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ABSTRACT

In this paper, we define the hyperbolic modified Pell func-
tions by the modified Pell sequence and classical hyperbolic
functions. Afterwards, we investigate the properties of the mod-
ified Pell functions.
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1. Introduction

Modified Pell sequence is defined by Horadam. Modified Pell sequence
{gn} for all n is defined by

Gn+2 = 2qn+1 + 4n o=1qa=1

It is clear that, the only difference between modified Pell and Pell sequence
is the initial conditions. It is known that, the characteristic equation of
modified Pell sequence is

z2—-2x—-1=0, (1)
which has two real roots;
T=a=1+V2, z2=_?1=1—\/§.

Thus, Binet’s formula for {g,} is given by

—1\"
a™ + (—)
- \&/
an = 2
where n =0, %1, +2, .... Modified Pell sequence is given as follows;

{¢-} ={1,1,3,7,17,41,99,.. .} .
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In (5), the authors define a new class of hyperbolic functions by the
Fibonacci and Lucas sequences and give symmetrical representation of the
hyperbolic Fibonacci and Lucas functions. In (3), the authors define hy-
perbolic functions with the second order recurrence sequences. It’ s known
that, Binet’s formula for modified Pell sequence is different from other re-
currence sequences( e.g. Fibonacci, Pell and Jacobsthal). Therefore, the
purpose of this article is to define hyperbolic functions with modified Pell
sequence {g,} and investigate the properties of these functions.

Let g, represent the n** modified Pell numbers. It’s known that, the
terms of sequences g, and g_, coincide for the n = 2k, that is qor = q_ox
- Then, for the n = 2k + 1, they are opposite by the sign , that is gox41 =
—g-2k—1- In this connection, Binet’s formula for {g,} sequence may be
written as follows

a® —-a™"

, nodd
qﬂ« = an + a—n
T , L even

where a root of characteristic equation (1) and n =0, +1, +2, ....

Now, we define the hyperbolic functions with the modified Pell se-
quence. Hyperbolic modified Pell functions are as follows; the hyperbolic

modified Pell sine
a2$+1 — a—2x—1

sq(z) = T @
The hyperbolic modified Pell cosine
a2x + —2z
cqg(z) = ___2&__ (3)

Note that, The correlations between modified Pell numbers and hyperbolic
modified Pell functions are given by
cq (k) = gz 3q (k) = qar41
where k=0, +1,+£2,....
It’s known that, the classical hyperbolic functions are

et —e™* e +e*
sh(z) = — ch(z) = — 4)

Now, we consider symmetrical representation of the hyperbolic modified
Pell functions.
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2. Symmetrical Representation of the Hyperbolic Modifled
Pell Functions

Based on classical hyperbolic functions (4) and Binet’s formula for the
modified Pell numbers, we can give the definitions of the hyperbolic modi-
fied Pell functions that are different from definitions (2) and (3): Symmet-
rical modified Pell sine

a® —a~*
sqs (z) = 5
Symmetrical modified Pell cosine
o®+a "
cgs (z) = -

Symmetrical hyperbolic modified Pell functions are connected with the
classical hyperbolic functions by the following correlations

sgs(z) = sh((lna)z), cgs(z) =ch((lna)z).

The modified Pell numbers are determined with the symmetrical hyperbolic
modified Pell functions as follows,

_f cas(n) , neven
"7 | sqgs(n) , nodd

The hyperbolic modified Pell functions transform the modified Pell
numbers theory into a continuous theory because every identity for the
hyperbolic modified Pell functions has its discrete analogy in the framework
of the modified Pell numbers.

It is easy to construct the graphs for the symmetrical modified Pell
functions (Figure 1). Their graphs have a symmetrical form and are anal-
ogous to the graphs of the classical hyperbolic functions.
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Figure 1. Symmetrical Hyperbolic Modified Pell Function

3. Properties of the Symmetrical Hyperbolic Modified Pell
Functions

Now, we give some properties of the symmetrical hyperbolic modified
Pell functions.

Theorem 1 The recurrence equation of gn, gn+2 = 2qn+1 + gn is valid for
the symmetrical hyperbolic modified Pell functions:

398 (¢ +2) = 2cqs (z + 1) + sgs (z)

and
cgs (z +2) = 2sqs (z + 1) +cgs (z) .
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Proof. Using definitions of symmetrical hyperbolic modified Pell functions,
we have

z+1 —z—1 T _ AT
2cgs(z+ 1) +sgs(z) = 2(a -;a )+(a 2a )

" (2a+1)+a*(2-1)
2
- a—xa—Z
2 =

2 TH2 _ a—m—2

2

a‘a o

= sqs(z+2).

Theorem 2 The equation g2 — gn+1qn—1 = 2(—1)" is valid for the sym-
metrical hyperbolic modified Pell functions;

[sqs (:1:)2] —cgs(z+1)cgs(z—1)=-2

and
[cqs (a:)z] —sgs(z+1)sqgs(z—1)=2.

Proof. From the definitions of symmetrical hyperbolic modified Pell func-
tions, we obtain

a® —-a~* 2

[ cqs (:t‘[z(fsl():i.s] (; -1) ] (aa:+l 20{-:-12) (02-1_4_2&_”1)

—(a2+i2+2)
a -9
4

and

[ [eas (2°] - ] (T -

sgs(z+ 1) sgs(z — 1)
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Some other properties of the symmetrical hyperbolic modified Pell
functions listed in the following table.

The identities The identities for the symmetrical
for g, numbers Hyperbolic modified Pell functions
8gs (z + 2) = 2cqs (z + 1) +sgs (x)
cgs (z + 2) = 2sqs (z + 1) +cgs (z)
sgs (z) = —sqs (—z)
cgs (z) = cgs (—z)
[sgs (z)]” —cqs (z+ 1) egs (¢ — 1) = -2
[cgs (z)]? —sqs (z + 1) sqgs (z — 1) = 2
Qan=2 8Qs (2z) = 4sqs (z) cgs ()

= % 3Qs (2z) = 4cgs (z) sgs (x)
2cPs(z) = cgs (z — 1) +sgs (z)
25Ps(x) = sqs(z — 1) +cgs (z)

@n+2= 2G4, +4,

n= (—l)n d-n

@2 =Gn41Gn1=2(-1)"

2-Pn= qn—l +qn

The symmetrical hyperbolic modified Pell functions have properties
that are similar to the classical hyperbolic functions. Now, we give some
hyperbolic properties of the symmetrical hyperbolic modified Pell functions.

Theorem 3 The eguation (ch (x))* + (sh(z))? = ch(2z) is valid for the
symmetrical hyperbolic modified Pell functions;

cgs (2z) = [egs (z))* + [sqs ()]

Proof.
z -z\ 2 2z _ o —z\ 2
eas @ + s = (THT) 4 (£52)
202 4 202
a_4—=0413(2$)
=

Theorem 4 The equation sh (2x) = 2sh (z) ch (z) is valid for the symmet-
rical hyperbolic modified Pell functions;

sgs (2z) = 2sgs () cgs (x) .

The proof is analogous to Theorem 3.
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Theorem 5 The equation ch(z +y) = ch(z) ch (y) + sh () sh (y) is valid
for the symmetrical hyperbolic modified Pell functions;

cqs (z +y) = cgs(z) cgs (y) + sgs (z) 593 (v) -

Proof.
o +a®\ fa¥+a7V
2 2
cgs (z)cgs (y) + sqs (z) sqs (y) = o —a~t\ [a¥ — a-?
2 2
ax+y + a~cY
= T —awsa+)
u

Theorem 6 The equation ch(z — y) = ch(z) ch (y) — sh(z) sh (y) is valid
for the symmetrical hyperbolic modified Pell functions;

cgs (z —y) = cgs (z) cgs (y) — sgs (x) sqs (y) -
The proof is analogous to Theorem 5.

Theorem 7 The following correlations are valid for the derivative sym-
metrical hyperbolic modified Pell functions;

(@)™ ={ S Trn ot lania)™ = {

ch(z) forn odd
sh(z) for neven ~

Proof.

legs (@) = (ﬁ—*z“—) — (Ina) sgs (2)

pas(@ll = (L5 =najens(a)
[cgs(@)]” = ((In)sgs(z))’ = (Ina)’ cqs(z)
fsas (2))" = ((Ina)egs (2)) = (In)? sqs (2)

n) (Ine)"sqs(z) for m odd

legs (a:)]( ' = { (Ina)" cgs(z) for m even

n) _ (Ina)"cgs(z) for n odd
foge (IL‘)]( b= { (Ina)" sgs(z) for n even.

411



Theorem 8 The following equation that is similar to Moivre’s equation is
valid for the symmetrical hyperbolic modified Pell functions

[cgs (z) £ sgs (2)]" = [cgs (nx) + sqs (nx))

The proof is analogous to Theorem 3.

It’s easy to prove the identities for the symmetrical hyperbolic modified

Pell functions in the following table.

Classical
Hyperbolic Functions

Symmetrical Hypebolic
Modified Pell Functions

[ch (z)]" —[ch ()] =1

[egs (z)]° -~ [sqs (=))" =1

[ch @)+ [ch (5)] = ch (25) _

cgs (22) = [egs (z)]" +[sgs (2)]”_

sh(z) formn odd
{ ch(z) for n even

[ ch(z)ch(y) _ | cas(z)cgs(y)
ch(z+y)= | +sh(z)sh(y) | cgs (z£y) = | +3gs(z) sqs (y) |
[ sh(z)ch(y) | _[ sas(z)eqs(y) ]
sh(z+y)= | +ch () sh(y) | 53 (z £y) = | tcgs () sgs (y) |
sh (2z) = 2sh (z) ch (z) 5¢s (2z) = 2sqs (z) cgs (x)
[ch (2)]™ = [cgs ()™ =

(Ina)"sqs(z) forn odd
{ (Ina)"cqs(z) for n even

[sh (@)™ =
ch(z) for nodd
sh(z) for n even

[sqs (=)™ =
(na)®cgs(z) for nodd
{ (Ina)" sqs(z) for n even.

J [.ch(z)dz =

ch(z) for n even

[, cas (z) dz =
(na)™"sgs(z) for n odd
(Ina) ™™ cgs(z) for n even

J [, sh(z)dz =
ch(z) forn odd
sh(z) forn even

{
{ sh(z) for n odd
{

J [, sqs(z)dz =
(Ine)™cgs(z) for n odd
(na)™"sgs(z) for n even

REFERENCES

(1] Horadam, A. F., Jacobsthal and Pell Curves, Fibonacci Quarterly, 26:77-
83, 1988.

412



[2] Horadam, A. F., Applications of Modified Pell Numbers and Represen-
tations, Ulam Quarterly, 3(1):34-53, 1994.

[3] Kocer, E. G., Tuglu, N., Hyperbolic Functions and Second Order Re-
currence Sequences, Submitted.

[4] Stakhov, A., Tkachenko, I., Hyperbolic Fibonacci Trigonometry, Rep.
Ukr. Acad. Sci., 7: 9-14,1993.

[5] Stakhov, A., Rozin, B., On a new class of hyperbolic Functions, Chaos,
Solutions&Fractals, 23: 379-389, 2005.

[6] Vorobiev, N.N., Fibonacci Numbers, Birkhauser Verlag, 1992.

413



