¥ 4

1 55,<X =p d<e/s
(d,8)=1
5 r|dS+k
SPIEOWTEID SIPCTIED S
w<x |6’ usz/8t
(8¢, &’r)lk Stu=—k(mod &'r)
(3.9
If (a,m)|b, we have the asymptotic formula
Yooi= yla,m) +0(1),
n<y m
an=b(mod m)
so that by partial summation we obtain the formula
3 nP= 19@m) | 662 (3.10)
3 m

n<y
cn=h(mod m)

Using (3.10) in (3.9), we obtain

) 2 J1 2% (8t,0'r) _:z:_z_)}
S= 2 % oo {5 a0 (7
1 §6’'<X ';V;

(8,8 )ik



z3 ﬂ(”)#(t) 7(8)7(¢")
== e G L RN R E Y
3 §6'<X (66,)2 % §6'<X o'
(5¢,fil'r)|k
3
= % Y+y, (3.11)
3 4
say. Clearly,

(3.12)

Z =0 (z*log*z).

4

We have by Lemma 2.2,(2.17), Lemma 2.4 and (2.11),

i

3 arbt<X

(ar2,bt3) |k
Z #(t) Z m2 Z @(mr,btz)

u<x m< g (mebt3) |k

bt<X m<x

=3 bz(g {AH(bt2 k) + Oy (';t)}
Bt<X

©(t) 2
=A z bztsH(bt k) + Oy ( Z bt2)
bt<X <X

Ay — Z “(t)H( t,k) + Ok (lo§(X)

m< X bt—m

=AY —3— I(m k) k(lo—i-)-{-)

m<X

— AB(k) + O (%) + O (bix) (3.13)
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Substituting (3.13) and (3.12) into (3.11), we obtain
. .
Z = A—B(:i- + Oy (z%log*z) .
1

Clearly from (3.8),

yo< Z Sy d= O( JZ 6';2) = Ok (z%logz) .

2 56'<X d<z/§ §'<X

Putting (3.15) and (3.14) into (3.8), we obtain

3
T2=L4i;’)$_

+ Oy (22 log* z) .

Theorem 3.1 follows from (3.16),(3.7), (3.6) and (3.2).
Theorem 3.2. We have

Z ¢*(:zi‘i"k;f k) — 24" B* (k) + Ox(log" ),

where A* and B*(k) are as given in (2.12) and (2.14).
Proof : We have by Lemmas 2.8 and 2.7,

¢*(n)¢*(n + k) ¢*(n) u*(d)
Z n(n + k) Z AMZ_M

(4, 23%k)=1

ur(d) ¢"(n)
dgl-k n= _'.‘.z(sn:foa ) "

(2k ay=1

-y EAvu Y 5P

n<
d<z+k rid n-—-—k(‘l-nzod dr)
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= Z %M) z u(r) {%A*H"(dr, k) 4+ O (log? -'3)}
d<z+k rld

=zA* Z E ;gd) Z p(r) H;(dr’ k) +Oy (logzx Z 7(d)

‘)

d<z+k rid d<z+k

=zA* }E: H &”Izatk)4_okaog4x)
d<z+k

d
= zA*B*(k) + Ok(1) + O (log® z)
= zA*B*(k) + Ox(log* z)

Hence Theorem 3.2 follows.

From Theorem 3.2 and partial summation we obtain the formula

> ¢ ()¢ (n+ k) = i’%’*m + Ok(z?log* 7). (3.18)

n<z

4 Concluding remarks

Apart from (1.1) and (1.2), A.E.Ingham (cf.[3])established asymptotic

formulae for the sums

n—1

Z T(n)r(n + k), Z T(m)r(n —m)
n-1 n—1
Z o(m)o(n —m) and Z d(m)p(n — m). (4.1)
m=]1 m=1

At present, we are unable to establish asymptotic formulae for the corres-
ponding unitary analogues, and hope to investigate these sums in a separate

paper.
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The sums (1.1),(1.2),(4.1) of Ingham are extensions of similar ones consi-
dered by Ramanujan for the case & = 0. Consequently,sums of this kind
may be called Ramanujan-Ingham sums,following such usage by Yorchi Mo-
tohashi (see p.176 of his paper "On the distribution of the divisor function
in arithmetic progressions, Acta Arithmetica XXII (1973),175-199).

It is curious to note that the order of ) ., 0*(n)o”(n + k), for a fixed
poistive integer k, is the same as the order of this sum for k =0, for it can

be proved without much difficulty that

> (@ () = %(23))13 + O(z*(log z)V/3).

n<z

This is unlike the situation for the function 7(n) ( denoting the number
of divisors of n) for which Ramanujan showed the well known formula

3 7(n) ~ Zalloga’

n<z

where as Ingham proved in [3] that for a positive integer k,

3 r()r(n+ k) ~ —o1 (Wa(logz)?,

n<z

so that the sum above on the left has a lower order (by a factor of logz )

than for the same sum for k£ = 0.
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