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Abstract. Let P, denote a path with k vertices and k—1 edges.
And let AK,, , denote the A-fold complete bipartite graph with
both parts of size n. A Pi-decomposition 2 of AKpn is a
family of subgraphs of AK, , whose edge sets form a parti-
tion of the edge set of AK, , such that each member of 2 is
isomorphic to P. Necessary conditions for the existence of a
P-decomposition of MKy, are (i) An®2 =0 (mod k — 1) and
() k<n+1 ifx=1landnisodd, or k < 2n ifA>2or
n is even. In this paper, we show these necessary conditions
are sufficient except for the possibility of the case that A = 3,
n =15, and k = 28.

1 Introduction

For a positive integer k, let P denote a path with k vertices and k—1 edges.
Suppose that G is a multigraph. A P — decomposition or a Py —design 9
of G is a family of subgraphs of G such that the edge sets of these subgraphs
form a partition of the edge set of G and each member of 2 is isomorphic
to P;.

For a graph G and a positive integer A, we use AG to denote the multi-
graph obtained from G by replacing each edge e of G by A edges with
the same end vertices as e. Let AK, denote the A-fold complete graph
on n vertices, and let AK, , denote the A-fold complete bipartite graph
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with parts of size m and n. A complete r-partite graph with r-partition
(W1, Va, ..., V;) and |V;| = m; is denoted by Km, m,,....m,-

Decompositions of various graphs into paths have been studied exten-
sively. In 1983, the question of Pi-decompositions of AK,, was completely
settled by Tarsi [10]. We next consider the question of Pi-decompositions
of G where G is other than a complete graph. Kotzig {5] had much ear-
lier shown that a connected graph has a Ps;-decomposition if and only if
it has an even number of edges. When k > 4, the question is unsolved.
When the problem is restricted to regular graphs, Bouchet and Fouquet (1]
and Kotzig [5] independently showed that a 3-regular graph G has a P;-
decomposition if and only if G has a 1-factor. Heinrich, Liu, and Yu [2]
proved that a connected 4-regular graph G admits a Ps-decomposition if
and only if | E(G)| is divisible by 3. Jacobson, Truszczyriski, and Tuza. [4]
proved that every 4-regular bipartite graph has a Ps-decomposition.

As to the Pi-decomposition of complete bipartite graph Ky », there is
one obvious necessary condition. The number of edges in the path must
divide the number of edges in the complete bipartite graph. Parker (8]
divided the remaining necessary conditions into 8 cases which based on
the parity of the path length k — 1 and the size of the parts m and n.
And Parker showed that these necessary conditions are also sufficient. The
parity conditions are summarized in Table 1.

Table 1 Necessary Conditions

k-1| m n | Necessary Conditions

even | even | even | k < 2m+ 1,k < 2n+ 1, not both equalities
even | even | odd | k<2m-1,k<2n+1

even | odd [even | k<2m+1,k<2n-1

even | odd | odd | not possible

odd | even | even | k< 2m,k<2n

odd [even | odd | k< 2m,k<n+1

odd | odd |even | k<m+1,k<2n

odd | odd [ odd | k<m+1,k<n+1

9°."9"?‘!".°°!°!“§

Truszczyniski [11] considered the question of decomposing AKm,» into
P, and gave some necessary and/or sufficient conditions for the decomposi-
tion to exist. Shyu and Lin [9) provided a necessary and sufficient condition
for the existence of Pi-decompositions of crown graphs. The question of
P,—decompositions of Ko, m,,..,m, Was solved by Kumar [6]. As for the
other relative problems in path decompositions, there was an excellent sur-
vey giving by Heinrich [3].
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In [11], the following result concerning the path decomposition of A-fold
complete bipartite graphs AK, , was proved.

Theorem 1.1 Let A\, n, and k be positive integers such that A or n are
even. The graph AK,, has a Pi-decomposition if and only if In®> = 0
(mod k—1) and k < 2n o

In this paper, the Pi-decompositions of AK, ,, are investigated, and we
obtain the following results.

Theorem 1.2 Let A\, n and k be positive integers where A and n are odd.
The graph AK, n, has a Py-decomposition if and only if the following con-
ditions, (i) and (ii), are satisfied; except for the possibility of the case that
A=3,n=15, eand k = 28.

(i) m?2=0 (modk-1),

" n+l fr=1,
(“)ks{zn fA>2

The following theorem follows immediately from Theorem 1.1 and The-
orem 1.2.

Theorem 1.3 Let \,n and k be positive integers. The graph MK, has
a P—decomposition if and only if the following conditions , (i) and (ii),
are satisfied; except for the possibility of the case that A = 3, n = 15, and
k=28

(i) M2=0 (mod k—1),

.. n+1l ifA=1 and n is odd,
(if) ks{2n if A > 2 or n is even. =

The remaining open problem is to show if the Pr—decomposition of
MK, n exists when A = 3, n =15, and k = 28.

2 Main Result

Before we prove the main result, we need a couple of lemmas.

Lemma 2.1 Suppose that a multigraph G can be decomposed into t non-
trivial paths and that G contains v vertices with odd degrees. Then v < 2t.
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Proof. Suppose that G is decomposed into nontrivial paths Q;,Q2, ..., Q.
Since each vertex of G with odd degree must be an end vertex of at least
one @; (1 £1i < t), the result follows. (m]

For our discussion we need the following definitions and notations. A
vp — vy walk of length r in a multigraph G is a sequence of vertices of the
form wvp,v1,...,v, where v;_1v; € E(G) for i = 1,2,...,r; this walk is
denoted by vov;...v,. A trail is a walk in which all edges are distinct.
Suppose Q: T1Z2Z3...Z, is a trail in a multigraph. Then the trail T
ZpTp41Tk42---Ts (1 < k < s < n)is called a subtrail of Q. A trail is closed
if its starting vertex and ending vertex are the same. A closed trail of a
multigraph G containing all the edges of G is called an Euler tour of G. A
path in a multigraph is a trail in which no vertex is repeated. A closed trail
in which no vertex is repeated is called a cycle. A cycle of a multigraph G
containing every vertex of G is called a Hamiltonian cycle of G. Suppose
that (A, B) is the bipartition of AK, n such that A = {ap,a1,...,an-1}
and B = {bg,b1,...,bn-1}. In the sequel of the paper, the subscripts of
a; and b; are taken modulo n. For any edge a;b; in AKp », the label of
a;b; is (y —1) mod n. For vertices a;,bj,, @iy, bj5,...,8i,, b5, in AKp pn, we
use < a;,b;, >F.; to mean the walk a;,bj,ai,bj, . .. a:,bj,, and < a;, > the
trivial walk a;,. Suppose Wy: z1z5 ...z and Wa: y192...y, are walks. If
;11 is an edge, we use W1W, to denote the walk z12o...2:01Y2 ... ¥s. If
z; = y1, we use Wj + Wy to denote the walk z122 . .. Z1yoys . . . ys. For walks
Wi, Ws, ..., W, in a multigraph, W; + Ws + - .- + W, is similarly defined.
For an integer t and a walk W: z;z5 ...z, in a multigraph, we use W +¢
to denote the walk 3 4¢Z04¢ ... Toqe.

Given a closed trail T = v;,v;,...v;, of a multigraph G, let g(T)
denote the minimum k& such that a segment of k + 1 consecutive vertices
VijyVijy, -+ Vijy, in T where 1 < 5 < j+k < g, is a cycle of length k in G,
that is, when v;; = v;;,, and the vertices v;;,v;,,, ... vi;,,_, are distinct.
For example, let W be the closed trail agboagbsagbsasbiasbeasboas in Ke 6.
Then g(W) =

For i =0,1,2,...,n — 1, let C; denote the Hamiltonian cycle < a;b;4;
>?=_01< ag > of AKn'n, i.e., C; is the cycle apb;a1b;41a2b;4a . . . anbi-l-(n-l)ao-
For positive integer ¢, let txC; =C; +Ci +--- + Ci.

t copie; of C;
Lemma 2.2 Let ,5,8,t and n be positive integers where it +j < n — 1.
Then g(s* C; +t* Ciy ;) = 2n — 2j.

Proof. Firstly, it is easy to see that g(s* C i) = g(t*Ciyj) = 2n. Secondly,
Ci + Ciy; is the closed trail < abiyt >y < arbijpt >y < a0 >, i,
Ci+Ciyj is the trail apbiarbiy1a2biy2 . .. anbiy(n—1)a0bi4ja1bi4j+182bi4 542

.+ @nbit 1 (n—1)@0. There are 2n edges between two appearances of a; (I =
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0,1,...,n — 1), 2n — 25 edges between two appearances of b; for [ = i +
Ji+j+1,...,i+n—1, and 4n — 2j edges between two appearances of b
forl=14,i+1,...,i4+j— 1. It implies that g(C; + Ci4;) = 2n — 24. Thus
g(s*C; +txCiyj) =2n—2j. o

The following Lemma was introduced by Tarsi [10], and was henceforth
used in many papers, e.g. [2, 7, 8, 9, 11].

Lemma 2.3 Let ky,k,...,kn be positive integers, and let E be an Euler
tour of a multigraph G with ky + ka + - -+ + k, = |E(G)| and k; < g(E),
Jori = 1,2,...,m. Then G can be decomposed into m paths of lengths
ki koy... km.

Proof. From the starting vertex we cut the Euler tour E into subtrails
with k; edges, i = 1,2,...,m. These subtrails are all paths since k; < g(E).
Thus G can be decomposed into m paths of lengths ky, ko, ..., km. m]

Suppose that G is a multigraph. For z,y € V(G) with = # y, we use
mg(z,y) to denote the number of edges joining z and y in G. Suppose that
G1,Ga,...,G, are spanning subgraphs of a multigraph G. We use G, ®
G2®---®G; to denote the spanning subgraph S such that for z,y € V(S)
with £ # y, ms(z,y) = Yi-; mc.(z,y). Thegraph S = G, 9 G2 8- -- O G,
is called the edge sum of G;,G3,- -, Gs.

Suppose that G is a subgraph of AK,, », and H is a subgraph of G such
that the edges of G can be decomposed into subgraphs H,H + 1,H +
2,...,H + j for some integer j. Then H is called a base graph of this
decomposition. For i =0,1,...,n—1, let F; denote the spanning subgraph
of AK,, ,, with edge set {aob;, a1bis1, .., @n_1bip(n- 1} ie., F;isa l-factor.
In the sequel of the paper, the subscripts of F; are taken modulo n.

Lemma 2.4 Let n and k be positive integers with 2 < k < 2n, and let
Gi = F(2n—l)+i @ F'(2n—2)+i @D F'(2n—k+1)+1') fOT t=0,1,... yn—1.
Then G; has a Pi—decomposition.

Proof. For i =0,1,2,...,n — 1, let Q; be the base path < arb(n_1)—i+i
k-
>,l=’(',l ' ie., Q; is the path

aobn_14i01bn_24ia2bn_34i ... @ k)10 k)4

, if k is even and let @; be the base path < arbn_1)—14i >,ljg'l <a >,
i.e., Q; is the path

aobn—14+i01bn—24:02bn_34i - .. a1 4100 §)4i0%)

, if k is odd.
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We can see that Q; is a path of length k — 1, and consists of edges with
labels in order of 2n—1+1i,2n—2+1,...,2n—k+1+1 (mod n). It is easy to
see that G; can be decomposed into paths Q;, @; +1,@:+2,...,Q;+(n-1).
That implies G; has a P,~decomposition. O

Now we prove the main theorem.

Proof of Theorem 1.2(Necessity) Condition (i) is trivial. Now we prove
Condition (ii). Since A and n are odd, all of the 2n vertices in AK,, 5, have

odd degrees. And there are ,’2—221- paths in the decomposition. By Lemma

2.1, we have 2n < 2222 ie., k < An+ L. On the other hand, P; has k
vertices, and AK, , has 2n vertices, so we have k < 2n. This completes
Condition (ii).

(Sufficiency) To avoid trivialities we assume n > 3 and k > 2. Since A and
n are odd, and An? =0 (mod k — 1), we have that k is even.

Case 1. k<n+1.

Suppose that A = 2p + 1, for some nonnegative integer p. Let Gy =
Foli®Fr2® -+ ® Fr_g41, and G2 = MK, — E(G;). Assume that
E = pxCo+(p+1)*xCy +p*Ca+ (p+1)*Ca++ - - +p*Cpr_p—1+(p+1)*Cp_i
+p*Crk41+P*Crgy2+- - +P*Cpy. Since pxCo+p*C1+---+pxCpy
is an Euler tour of (A — 1)K, and C, +C3 ++++ + Cp—g—2 + Cp—i is an
Euler tour of K, », — E(G1), E is an Euler tour of G2. By Lemma 2.2,
we have g(F) > 2n — 4 (g(E) = 2n — 4 if p = 0), by Lemma 2.3, G has
a Pr.—decomposition. As for the decomposition of Gy, by Lemma 2.4, G;
has a Py—decomposition. From the Pr—decomposition of G; and of G5, we
obtain the Pr—decomposition of AKp, n.

Case 2. n+2<k<2n-4.

Since & > n+2, by Condition (ii), we have A > 3. Suppose that A = 2p+3,
for some nonnegative integer pand k—1 =2n—m, with 5 <m < n—1. Let
G1=Fan-1)®Fon-2)® - ®Fon—k+1) = Knn @ Fn1 0 F 2@ @ Fp,
and Gz = AK,, , — E(G,). Assume that E=(p+1)*Co+ (p+1)*Cy +
o+ (p+1)*Crn +p*Cinpa +(@P+1)*Crp2+p*Crya+ (P + 1) *Crpa +
o 4p*xCp3+(P+1)*Cpr_a+p*Cpr_;. Since pxCo+p*Ci+- - - +p*Cp_y
is an BEuler tour of (A —3)Kpn and Co+C1 +Co+ -+ + Cp + Cy2 +
Cm+a+ '+ Cnoq + Cp_z is an Euler tour of 3K, », — E(Gy), E is an Euler
tour of G3. By Lemma 2.2, g(F) > 2n—4 (9(E) = 2n — 4 if p = 0), we by
Lemma 2.3, that G5 has a P,—decomposition. As to the decomposition of
G4, by Lemma 2.4, G; has a P,—decomposition. This completes case 2.

Case 8. k =2n — 2.
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By the assumption, n is odd and n = 3 belong to case 1, we assume n > 5.
By condition (ii), we have A > 3. We distinguish two cases as follows.
Case 8.1. A > 5.

Suppose that A = 2p + 5, for some nonnegative integer p. Let G, =
Fion—1) ® Flon-2) ® ** ® Fon—i+1) = Knyn ® Fne1 ® Fnz -+ @ F3 and
G2 = AKp n—E(G,). Since (p+1)*Co+ (p+1)*C1+- - -+ (p+1)*Cpr—1 is an
Euler tour of ()\—3)Kn,n and Co+C1+C2+C3+Cs5+Cr++« +4Cn_sg+Chr_o
is an Euler tour of 3K,, , — E(G1), E = (p+2)*Co+ (p+2)*C1 + (p+2) *
Ca+(p+2)*Cs+(p+1)*Cy+ (@+2)%Cs+-- -+ (p+2)*Cr_a + (p+1) *
Crn-3+(@+2)*Cr_2+(p+1)*Cy,_, is an Euler tour of G;. By Lemma 2.2,
g(FE) = 2n — 2, and hence by Lemma 2.3, has a P,,_s—decomposition. As
to the decomposition of G1, by Lemma 2.4, G; has a P,,,_>~decomposition.
Thus AK, » has a P,,_»—decomposition.

Case 3.2. A =3.
Since ged(2n — 3,n) =1 or 3, we consider two cases as follows.
Case 8.2.1. ged(2n - 3,n) = 1.

By Condition (i) A»® =0 (mod 2n —3), we have A =0 (mod 2n — 3),
ie,3=0 (mod2n—3). Thus 2n — 3 = 1 or 3. By assumption, we
complete the case 3.2.1.

Case 3.2.2. ged(2n — 3,n) = 3.

By condition (i) Asn2 =0 (mod 2n — 3), we have 9A =0 (mod 2n — 3),
i.e., 27=0 (mod 2n — 3). Thus the value of 2n — 3 will be either 1, 3, 9,
or 27. By the assumption, n > 5 and odd, we leave the case for n = 15.
The case for A = 3, n = 15, and k = 28 is still open.

Case 4. k= 2n.

Since An? = 0 (mod 2n — 1) and ged(2n — 1,n) = 1, we have A = 0
(mod 2n —1). Suppose that A = s(2n — 1), for some positive integer s. Let
G be the following edge sum

12K — E(F1)|® [2Kp0 — E(F1)| @ -+ ® [2Kp 0 — E(F1)]®
s copies of [2;{,,,,. - E(FR)]

[2Knn = E(F2)| @ [2Kn,n — E(F))| @ - ® [2Kn, . — B(F)] @
s copies of [2;{,;," - E(F))
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[2Knn = E(Fno1)] ® [2Knn — E(Fp-1)] @ - © [2Kn n — B(F, -1)].
s copies of [2K,;,r— E(F,-1)]

And let G = s(2n —1)Kpnn — E(Gy1). For i = 1,2,...,n -1, 2K, , —
E(F,) = F'(2n—l)+i D F(2n—2)+t' D:-- ®Fl+i- By Lemma 24, 2Kn.n - E(.F;)
has a P,,-decomposition. That implies G; has a P,,—decomposition. As
for the decomposition of G, let H = [2K,, » — E(F1)] ® [2Kp » — E(F2)] ©
++@®[2Kp n— E(Fy-1)]. Then G, is the edge sum of s copies of (2n—1)K,, ,—
E(H). Since (2n — 1)Kpn — EH) = Knn @ Fe1 ® Fr0®--- 0 F) =
By 1®Fy, 2@ - -®F), by Lemma 2.4 again, G5 has a P;,—decomposition.
This completes case 4. o
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