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Abstract

For any simple graph H, let ¢(H,n) be the minimum m so that
for any realizable degree sequence 7 = (d1,ds,...,dn) with sum of
degrees at least m, there exists an n-vertex graph G witnessing 7
that contains H as a weak subgraph. Let F). denote the friendship
graph on 2k + 1 vertices, that is, the graph of k triangles intersecting
in a single vertex. In this paper, for n sufficiently large, o(Fk,n) is
determine precisely.

Keywords: degree sequence, potentially graphic sequence, friend-
ship graph.

1 Introduction

Let G be a simple undirected graph, without loops or multiple edges. Let
V(G) and E(G) denote the vertex set and edge set of G respectively. For a
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vertex v € V(G), let N(v) denote the set of neighbors (or neighborhood) of
v, and d(v) the degree of v, that is the order of N(v). We let G denote the
complement of G. Denote the complete graph on ¢ vertices by K}, and the
friendship graph by F., where F}, is the graph of k triangles intersecting in
a single vertex.

A sequence of nonincreasing, nonnegative integers

™= (dl,d21'-' ’dn)

is called graphic if there is a (simple) graph G of order n having degree se-
quence . In this case, G is said to realize 7, and we will write 7 = 7(G). Ifa
sequence 7 consists of the terms dy, . . ., d; having multiplicities m,, ... ,m,
we may write 7 = (d7*,... ,d;"*). There are numerous elementary methods
to check if a given sequence is graphic (for example, see (3, 7, 8)).

Define o(H,n) to be the smallest integer m so that for every n-term
graphic degree sequence with degree sum at least m there exists a realization
containing H as a weak subgraph. Such sequences are said to be potentially
H-graphic. Note that in the definition of this function one only needs to
replace the quantifier ‘there exists a’ with ‘for every’ to obtain a value that
is two more than twice the Turdn number, ex(n, H). In this paper we
determine the value of o(Fi,n).

For a survey of similar results we refer the reader to {18}, and for any
undefined terms to [1]

2 Useful Known Results

In [4] Erdés, Jacobson and Lehel conjectured that
o(Kyn)=(-2)2n—t+1)+2.

The conjecture rises from consideration of the graph K;_g) + F(n—t-}-Z)’
where + denotes the join. It is easy to observe that this graph contains no
K, is the unique realization of the sequence

((n=1)"2,(t - 2",

and has degree sum (t—2)(2n—t+1). Erdés et al. proved the conjecture for
t =3 and n > 6. The cases ¢ = 4 and 5 were proved separately (see [6] and
(10}, and [11]). For t > 6 and n > (£) + 3, Li, Song & Luo [12] proved the
conjecture true via linear algebraic techniques. Later, the present authors
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proved all cases of the conjecture via induction on ¢ using graph theoretic
techniques [5).

The following summarizes these results.

Theorem 1 Fort >3 and n > ng(t),
o(Ky,n)=0t-2)2n—t+1)+2.

The following results will be used in the proof of our main result.

Theorem 2 (Erdés-Gallai [3]) A nonincreasing sequence of nonnegative
integers
™= (dladZa'“,dn)
(n > 2) is graphic if, and only if, the sum of the degrees is even and for
each integer k, 1<k <n-—1,
n

k
Y di<k(k-1)+ Y min{k,di}.
i=1

i=k41
The following is an extension of a theorem of Rao [17].

Theorem 3 ([6]) Ifn is a graphic sequence with a realization G containing
H as a subgraph, then there is a realization G’ of ® containing H with the
vertices of H having the |V (H)| largest degrees of .

Theorem 4 ([13], (14]) Let ® = (di,d2,...d,) be a non-increasing se-
quence of non-negative integers, where di = m and the degree sum is
even. If there erists an integer ny < n such that d,, > h > 1 and

n >4 [gm—“‘;—"'lﬁ], then m is graphic.

Theorem 5 ([15]) Let n > 2r + 2 and 7 = (dy,da, .. .d,) be graphic with
dry1 2 7. Ifdoryo 2 7 — 1, then 7 is potentially K, ,-graphic.

The value of o(kK3,n) was determined in [6].
Theorem 6 ([6]) o(kKa,n)=(k—1)(2n— k) +2.

The lower bound _for o(kK2,n) is easy to obtain by considering the
graph G’ = Kji_y + Kpn_k41. This graph is the unique realization of the

degree sequence 7 = ((n — 1)¥~1, (k — 1)»~*¥+1), contains no matching of
size k, and has degree sum (k — 1)(2n — k).
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3 The Main Theorem

Erdés et al. [2], showed that any graph on n vertices having at least

lan {k2-k+1 if k is odd,

4 kz—%k+1 if k& is even

edges contains a copy of Fx. The following is an analogue to this result.
Our proof utilizes a technique developed in [16).

Theorem 7 Fork>1 andn > 3k%+ 1k - 3,

o(Fi,n) =k(2n—k—1)+2. (1)

As F, is isomorphic to K3, (1) is established for £k = 1 by Theorem 1.
Equation (1) was established for k = 2 by Lai in [9]. Our proof of Theorem
7 holds for all k£ > 1.

ProoF: To see that o(Fk,n) > k(2n — k — 1) + 2, consider the graph
G = K, +G', where G’ is any graph on n—1 vertices where no realization of
the degree sequence given by G’ contains k disjoint edges. We may choose
G’ to be the graph Ki-; + Kk as in Theorem 6. Thus G is the graph
K. + Kn—r. The graph G is the unique realization of the degree sequence
7 = ((n — 1)¥, (k)*~*) and has degree sum equal to k(n — 1) + (n — k)k =
k(2n — k — 1). To see that G contains no copy of Fj first notice that any
k + 1 vertices of F, must contain at least one edge. Now if G were to
contain a copy of Fj it must contain at least k + 1 of its vertices from
the subgraph K, of G, however this subgraph does not contain an edge.
This establishes the lower bound.

We now establish the upper bound through a sequence of lemmas.

The following establishes that there are sufficiently many vertices of
sufficiently large degree in any graph with the degree sum at least that
given by (1).

Lemma 1 Let S = (dy,...,dn) be a non-increasing graphic degree se-
quence with with degree sum at least k(2n—k—1)+2 and n > K+k-2,
then d; > 2k and dor+1 > 2.

PRoOF: To see that d; > 2k, suppose otherwise, so S contains no term
larger than 2k — 1. Then the degree sum of S is at most n(2k — 1), a
contradiction.
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Suppose now that dog4.1 < 1. Then, by Theorem 2,

2k n
Sa = Sar 3
i=1 i=1 i=2k+1

@k)(2k—1)+ > min{2k,d;} + zn: d;

i=2k+1 i=2k+1

IA

= 4k%2-2k+2 f: 1

i=2k+1
< 4k? -2k +2(n - 2k)
= 2n+4k* - 6k.

This is a contradiction. O

Let 7 = (di,... ,dn) be a non-increasing, n-term graphic sequence with
degree sum at least k(2n — k — 1) + 2. We will now recursively define a
sequence 7y, ... ,Tax+1 of degree sequences. We begin by constructing the

sequence 7] , on n — 1 terms, by deleting d; from 7 and subtracting 1 from
the first d; remaining terms. That is,

7I'i = (dz -l,ds - 1,... ,dd1+l - 1,dd1+2,--~ ,dn).

We then obtain the sequence m; from 7} by subtracting one from each of
the first 2k terms in 7| and arranging the first 2k terms in non-increasing
order and then arranging the last n — 2k — 1 terms in non-increasing order.
(As Lemma 1 guarantees that dax4+1 > 2 we are assured that this step is
feasible.) Let

m = (dP,dM, ... ,d0).

For 2 £ ¢ £ 2k + 1, we obtain the sequence
= (d o, dP)

T

of length n — 4 from
mioy = (d7Y,...,d§Y)

by deleting dg'_l) from 7;_;, subtracting one from the largest dgi_l) non-
negative remaining terms and arranging the first 2k + 1 — i terms in non-
increasing order and then arranging the last n — 2k — 1 terms in non-
increasing order.
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Lemma 2 If mor41 is graphic then 7 is potentially Fy-graphic.

PROOF: Clearly, if max4 is graphic, then m; is graphic. As  is graphic,
the Havel-Hakimi algorithm (7, 8] implies that n] is graphic. If we can
show that there is a realization of 7] that has a matching on those vertices
of degree dy — 1,... ,doxy1 — 1, then clearly 7 is potentially Fi-graphic.
Let G} be a realization of 7] and let G; be a realization of m; such that
Vi = V(G)) = V(G}) = {v2,...,va} with dg,(v:) = dg;(vi) — 6; where
§;=1 for 2 <i< 2k +1 and §; = 0 otherwise.

Let H be a copy of K,—; on V3, and consider the function W : E(H) —
{-1,0,1} defined by

-1 VY5 € E(Gl) \ E(G’l)
W(vv;) = 1 v € E(G))\ E(G1)
0 otherwise.

The function W induces a weighting w : V; — Z, where the weight of a
vertex v is the sum of the weights of the edges incident to v in H. If we let
X = {v2,... ,U2k+1}, then one can see that w(v) = 1 if v is a member of
X and w(v) = 0 otherwise.

It will be shown that there exists a collection of trails Ty,... , Tk in H
that satisfy the following four properties.

(1) Ty,... ,T% are edge disjoint.

(2) The end-vertices of T3, ..., T} are distinct vertices in X, and hence
cover X.

(3) The first edge, and last edge, in each trail has weight 1 under W.
(4) If Tj = ejez...ep then W(ei1) = —Wi(e) for 1<i<p-1

If v lies on T, let w; denote the vertex weighting induced by W|g ().
Note that if v is an end-vertex of T; then w;(v) =1 and if v is an internal
vertex of T3, then w;(v) =0.

We begin by showing that T exists. Select v, as an end-vertex of Tj.
Note that as vy is in X, w(v2) = 1 so there is some edge e in H incident
to vp with W(e) = 1. If there is such an edge between v, and some other
vertex z in X, let T} consist of the edge vez. Otherwise, there is an edge
voy such that W(vpy) = 1 and y is not in X. Include the edge vy in T}. As
w(y) = 0, there is some edge incident to y having weight —1, which is then
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included in T;. Continue this process, and construct an alternating +1/—1
trail in H. If at any point there exists an edge e with W(e) = 1 satisfying
(1) - (4) above then include e in T;. As this process clearly terminates, we
wish to show that it must terminate with such a choice. Assume not, so
that T is an alternating +1/—1 trail that violates (2) or (3) above. We
show that such a trail can be extended. Assume first that (2) is violated.
If the end-vertex of this trail is ve, then as w(v2) = 1, our choice for the
initial edge of 7 implies that we can clearly continue the trail regardless
of the weight of the final edge. If the end-vertex of the trail is some v in
V' \ X then we note that w(v) = 0, and each time, if any, that v appears
previously in the trail, it is adjacent to one edge of weight +1 and one edge
of weight —1. Thus, if the last edge e on the trail has weight W{(e) (which
is necessarily +1 or —1), there is some edge not already in the trail which
is adjacent to v and has weight —W{e) and the trail can be extended. If
we assume that (2) is satisfied, but (3) is violated then the last vertex on
the trail is some z in X \ {v2} but the last edge e added to the trail has
weight W(e) = —1. However, w(z) = 1, which implies that we can extend
the trail. Hence, T} exists.

Assume that trails T3, ..., Tj exist satisfying (1) — (4) and without loss
of generality, let the end vertices of T; be wvg;, v9;11. Note that if v is in

{va,... ,vaj41} then

and otherwise,
J
Z w;(v) =0.
i=1

To show trail T;, exists, begin with v;42 as an end-vertex. As w(vej2)
1 and

i
> wilvzjse) =0,
i=1

there is some edge e in H adjacent to vzj42 with W(e) = 1 that does not
lie in any of T1,... ,T;. If there is such an edge between vy;42 and some
other vertex z in X \ {vs,...,v2;32}, let Tj4) consist of the edge vej42z.
Otherwise, we will proceed in a manner similar to the construction of T3,
described above. That is, it can be shown that T}, is an alternating +1/—1
trail, which is edge disjoint from T3 ...,T;. If at any point Tj4; can be
extended by an edge e of weight W(e) = 1 to a vertex in X \ {v, ... ,voj42}
the edge e will be added to T};;. Otherwise, we will assume that Tj41isan
alternating trail that violates either (2) or (3). Then, as above, we can use

167



the induced weights from the previous trails to extend Tj41. As the process
of extending T;;; must terminate, we can see that T}y, exists satisfying

(1) - (9)

Thus there exists trails T, . .. , Tk satisfying (1) - (4), and assume with-
out loss of generality that the end-vertices of T; are vy; and vg;i41 for all
1 < i < k. Note that if an edge in H has weight 1 then it is in G} and an
edge in H having weight —1 is not in G}. For each trail T;, if vaivoi41 is
an edge in G} do nothing. If vo;v2:41 is not an edge in G} add this edge
and all edges of weight —1 on T; to G} and remove all edges of weight 1
on T; from Gll In the event that W(vgivzi+1) = —1 and wvg;v0i41 lies in
some Tj, we examine e; = vjvz;41. If €; is in G, then we will proceed as
above to add vg;uzi41 to G}. If e; is not in G}, we will add e; to G} and
“switch” the edges in T;j. This will also serve to add the edge voivei41 to
GY. Note that it is not possible for vz;v2i41 to lie in some T; with j # 7 if
W (vg;v2i41) = +1. Thus we can create a realization of m] that contains the
matching vavs, ... , V2kV2k41, implying that 7 is potentially Fi-graphic.O

Lemma 3 If n > 4k + 2, and dyk42 = 2k — 1 then w is potentially F).-
graphic.

PROOF: If day1 > 2k then 7 is potentially Kax41-graphic by Theorem
5, and thus obviously Fj-graphic.

Otherwise do41 < 2k — 1, which together with the hypothesis implies

that dog41 =d2!¢+2 =...= daky2 = 2k — 1. Thus, fori =0,1,... ,2k+1
the values of dg’,z 200 ,d‘(:,z +o differ by at most 1. Hence mak4 satisfies,

for some m > 1,

%—1>m=d@* D > . >dlHV >m-1

If m = 1, mory1 must be graphic as the degree sum of mox4; is even. If
m > 2, then

1 [(m-i-(m—l)+1)2

< < .
e 1 ]_m+2_2k+1

By Theorem 4, 43 is graphic, and hence, by Lemma 2, 7 is Fj-
graphic.O
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Lemma 4 Let 7 be an n-term graphic degree sequence withn > 3k*+ 1k~
-;- and degree sum at least k(2n — k — 1) + 2. If dapyo < 2k —2 then 7 is
-potentially F.-graphic.

Proor: First, we claim that d; > 4k. If not, then the degree sum of
7 is at most (4k — 1)(4k + 1) + (n — 4k — 1)(2k — 2), which is less than
k(2n — k — 1) + 2 for the given values of n.

If dy = n — 1 then the degree sum of 7} is at least o(kK2,n — 1).
Therefore, there exists a realization of 7] that contains a copy of kK3 and
thus a realization of = that contains a copy of Fy.

Now suppose there exists an » such that 2k + 1 < r < d; + 1 such that
dr41 < dr. As the degree sum of (7}) is at least o(kK2,n — 1) there exists a
graph realizing 7] that contains a copy of kK,. Furthermore, by Theorem
3 there exists a realization of 7] with kK3 on those vertices having degree
dy —1,...dog41 — 1. This implies that 7 is potentially Fj-graphic.

Otherwise, n —2>dy; > ds > ... 2 dopy1 = doky2 = ... dggy2 = ... =
dd1+2-

We may conclude that there exists an m such that

2% -2>m=d@* > >di) >m-1.

We may then complete the proof as in the previous lemma.O

Together, Lemma 3 and Lemma 4 imply that o(Fi,n) < k(2n—k—1)+2,
completing the proof of Theorem 7. O
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