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Abstract

Let Cn denote the cycle with n vertices, and CS denote the graphs
consisting of t copies of C, with a vertex in common. Koh et al.
conjectured that c is graceful if and only if nt = 0,3 (mod 4).
The conjecture has been shown true for n = 3,5,6,7,4k. In this
paper, the conjecture is shown to be true for n = 9.
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1 Introduction

Let C,, denote the cycle with n vertices, and C$? denote the graphs
consisting of t copies of C,, with a vertex in common. Koh et al. ) con-
jectured that the graphs Ct are graceful if and only if nt = 0,3 (mod 4),
and proved that the graphs C{2 and C$®” are graceful for t > 1. Qian [7)
proved that the graphs Céi) are graceful. Bermond et al. (1: 2 proved that
the graphs Cgt) (i.e, the friendship graph or Dutch t-windmill) are graceful
if and only if ¢ = 0 or 1 (mod 4). The first author [6: 8l of this paper

proved that the graphs Cé‘) are graceful for ¢ = 0,3 (mod 4), and C.ft)
are graceful for ¢ = 0,1 (mod 4). So the conjecture has been shown true
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for n = 3,5,6,7,4k. In this paper, the conjecture is shown to be true for
n=29.

For the literature on graceful graphs we refer to [3] and the relevant
references given in it.

2 The graphs C’ét)

Now, we consider the graphs C$?. Let v, vi, v, v4, v}, v, v, v, v} be
the vertices of the i-th cycle, vy = v for all 2. Then we have

Theorem 2.1. The graphs Cé‘) are graceful for ¢ = 0,3 (mod 4).

Proof. Case 1. t =0 (mod 4), say t =4k, i.e. C§4k).

For k = 1, we give a vertex labeling of Cé” as the one shown in
Figure 1.

36 7 32 11 28 18 21 14

35 5 31 12 27 19 20 24
0 34 3 30 8 26‘ 15 10 23‘

33 1 29 9 25 16 4 6

Figure 1: The graceful labeling of Cg).

By the definition of graceful graph, it is clear that Cg) isa
graceful graph.
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For k > 1, we define a vertex labeling f as follows.

flv) =0,
f@}) = 36k+1-i, 1<1i< 4k,
f(i) = 8k+1-2i 1 <i < 4k,
f(¥3) = 32k+1-4, 1 <i<4k,
fd) = {10k+i, 1<1i< 2k,
4 6k — 141, 2k+1<i <4k,
f@i) = 28k+1-1i, 1 <i<4k,
floh) = {16k+1+i, 1<i<2k,
6 12k + 1, 2k +1 < i< 4k,
( 0k+2—4, 1<i<Z2k,
10k, i=2k+1,
fd) = { 24k+2-i, 2k+2<i<3k,
24k+1—4, 3k+1<i<4k-1,
| 4k, i =4k,
[ 12k + 141, 1<i<k,
23k + 1, i=k+1,
fal) = ¢ 12k + 1, k+2<i<2k,
8 20k + 1, 2k +1<i<3k,
20k+1+4, 3k+1<i<4k-1,
| 6k, i=4k.

Now we prove that f is a graceful labeling of Cg‘k) as follows.

Denote by
S; = {f®))1<i<4k}, 0<j<8.

So= {0},
Sy= {36k,36k—1,...,32k+1},
Sy = 821US82»USs»
= {8k—1,8k—3,...,6k+1}U{6k—1,6k—3,...,4k+1)
U{dk - 1,4k - 3,...,1},

S3= {32k,32k—1,...,28k+1},
Ss= SsUSs

= {10k+1,10k+2,...,12k} U {8k,8k+1,...,10k — 1},
Ss= {28k,28k—1,...,24k+1},
Se = Se1 U Se2

= {16k+2,16k+3,...,18k+1}U {14k + 1,14k +2,...,16k},
Sr= S11USrUS3US724US7s

{20k + 1,20k, ..., 18k + 2} U {10k} U {22k, 22k — 1, ..., 21k + 2}
U{21k, 21k — 1,...,20k + 2} U {4k},
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Sg1U Sgz U Sg3 U Sgq U Sgs U Sge

{12k +2,12k +3,...,13k + 1} U {23k + 1}

U{13k +2,13k + 3,..., 14k} U {22k + 1,22k + 2, ..., 23k}
U238k + 2,23k + 3,..., 24k} U {6k).

Hence, SoUS;USUS3US;USsUSsUS7USs is the set of labels
of all vertices, and

SoUSlUSgUSgUS4USsUSsUS7USg
= SoU523US75U522U586U321US42US72U341U581U583
USga U Sg; U S7y US74US73US$4USngSssUSsUS:;USl

= {0, 1,3,...,4k-1, 4k, 4k+1,4k+3,...,6k—1, 6k,
6k+1,6k+3,...,8k—1, 8k,8k+1,...,10k-1, 10k,
10k +1,10k +2,...,12k, 12k+2,12k+3,...,13k+1,
13k +2,13k +3,...,14k, 14k+1,14k +2,...,16k,
16k +2,16k+3,...,18k+1, 18k+2,18k+3,...,20k +1,
20k +2,20k +3,...,21k, 21k+2,21k+3,...,22k,
22k +1,22k+2,...,23k, 23k+1, 23k+2,23k+3,...,24k,
24k +1,24k+2,...,28k, 28k+1,28k+2,...,32k,
32k 41,32k +2,...,36k}.

It is clear that the labels of each vertex are different, and Maz{f (v;'.) |1 <
1< 4k, 0<j <8} = 36k=|E|. We thus conclude that f is an injective
mapping from the vertex set of G into { 0,1,...,|E|}.

Denote by

Dj ={9(2}s¥;41y mod o)l 1S iS4k}, 0<j<38,
g(v;"’v:j.;.l) mod 9) = l'f(vz.'i‘f'l) mod 9) - f(”;)h 1<i<4k, 0<j<8.

Now, we verify that g maps E onto {1,2,..., |El}.

Do = {If(v1) — f(v)| 1 < i< 4k} = {36k +1—i|]l <i<4k}
= {36k, 36k — 1,...,32k + 1},
Dy = {28k +i[l i <4k} = {28k +1,28k +2,...,32k},
Dy = {24k +ill i <4k} = {24k + 1,24k +2,..., 28k},
D3 = D3 U D3
= {22k +1 — 2i[1 < i < 2k} U {26k +2 - 262k + 1 < i < 4k}
={22k—1,22k—3,...,18k+l}U{22k,22k—2,...,18k+2},
D4y = D4y U Dy
= {18k +1— 24[1 < < 2k} U {22k +2 - 202k + 1 < i < 4k}
= {18k - 1,18k - 3,..., 14k + 1} U {18k, 18k — 2,..., 14k + 2},
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Ds = D51 U Ds
= {12k — 2i|1 <i <2k} U {16k +1—2i|2k + 1 < i < 4k}
= {12k~ 2,12k —4,...,8k} U {12k — 1,12k — 3,..., 8k + 1},
Dg = Dgy U Dga U Dg3 U Dgq U Des
= {4k +1-2i|1 <i < 2k}U {4k +1)i = 2k + 1}
U{12k + 2 — 2i|2k + 2 < i < 3k}
U{12k +1 - 2i[3k + 1 < i < 4k — 1} U {12k(i = 4k}
={d4k—1,4k=3,...,1} U {4k + 1} U {8k — 2,8k — 4, ..., 6k + 2}
U{6k — 1,6k — 3,...,4k + 3} U {12k},
D7 = D71 U D72 U D73 U D74 U D75 U D¢ U Dy
= {8k+1—2i1<i<k}U{akli = k+1}
U{8k+2—-2ilk+2<i<2k}U{12k+1)i =2k + 1}
U{2i — 4k — 202k +2 < i < 3k} U {2 —4k|3k + 1 < i < 4k — 1}
U{2k(i = 4k}
= {8k—1,8k—3,...,6k+ 1} U {4k} U {6k — 2,6k — 4, ..., dk +2}
U{12k + 1} U{2,4,...,2k — 2} U {2k + 2,2k +4, ..., 4k — 2}
U{2k},
Dg = Dg; U Dga U Dg3 U Dgg U Dgs U Dgs
={12k+1+i1 <i<k}U{22k+ili=k+1}
U{12k +ilk +2 < i < 2k} U {20k + 82k + 1 < i < 3k}
U{20k + 1 + |3k + 1 < i < 4k — 1} U {2k + ifi = 4k}
= {12k +2,12k +3,...,13k + 1} U {23k + 1}
U{13k + 2,13k +3,..., 14k} U {22k + 1,22k + 2, ..., 23k}
U{23k + 2,23k + 3, ..., 24k} U {6k}.

Let D be the set of labels of all edges, then we have

D = DpuDyUDyUD3sUDyUDsUDgU D7U Dg

= Dg1 U Dz5U D77 U D76 U D72 U Dgz U D73 U Dggq U Dgg
UD7; U Dg3 U D5y U Dsa U Dgs U D74 U Dgy U Dg3 U Dy,
UDs2U D33 U Dag U Dgg U Dgy U Dgs U Dy U Dy U Dy

={1,3,...,4k-1, 2,4,...,2k—2, 2k, 2k+2,2k+4,
coydk — 2,4k, 4k+1, 4k+2,4k+4,...,6k -2,
4k + 3,4k +5,...,6k -1, 6k,6k+1,6k+3,...,8k-1,
6k+2,6k+4,...,8x-2, 8k,8k+2,...,12k -2,
8k+1,8t+43,...,12k -1, 12k, 12k+1, 12k+2,
12k +3,...,13k+ 1,13k + 2,13k +3,..., 14k,

14k 41,14k +3,...,18k — 1, 14k + 2,14k +4,...,18k,
18k +1,18k+3,...,22k -1, 18k + 2,18k +4,...,22k,
22k +1,22k+2,...,23k, 23k +1,
23k + 2,23k +3,...,24k, 24k+1,24k+2,...,28k,
28k+1,28k+2,...,32k, 32k+4+1,32k+2,...,36k}
={1,2,...,36k}.
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It is clear that the labels of each edge are different. So, g maps E onto
{1,2,...,|E|}. By the definition of graceful graph, we thus conclude that

Cs(,“) are graceful.

Case 2. t=3 (mod4), sayt =4k -1, ie. Cé‘k_l).
For k = 1, we give a vertex labeling of Céa) as the one shown in

Figure 2. By the definition of graceful graph, it is clear that Cés) is a
graceful graph.

19 12 2 6

Figure 2: The graceful labeling of Cés).

For k > 1, we define a vertex labeling f as follows.

f(’U) = 07
f(v}) = 36k-8—3, 1<i<4k-1,
f(¥d) = 8k—1-2i 1<i<4k-1,
J(i) = 32k-7-—14, 1<i<4k-1,
fol) = 10k—24+4i, 1<i<2%-1,
= 6k —1+1, 2k<i<4k -1,
f(vi) = 28k—6—1, 1<i<4dk -1,
; 16k—4+i, 1<i<2%-—1,
flog) = {12k—3+i, H<i<k-1,
[ 20k—-4-i, 1<i<2%-1,
4k—-6-1, 2k<i<3k-1,
f(8) = { 24k-7-4, 3k<i<4k-3,
18k — 4, i=4k -2,
2k, i=4k -1,
[ 24k — 6, i=1,
12k—-4+44i, 2<i<k,
23k — 5, i=k+1,
foh) = 4 12k —5+4+4, k+2<i<2%-1,
8 = 20k — 541, 2k<i<3k-1,
0k—4+4i, 3k<i<d4k-3,
14k - 5, i=4k -2,
| 8k -2, i=4k-1.

366



Similar to the proof in Case 1, it can be shown that this assignment
provides a graceful labeling of Cs(;“‘“l).

According to the proof in Case 1 and Case 2, we thus conclude that
Cé‘) are graceful for t = 0,3 (mod 4). O

In Figure 3, we illustrate our graceful labeling for Cém) and ngs).
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Figure 3: The graceful labelings of Céu) and Céls).
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