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ABSTRACT. In this paper it is proved the h-chromatic
uniqueness of the linear h-hypergraph consisting of two
cycles of lengths p and ¢ having r edges in common when
p=¢ 2<r<p-—2and h > 3. We also obtain the
chromatic polynomial of a connected unicyclic linear h-
hypergraph and show that every h-uniform cycle of length
three is not chromatically unique for A > 3.
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1. Notation and preliminary results

A simple hypergraph H = (X,E), with order |X| and size
m = |E|, consists of a vertez-set V(H) = X and an edge — set
E(H) = E, where E C X and |E| > 2 foreach E € E. H is
linear if no two edges intersect in more than one vertex, and H
is h-uniform, or is an h— hypergraph, if |E| = h for each E € E.
The number of edges containing a vertex z is its degree dy(z).

A path of length k joining vertices v and v in H is a subhyper-
graph consisting of k£ + 1 distinct vertices g = u, y,...,zx = v
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and k distinct edges E, ..., By of H such that z;_,,z; € E; for
each i (1 <i<k).

Similarly, a cycle C of length k in H [1] is a subhypergraph
comprising k distinct vertices zj,...,xzx and k distinct edges
E,,...,E; of H such that z;,z;,1 € E; foreach i, 1 <i<k-—1
and z,,zx € Ey. C is elementary if de(z;) = 2 for each 7 and
dc(y) = 1 for each other vertex y in US_, E;. Two vertices u, v
of H are in the same component, if there is a path joining them.
If H has only one component then it is connected; otherwise it
has r > 2 connected components. We shall denote an elemen-
tary h — uniform cycle with p edges by CI’,'; clearly it has order
p(h—1). An h-uniform hypertree with p edges denoted by T
is a connected linear h — hypergraph without cycles.

If H is a hypergraph and A € N, a A — coloring of H is a
function f : V(H) — {1,...,A} such that for each edge E of
H there exist z,y in E for which f(z) # f(y). The number of
A — colorings of H is given by a polynomial P(H, A) of degree
|[V(H)| in A, called the chromatic polynomial of H. Two hy-
pergraphs H and G are said to be chromatically equivalent or
Xx-equivalent, written H ~ G, if P(H,\) = P(G, A). A simple
hypergraph H is chromatically unique if H = H for every sim-
ple hypergraph H' such that H' ~ H; that is, the structure of
H is uniquely determined up to isomorphism by its chromatic
polynomial. The notion of x-unique graphs was first introduced
and studied by Chao and Whitehead [3](see also [5]).

The notion of y-uniqueness in the class of h-hypergraphs
may be defined as follows: an h-hypergraph H is said to be
h-chromatically unique if H is isomorphic to H' for every h-
hypergraph H' such that H ~ H (see [7]). A connected linear
h-hypergraph H is said to be minimally connected if for every
edge E € E(H), H — E is not connected. Let c,(H) denote the
number of cycles of length g in H. We recall some results which
will be used in the next section.
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Lemma 1.1.[6]: Let H be a hypergraph of order n. Then

P(H,)) = A" + @n1 A" 1+ o+ 0202 + a1,
where
a =) (-1¥N(,j) for 1<i<n—1,
Jj20
where N(i,j) represents the number of subhypergraphs of H
with n vertices, 7 components and j edges.

Lemma 1.2.[4]: If T} is an h-uniform hypertree with p edges,
then

P(TE ) =AM\ - 1)
and
P(C} ) = (W1 =12 + (-1)P(A - 1).

Lemma 1.3. [6): If simple h-hypergraphs H and G are x-
equivalent and H is linear then G is linear too.

Lemma 1.4. [6]: Let H be a nonacyclic linear h-hypergraph
of order n, size m, and girth g(H) = g. If the h-hypergraph G
18 chromatically equivalent to H and (g, h) # (3,3) then G has
the same order, size, and girth as H and c,(G) = ¢,(H).
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2 Main Results

Theorem 2.1: The chromatic polynomial of a connected uni-
cyclic linear h-hypergraph H containing an elementary cycle C,’,’
and m edges is

P(H,A) = [\ = 1)P + (-1P(A - 1)]0\""'1 - )"

Proof: Let H be a connected unicyclic linear h-hypergraph
consisting of an elementary h-uniform cycle C},‘ of size p and
distinct h-hypertrees of sizes m;, mo,...,m; which have each
a vertex common with distinct vertices of C,',‘. We shall use
induction on the number k of hypertrees to prove the result. If
k=0, then H = Cz,; so m = p and the chromatic polynomial of
H follows from Lemma 1.2. Let k¥ > 1 and suppose the result is
true for any connected unicyclic linear A-hypergraph consisting
of C;} and k—1 distinct hypertrees having each a vertex common
with distinct vertices of CI’,‘. Let H be a connected unicyclic
linear h-hypergraph defined by C’,’,‘ and k hypertrees T3,...,T}
of sizes my, ms, ..., My, respectively. By deleting the edges of
Tk, the resulting hypergraph H' has only k—1 hypertrees. Since
Tr and H' have only a common vertex, we can write

P(H', ))P(Ti, \)

A
and applying Lemma 1.2 and the induction hypothesis for H'
yields

P(H,X) = [ = 1P + (<17 = DI - 1y

P(H,)) =

sincemy+...+mp=m-—p. O

Note that the result expressed by Theorem 2.1 was also ob-
tained very recently by Borowiecki and Lazuka [2]. They also
proved that both uniform hypertrees and uniform unicyclic hy-
pergraphs are chromatically characterized in the class of linear
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hypergraphs.

Theorem 2.2: Let H be a minimally connected linear h-hypergraph.
If G is another h-hypergraph such that H ~ G, then G is also
connected.

Proof: Let H be of order n, size m and G ~ H. By lemma
1.3, G must be linear, having the same order n. Suppose that
G is not connected, further assume that it consists of £k > 2
components. Since the chromatic polynormal of a hypergraph

consisting of k¥ > 2 components Cy, ..., Cy is H P(C;, A) and by

making use of Lemma 1.1 it is easy to see that the last term in
P(G, X) will have the degree at least k, which is different for all
k > 2 from (—1)™), the last term in P(H » A), which contradicts
the fact that G ~ H. Note that (—1)™) cannot be canceled by
terms corresponding to other edge selections, since H is mini-
mally connected. O

Remark: The above result is not valid if A-hypergraph H is not
minimally connected. Consider the linear uniform 3-hypergraph
H as shown in figure 1, there exists an edge E4 whose deletion

Figure 2
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gives a connected subhypergraph. Using Lemma 1.1 we deduce
that the chromatic polynomial of H is

P(H,)\) = X" —4)X° +6)3 - 3)2,
Here we may note that the last term vanishes so the least non-
vanishing term of the chromatic polynomial gives no informa-

tion about the connectedness of a hypergraph G, such that
G~ H. (]

Let B2, B2 and B2 denote three kinds of bicycles defined as
follows Con31der a,n elementary h-uniform cycle with p edges
Ct (p > 4,h > 3) and an elementary h-uniform path P,
w1th p—r (r > 2) edges having extremities z and y such that
V(CH N V(BL,) = 0. B is obtained by identifying z and
Y w1th distinct vertices of degree i and j of F; and E, of C"
(1 <14,j < 2), where C} is defined by edges E, ..., Ep in thls
order. BY? and B}? are shown in the following ﬁgure 2

Theorem 2.3: Bl and B2 are not x-equivalent for every
r>2andh>3.

Proof: It is clear that both have the same size m = 2p—r, order
n= (2p—r)(h—1)—1 and girth p. The number ¢(G) of compo-
nents in a subhypergraph G of both hypergraphs having n ver-
tices and j edges satisfies ¢(G) = n—j(h—1), when 0 < j < p—1.
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Moreover, if p < 5 < m — 1 then ¢(G) = n — j(h — 1) or

c(G) =n— ](h 1)+1, depending on whether G is or is not cycle-
free [6]. If j = m then ¢(G) = 1. We may note that if » > 2 and
h > 3 then the coefficient of A*~2 in P(B}?2, \) is (—1)"~! while
as the coefficient of A*~2 in P(Bjy, \) is 2( 1)7-1, since there
are only one selection and two selections of 2p—r—1 edges in B1 2
and BL! respectively, yielding subhypergraphs having A—2 com—

ponents So, B2 and B2 are not chromatically equivalent. O
Next result is a generalization of the result proved in [6].

Theorem 2.4: B22 is h-chromatically unique for every r >
2,p>4andh > 3.

Proof: It is clear that B2Z has size m = 2p — r, order n =
(2p—r)(h—1)—1 and girth g(B22 =p > 4. Let G be a simple
h-hypergraph such that G ~ 2p2 From Lemma 1.3 it follows
that G is linear. Because (p, h) 74 (3, 3) from Lemma 1.4 it fol-
lows that G has the same order and size as B22, g(G) = p and
¢p(G) = 2. It follows that G is isomorphic to B22, B}2 or Byy.

We have seen in the proof of Theorem 2.3 that the coefﬁments
of A*=2 in the chromatic polynomial of B} and B} is (—1)""

or 2(—1)""1, respectively but in P(B22 )\) this coeﬁicient van-

PP
ishes. It follows that G = Bf,;;‘:. 0O

In [6] it was shown that every h-uniform cycle with p edges C’,’,‘
is h-chromatically unique. We shall prove in the next lemma

that it is not chromatically unique at least for p = 3.

Lemma 2.1: C;,‘ is not chromatically unique for p = 3 and
for every h > 3.

Proof: Let G be the hypergraph of order n = 3h — 3 and
size 4 as shown in figure 4, where A, B, C are pairwise disjoint

337



Figure 4

sets such that | A |=| B |=| C |= h — 3. By Lemma 1.1 it is
easy to see that

P(G, ) = A3 — 332 4 3)P1 — X = P(C3, ).
0

An open problem is to study the chromaticity of h-uniform cy-
cles C? for p> 4 and h > 3.
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