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ABSTRACT

In this paper, we obtain the spectral norm and eigenvalues of circulant
matrices with Horadam’s numbers. Furthermore, we define the semicirculant
matrix with these numbers and give the Euclidean norm of this matrix.

2000 MATHEMATICS SUBJECT CLASSIFICATION: 11B39; 15A36; 15A60; 15A18.
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1. INTRODUCTION

The second-order linear recurrence sequence (hy(a, b; p, q))n>0, or briefly
(h")nzo, is deﬁned by
hny2 = phay1 + ghy, (1.1)
with given kg = a,h; = b and n > 0. This sequence was introduced, in 1965,
by Horadam [2, 3], and it generalizes many sequences (see [1, 4]). Examples
of such sequences are Fibonacci numbers sequence (F,)n>0, Lucas numbers
sequence (Ln)n>0, and Pell numbers sequence (Pp)n»0, when one has
p=q=b=l,a=0p=q=bb=1l,a=2;andp=2,g=b=1,a=0;
respectively.
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An explicit formula for h, can be presented as
n n
hn= A"+ BB" = A (L__ \/;’2"‘4‘1) +B (P_‘_#) . (12)

where
b—af aa—b

A==  p- %0
Vr?+4q VPP +4¢
Let z € C*, r = (Z0.Z1,...,Zn-1)7. The n x n circulant matriz

C(z) = (cij) given by ¢ij = Tj_; (mod n)- The elements of each row of C(z)
are identical to those of the previous row, but are moved one position to the
right and wrapped around. Let z € C*, z = (z1,%2,...,24)7 . Then xn
semicirculant matriz S(z) = (s;) given by

5o = 4 Timie1 157
4 0 otherwise.

We have occasion to use the n x n Fourier matric F = (V‘Rw(“l)u‘l))

Circulant matrices are an especially tractable class of matrices since inverses,
conjugate transpose, products, and sums are also circulant matrices and hence
both straightforward to construct and normal. In addition the eigenvalues of

such matrices can easily be found exactly and circulant matrices are diagonal-
ized by Fourier matrices.

The eigenvalues )\(z) and the eigenvectors y) of C(z) are the solutions
of C(z)y = My or, equivalently, of the n difference equations
-1 n—1

zzn-j+kyk + Z-‘Bk—jyk =\yj, 3=0,1,...,n-1. (1.3)
k=0 k=j

One can solve difference equations as one solves differential equations by guess-
ing. Since the equation is linear with constant coefficients a reasonable guess is

¥i = p*. Substitution into (1.3), then we have an eigenvalue and corresponding
eigenvector

n-1
. . 1 . . AT
() = Z -jk () = I s R L ¥ .

forall j =0,1,...,n — 1, where w is the nth primitive root of the unity.

Theorem 1.1. (see [6]) Let C(z) be an n x n genernl circulant matriz. Then

C(z) = F*diag(Mo(z),. .., An-1(z))F,
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where \j(z) = Sr2g zew™7*, j = 0,1,...,n—1, A* is the conjugate transpose
" of matriz A, and w is the nth primitive root of the unity.

Theorem 1.2. (see [5, Section 3.1, Exercise 19, page 157]) Let A be an
n x n matriz with eigenvalues A1, Ag, ..., An. A is a normal matriz if end only
if the eigenvalues of AA* are |\ |2, |21%,...,|An|?, where A* is the conjugate
transpose of matriz A.

Let A = (a;;) be an n x n matrix, the Euclidean (or Frobenius) norm of

matrix A is
n 3
lAlle={ > laii*}

ij=1

the spectral norm of matrix A is

N\
141 = (A0

where \;(A*A) is the eigenvalue of the matrix A*A. The maximum column
sum matrix norm of n x n matrix A is

n
Al = max ol
i=1
and the maximum row sum matrix norm is

n
lAlleo = lrg%xnjz_; lassl.

In 1970 Lind (7] defined determinant of circulant and skew circulant matri-
ces with the Fibonacci numbers and some generalization of Fibonacci numbers.
More recently, Solak [8] defined circulant matrix with the Fibonacci and Lucas
numbers and give lower and upper bounds for the spectral norm of these ma-
trices. The author gives also some corollaries related to norms of Kronecker
and Hadamard products of these matrices. In this article, we obtain the best
bounds for the spectral norm of circulant matrix with Horadam’s numbers
and give the eigenvalues of these matrices. Afterwards we define semicirculant

matrix with the Horadam’s numbers and obtain some matrix norms of these
matrices.
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2. MAIN RESULTS
Theorem 2.1. Let the n x n circulant matriz with Horadam’s numbers be
C(H) = (cij) such that cij = hj_; (mod n)- The eigenvalues of C(H) are

. -b i -
Ai(C(H)) = Pnt (::_Qj :;":'_'J 1_)“; a‘

Proof. Using the eigenvalue of circulant matrices and (1.2), we obtain

A(CH) = :Z;j; hyw™Ik = :g;(Aa“ + BB*)w=i*

k=0
_Ale"-1) + B(" -1)
T aw -1 Bw=i -1

[ — (Ae™ + BA") — qw™I(Aa™"! + BA™"!) — (AB + Ba)w™7 ]

= A% (aw) + B'S (Bt
k=0

+(A+ B)
afw=% — (a+ Bw-I +1

Using the following facts a8 = —¢, a+8 = p, A+ B = @, and AB+Ba = pa—b
we get the desired result. O

Theorem 2.2. Let C(H) be the n x n circulant matriz with the Horadam’s
hn +(pa —b+ghn1)w™i —a

numbers. Then
2\ %
qw= +pwi -1 ) ’

where ||-||2 is the spectral norm of C(H) and hy, is the nth Horadam’s numbers.

IC(H)ll2 = ( max

0<jsn—-1

Proof. Using Theorem 1.1 and Theorem 1.2, we have
L] 3
= R . = . 2
0t = (,mex ccuncn)” = (,mex  CEF)
Thus, Theorem 2.1 gives
2) L]

hn + (pa — b+ ghn1)w ™ —a
qu=% +pwi -1

0<jsn—1

IC(H)I2 = ( max
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As an application of the above theorem we obtain the following reqult.

Corollary 2.3. Let V = (ho(a, 1;p,q), h1(a,1;p,q), . .., hn—1(a, 1;p,q))T, where
p,q 2> 1. Then

1
IC(V)|l2 = m(hn +ghn_1 — 1+a(p—1)).

+
2)%
assume that H = V. If j = 0 then the eigenvalue is maximum. Therefore
1
C(V)|z = ——— -1 -1)),
IC( )2 = g (hn + Ghna =1 +alp— 1)
as claimed. a

Proof. Theorem 2.2 gives that

hn+(pa—b+ghp_1)w7 —a
qw=% +pw=i -1

IC(H)l2 = ( max

0gjs<n-1

In particular, Corollary 2.3 with p = 1 gives

IC((ho(0,1:1,), h1(0,1;1,q), ..., hn-1(0,1;1,9)))ll2 = %(hnn -1

(Inthecasea=0andg=1 (resp. a=2and ¢=1; a =0 and ¢ = 2) we get
that hn41 = Fpy4a the (n + 1)th Fibonacci number (resp. Anti = Lpy4a the
(n + 1)th Lucas number; hny1 = Pr4 the (n + 1)th Pell number).

Theorem 2.4. The mazimum column (or row) sum matriz norm of C(H) is

n-1

ICEH): = IC(H)lloo = Y b
k=0

Moreover if p+q# 1 and p,q 2 0 then

1

IC(H)lx = [C(H)lleo = P¥a-1

(hn + ghn-1 +pa —a —b).

As an application for the above theorem we obtain that

IC(F)1 = IC(F)lleo = Fnt1 — L IC(L)]ls = IC(L)lloo = Ln41 = 1
and

1
ICPM)Ix = IC(P)lleo = 5 (Pa+ Pa-y — 1),
where F and L are given in the statement of Corollary 2.3.
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Now, let us consider the case of the Euclidean norm of the semicirculant

matrix with the Horadam’s numbers, namely [|S(H)||g. To do that we need
the following lemma.

Lemma 2.5. Foralln > 3,
LI A? BB .. 2¢AB
S = e -1+ g - ) - G0 - (o)

B’B* 29AB a*A?
1-2 1+g 1-a?

Proof. Using (1.2), we obtain that

n J n Jj
YR = 33 (Ack+ BBy

j=1k=1 i=1 k=1

n j
= )Y (A%™ +24B(-q)* + B6™).
F=1k=1
; t—tit
Using the fact that 3 7_, t* = T We get the desired result. a

The above lemma and (1.2) together with the definition of the Euclidean
norm of the semicirculant matrix proves the following result.

Theorem 2.6. We have

2 g2 2 42
ISCIE = hanla',b';p,q)~a'~ (1+q)z(1 (- )n),,(ﬂB _2AB o’ )

1-82 1+¢ 1-a2
where
o = p+\/p’+4q' ﬂ~=p—\/p2+4q, A= b-af B aa—-b
2 2 VP4 PP+
05A2 ﬁ532
- -

. 0,4A2 ﬁ4B2
T G- tu-ge

and b =

Now let us give three applications for the above theorem:
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e leta=0andp=g=>b=1. So

‘/ % (a2n+2 + 62""'2 -3+ 1;(21)11.)

)

e leta=2andp=gq=b=1. So

IS(F)lie

IS(L)lle = \/azn+2 L2 gy #’_‘_
—_— n
= \/L2n+2-3—2n+l%.

eLeta=0,b=¢g=1,andp=2. So

IS(Ple = 3\/ Gl VI - (= VB g (-1
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Abstract

Let Cn denote the cycle with n vertices, and CS denote the graphs
consisting of t copies of C, with a vertex in common. Koh et al.
conjectured that c is graceful if and only if nt = 0,3 (mod 4).
The conjecture has been shown true for n = 3,5,6,7,4k. In this
paper, the conjecture is shown to be true for n = 9.

Keywords: graceful graph, vertex labeling, edge labeling

1 Introduction

Let C,, denote the cycle with n vertices, and C$? denote the graphs
consisting of t copies of C,, with a vertex in common. Koh et al. ) con-
jectured that the graphs Ct are graceful if and only if nt = 0,3 (mod 4),
and proved that the graphs C{2 and C$®” are graceful for t > 1. Qian [7)
proved that the graphs Céi) are graceful. Bermond et al. (1: 2 proved that
the graphs Cgt) (i.e, the friendship graph or Dutch t-windmill) are graceful
if and only if ¢ = 0 or 1 (mod 4). The first author [6: 8l of this paper

proved that the graphs Cé‘) are graceful for ¢ = 0,3 (mod 4), and C.ft)
are graceful for ¢ = 0,1 (mod 4). So the conjecture has been shown true

*The research is supported by Chinese Natural Science Foundations and Specialized
Research Fund for the Doctoral Program of Higher Education (20030141006)
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for n = 3,5,6,7,4k. In this paper, the conjecture is shown to be true for
n=29.

For the literature on graceful graphs we refer to [3] and the relevant
references given in it.

2 The graphs C’ét)

Now, we consider the graphs C$?. Let v, vi, v, v4, v}, v, v, v, v} be
the vertices of the i-th cycle, vy = v for all 2. Then we have

Theorem 2.1. The graphs Cé‘) are graceful for ¢ = 0,3 (mod 4).

Proof. Case 1. t =0 (mod 4), say t =4k, i.e. C§4k).

For k = 1, we give a vertex labeling of Cé” as the one shown in
Figure 1.

36 7 32 11 28 18 21 14

35 5 31 12 27 19 20 24
0 34 3 30 8 26‘ 15 10 23‘

33 1 29 9 25 16 4 6

Figure 1: The graceful labeling of Cg).

By the definition of graceful graph, it is clear that Cg) isa
graceful graph.

362



For k > 1, we define a vertex labeling f as follows.

flv) =0,
f@}) = 36k+1-i, 1<1i< 4k,
f(i) = 8k+1-2i 1 <i < 4k,
f(¥3) = 32k+1-4, 1 <i<4k,
fd) = {10k+i, 1<1i< 2k,
4 6k — 141, 2k+1<i <4k,
f@i) = 28k+1-1i, 1 <i<4k,
floh) = {16k+1+i, 1<i<2k,
6 12k + 1, 2k +1 < i< 4k,
( 0k+2—4, 1<i<Z2k,
10k, i=2k+1,
fd) = { 24k+2-i, 2k+2<i<3k,
24k+1—4, 3k+1<i<4k-1,
| 4k, i =4k,
[ 12k + 141, 1<i<k,
23k + 1, i=k+1,
fal) = ¢ 12k + 1, k+2<i<2k,
8 20k + 1, 2k +1<i<3k,
20k+1+4, 3k+1<i<4k-1,
| 6k, i=4k.

Now we prove that f is a graceful labeling of Cg‘k) as follows.

Denote by
S; = {f®))1<i<4k}, 0<j<8.

So= {0},
Sy= {36k,36k—1,...,32k+1},
Sy = 821US82»USs»
= {8k—1,8k—3,...,6k+1}U{6k—1,6k—3,...,4k+1)
U{dk - 1,4k - 3,...,1},

S3= {32k,32k—1,...,28k+1},
Ss= SsUSs

= {10k+1,10k+2,...,12k} U {8k,8k+1,...,10k — 1},
Ss= {28k,28k—1,...,24k+1},
Se = Se1 U Se2

= {16k+2,16k+3,...,18k+1}U {14k + 1,14k +2,...,16k},
Sr= S11USrUS3US724US7s

{20k + 1,20k, ..., 18k + 2} U {10k} U {22k, 22k — 1, ..., 21k + 2}
U{21k, 21k — 1,...,20k + 2} U {4k},

363



Sg1U Sgz U Sg3 U Sgq U Sgs U Sge

{12k +2,12k +3,...,13k + 1} U {23k + 1}

U{13k +2,13k + 3,..., 14k} U {22k + 1,22k + 2, ..., 23k}
U238k + 2,23k + 3,..., 24k} U {6k).

Hence, SoUS;USUS3US;USsUSsUS7USs is the set of labels
of all vertices, and

SoUSlUSgUSgUS4USsUSsUS7USg
= SoU523US75U522U586U321US42US72U341U581U583
USga U Sg; U S7y US74US73US$4USngSssUSsUS:;USl

= {0, 1,3,...,4k-1, 4k, 4k+1,4k+3,...,6k—1, 6k,
6k+1,6k+3,...,8k—1, 8k,8k+1,...,10k-1, 10k,
10k +1,10k +2,...,12k, 12k+2,12k+3,...,13k+1,
13k +2,13k +3,...,14k, 14k+1,14k +2,...,16k,
16k +2,16k+3,...,18k+1, 18k+2,18k+3,...,20k +1,
20k +2,20k +3,...,21k, 21k+2,21k+3,...,22k,
22k +1,22k+2,...,23k, 23k+1, 23k+2,23k+3,...,24k,
24k +1,24k+2,...,28k, 28k+1,28k+2,...,32k,
32k 41,32k +2,...,36k}.

It is clear that the labels of each vertex are different, and Maz{f (v;'.) |1 <
1< 4k, 0<j <8} = 36k=|E|. We thus conclude that f is an injective
mapping from the vertex set of G into { 0,1,...,|E|}.

Denote by

Dj ={9(2}s¥;41y mod o)l 1S iS4k}, 0<j<38,
g(v;"’v:j.;.l) mod 9) = l'f(vz.'i‘f'l) mod 9) - f(”;)h 1<i<4k, 0<j<8.

Now, we verify that g maps E onto {1,2,..., |El}.

Do = {If(v1) — f(v)| 1 < i< 4k} = {36k +1—i|]l <i<4k}
= {36k, 36k — 1,...,32k + 1},
Dy = {28k +i[l i <4k} = {28k +1,28k +2,...,32k},
Dy = {24k +ill i <4k} = {24k + 1,24k +2,..., 28k},
D3 = D3 U D3
= {22k +1 — 2i[1 < i < 2k} U {26k +2 - 262k + 1 < i < 4k}
={22k—1,22k—3,...,18k+l}U{22k,22k—2,...,18k+2},
D4y = D4y U Dy
= {18k +1— 24[1 < < 2k} U {22k +2 - 202k + 1 < i < 4k}
= {18k - 1,18k - 3,..., 14k + 1} U {18k, 18k — 2,..., 14k + 2},
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Ds = D51 U Ds
= {12k — 2i|1 <i <2k} U {16k +1—2i|2k + 1 < i < 4k}
= {12k~ 2,12k —4,...,8k} U {12k — 1,12k — 3,..., 8k + 1},
Dg = Dgy U Dga U Dg3 U Dgq U Des
= {4k +1-2i|1 <i < 2k}U {4k +1)i = 2k + 1}
U{12k + 2 — 2i|2k + 2 < i < 3k}
U{12k +1 - 2i[3k + 1 < i < 4k — 1} U {12k(i = 4k}
={d4k—1,4k=3,...,1} U {4k + 1} U {8k — 2,8k — 4, ..., 6k + 2}
U{6k — 1,6k — 3,...,4k + 3} U {12k},
D7 = D71 U D72 U D73 U D74 U D75 U D¢ U Dy
= {8k+1—2i1<i<k}U{akli = k+1}
U{8k+2—-2ilk+2<i<2k}U{12k+1)i =2k + 1}
U{2i — 4k — 202k +2 < i < 3k} U {2 —4k|3k + 1 < i < 4k — 1}
U{2k(i = 4k}
= {8k—1,8k—3,...,6k+ 1} U {4k} U {6k — 2,6k — 4, ..., dk +2}
U{12k + 1} U{2,4,...,2k — 2} U {2k + 2,2k +4, ..., 4k — 2}
U{2k},
Dg = Dg; U Dga U Dg3 U Dgg U Dgs U Dgs
={12k+1+i1 <i<k}U{22k+ili=k+1}
U{12k +ilk +2 < i < 2k} U {20k + 82k + 1 < i < 3k}
U{20k + 1 + |3k + 1 < i < 4k — 1} U {2k + ifi = 4k}
= {12k +2,12k +3,...,13k + 1} U {23k + 1}
U{13k + 2,13k +3,..., 14k} U {22k + 1,22k + 2, ..., 23k}
U{23k + 2,23k + 3, ..., 24k} U {6k}.

Let D be the set of labels of all edges, then we have

D = DpuDyUDyUD3sUDyUDsUDgU D7U Dg

= Dg1 U Dz5U D77 U D76 U D72 U Dgz U D73 U Dggq U Dgg
UD7; U Dg3 U D5y U Dsa U Dgs U D74 U Dgy U Dg3 U Dy,
UDs2U D33 U Dag U Dgg U Dgy U Dgs U Dy U Dy U Dy

={1,3,...,4k-1, 2,4,...,2k—2, 2k, 2k+2,2k+4,
coydk — 2,4k, 4k+1, 4k+2,4k+4,...,6k -2,
4k + 3,4k +5,...,6k -1, 6k,6k+1,6k+3,...,8k-1,
6k+2,6k+4,...,8x-2, 8k,8k+2,...,12k -2,
8k+1,8t+43,...,12k -1, 12k, 12k+1, 12k+2,
12k +3,...,13k+ 1,13k + 2,13k +3,..., 14k,

14k 41,14k +3,...,18k — 1, 14k + 2,14k +4,...,18k,
18k +1,18k+3,...,22k -1, 18k + 2,18k +4,...,22k,
22k +1,22k+2,...,23k, 23k +1,
23k + 2,23k +3,...,24k, 24k+1,24k+2,...,28k,
28k+1,28k+2,...,32k, 32k+4+1,32k+2,...,36k}
={1,2,...,36k}.
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It is clear that the labels of each edge are different. So, g maps E onto
{1,2,...,|E|}. By the definition of graceful graph, we thus conclude that

Cs(,“) are graceful.

Case 2. t=3 (mod4), sayt =4k -1, ie. Cé‘k_l).
For k = 1, we give a vertex labeling of Céa) as the one shown in

Figure 2. By the definition of graceful graph, it is clear that Cés) is a
graceful graph.

19 12 2 6

Figure 2: The graceful labeling of Cés).

For k > 1, we define a vertex labeling f as follows.

f(’U) = 07
f(v}) = 36k-8—3, 1<i<4k-1,
f(¥d) = 8k—1-2i 1<i<4k-1,
J(i) = 32k-7-—14, 1<i<4k-1,
fol) = 10k—24+4i, 1<i<2%-1,
= 6k —1+1, 2k<i<4k -1,
f(vi) = 28k—6—1, 1<i<4dk -1,
; 16k—4+i, 1<i<2%-—1,
flog) = {12k—3+i, H<i<k-1,
[ 20k—-4-i, 1<i<2%-1,
4k—-6-1, 2k<i<3k-1,
f(8) = { 24k-7-4, 3k<i<4k-3,
18k — 4, i=4k -2,
2k, i=4k -1,
[ 24k — 6, i=1,
12k—-4+44i, 2<i<k,
23k — 5, i=k+1,
foh) = 4 12k —5+4+4, k+2<i<2%-1,
8 = 20k — 541, 2k<i<3k-1,
0k—4+4i, 3k<i<d4k-3,
14k - 5, i=4k -2,
| 8k -2, i=4k-1.
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Similar to the proof in Case 1, it can be shown that this assignment
provides a graceful labeling of Cs(;“‘“l).

According to the proof in Case 1 and Case 2, we thus conclude that
Cé‘) are graceful for t = 0,3 (mod 4). O

In Figure 3, we illustrate our graceful labeling for Cém) and ngs).
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Figure 3: The graceful labelings of Céu) and Céls).
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