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Abstract

In this paper we prove that the cycle C, with parallel chords and
the cycle C, with parallel Py-chords are cordial for any odd positive
integer k > 3 and for all n > 4 except for n = 4r +2, r > 1.
Further, we show that every even-multiple subdivision of any graph
G is cordial and we show that every graph is a subgraph of a cordial

graph.
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1 Introduction

Let f be a function from the vertices of G to {0,1} and for each edge zy
assign the label |f(z) — f(y)|. The function f is called a cordial labeling of
G if the number of vertices labeled 0 and the number of vertices labeled 1
differ by atmost 1 and the number of edges labeled 0 and the number of
edges labeled 1 differ by atmost 1.

The notation of a cordial labeling was first introduced by Cahit [1] as
a weaker version of graceful labeling.

A chord of a cycle is an edge joining two non adjacent vertices of the
cycle.

A graph G is called a cycle with parallel chords if G is obtained from
the cycle Cr, : vov1 - - - Un—1%g (n > 4) by adding the chords v1vn_1, v2vn-2,
“** U(ng2)U(ngay OF the chords vovn—1,¥3¥n~2, ", VY(ngl)V(ngs) depending
on the parity of n.

A graph G is called a cycle with parallel Py-chords if G is obtained
from the cycle C, of order n : vgv; -+ - vn—1%p (n > 4) by adding disjoint
paths Pjs(k > 3) between the pair of vertices (vi,vn-1), (v2,9n—2), **°,
(Vi, Uni), -+ (”l’a‘l-l’”ﬁ)’ where 8= |3 +2,ifnisodd and 8= 5 +1,
if n is even.

A grap H is said to be even-multiple subdivision of a graph G if H is
obtained from G by replacing every edge e of G by a set of pairs of paths
(P, Q)’s, with lengths of each of both the paths P and Q either of the form
0 = (mod4) or 2 = (mod4) by merging the origin and terminus of all the
pairs of paths (P, Q)’s with the ends of the edge e.
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Cycle Cy.

Multiple subdivision graph H of Cy.

In this paper we prove that the cycle C,, with parallel chords and the
cycle C, with parallel Py-chords are cordial for all n > 4, except for
n=4r+2, r > 1 and for any odd positive integer k > 3. Further, we show
that every even-multiple subdivision graph of any graph is cordial and we

prove that every graph is a subgraph of a cordial graph.

2 Cordialness of cycles with parallel P,-chords

In this section we prove that the cycle C,, with parallel P;-chords is cordial,
for all n > 4, except for n = 47 +2, for some 7 > 1 and for any odd positive

integers k > 3.

Theorem 1 : Cycle C,, with parallel chords is cordial for all n > 4 except

forn=4r+2, for somer >1.

Proof : Let G be a cycle C, with parallel chords, where n > 4 and
n=4r+k; ke{0,1,3} and r>1. Label the vertices of G

(i.e., Cy) as vovy - - - vp—1(n > 4) such that vjv,_1,vovp_9, - ) Un=2Unga,
=5
are chords when = is even, while n is odd vov,_1,v3Vn_2, + ,¥n=1 Unts,

are the chords. Observe that G has n vertices and 3"—2‘2 edges, where p = 3,
if nis odd or p = 2, if n is even. Arrange the vertices of G as a sequence

VoV1°**Upn-1-
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A particular 0-1 sequence of length n for the corresponding termwise
matching with the above sequence of vertices of G is given in Table 1.

Let Vp and V) respectively, denote the set of vertices (matched with)
assigned the label 0 and the set of vertices (matched with) assigned the
label 1.

From the Table 1, it is clear that when the number of vertices of G is
of the form 4r, the number of vertices assigned the label 0 and the number
of vertices assigned the label 1 are equal, while the number of vertices of
G is of the form 4r + 1 or 4r + 3, the number of vertices assigned the label
0 and the number of vertices assigned the label 1 differ by atmost 1.

Let A denote the set of edges vov1,v1v2,- - ,¥n—1v0 (the cycle edges)
of G and B denote the set of chords {vivn—1,v2vn—2, " ,’U(gé-_'z)'v(#)}, or
the set of chords {vovn_1,v30n—2 " “Y(n=1)Y( y-ra)}, depends on n is even or
odd.

The edges in the sets A and B get the edge values 0 or 1, the edge values
of the edges in the set A and in the set B are arranged as a 0-1 sequences
and they are given in the Table 1.

Let Ey and E, respectively, denote the set of all edges of G getting the
label 0 and the set of all edges of G getting the label 1. From Table 1, it is

clear that G is cordial.
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Table 1. Vertex and edge labeling of cycle with parallel chords.

Nature of | The 0-1 sequence The edge labels
the number for termwise Relation between | sequence for the set | Relation between
of vertices | matching with the [Vo| and |V4| |Eo| and|E; |
nof G sequence of A B
vertices of G
n=4r, (0011)% Vol = VAl OF | (10)°7*1 | |Eo| +1=|Ey
r>1
n=4r+1, (0011)*F 0 Vol +1=Vi] | (01)*F 0| (10)*1 |Eo| = |E,|
r>1
n=4r+3, | (0011)*F 001 Vol +1=|Vi| | (01)*F°1 | (01)*%° | |Eo|+1=|E|

r>1




Theorem 2 : Cycle C, with parallel Pi-chords is cordial for all n > 4,

except for n = 4r + 2, r > 1 and for any odd positive integer k > 3.

Proof : Let G be a cycle C, with parallel Pg-chords, wheren >4
and n = 4r + ¢; ¢ € {0,1,3}, for r > 1 and where k¥ > 3 is any odd
positive integer. By definition, G is obtained from the cycle C, of order
Tt UgV] * - - Un-1Yp by adding disjoint paths P/s between the pair of vertices
(v1,Vnr-1), (V2,Vn=2), +* , (Vi Un=i)s "+ s (U[gj—l,”ﬁ)» where 8 = | 2| +2, if
nisoddor 8 = |3]+1,if nis even. Observe that Ghas N = w ver-
tices, where @ = 3, if nisodd or « = 2, if n is even and M = M);Aﬁ'—ll
edges, where p = 3, if n is odd or p = 2, if n is even.

Let G be a cycle Cy, : uou; - - - un—1up with parallel Pi-chords. We call
the Pi-chords joined between the pair (u;,un—;) of Cr in G, the it* Py-
chords for 1 < < | %] —1. Observe that G has a hamiltonian path, starting
with up and ending up with u, of the cycle Cy, of G, where a = [%], if n
isodd or a = %, if n is even.

Let vguy - - - vn—1, where N = |V(G)| be a hamiltonian path in G start-
ing with up of C,, in G and ending up with u, of C,, in G.

Arrange the vertices of G as a sequence vov; -+ - UN—1.

A particular 0-1 sequence of length N for the corresponding termwise
matching with the above sequence of vertices of G is given in Table 2.

Let Vp and V; respectively, denote the set of vertices assigned the label

0 and the set of vertices assigned the label 1.
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Table 2. Vertex and edge labeling of cycle with parallel Py chords, where k is odd.

Nature of the
number of vertices

The 0-1 seq. for termwise matching

with the seq. of vertices of G

Relation

The edge labels seq.

for the set Relation
nof G For k=4t -1, For k=4t+1, between Fork=4t~-1,t2>1 Fork=4t+1,t>1 between
t>1 t>1 IVo| and [V4| A B A B |Eol and | By}
n=4r,r21
N-1 N-3
forrodd | (0011)" 7 0 (0o11)"< 0
-1 n-8 N=1 3
Vol +1 = W} (01)%— 11(01)" 7 00 (o= (o1) |Eo| = |Ea)
N-=3 N=
for r even | (0011)™ < 001 | (0011) 4 . 001
n=4r+1,r21
N2 8 N-a N-2
forrodd | (0011)4 10 (o011) (01)~ T 001 o~z o
~9 =1
Vol = [Va] 11001) "7 00 ©O)*T | B0l = Bl +1
N-2 N=2 N—_a
for r even (cor) ¥ (0011) "4~ 10 01~ o (01)~7 001
n=4r+3,r>1
N1 N1
for r odd (0011) "% 0 (0011)7 % 0
No1 -7 No1 =3
Vol +1 =W (01) 11(01)*T o (o1) ©O) 1 | By = |Bol +1
N-3 N3
for r even | (0011)" < 001 (0011) 77 001




From the Table 2, it is clear that when the number of vertices of G is
of the form 4r or 4r + 3, the number of vertices assigned the label 0 and
the number of vertices assigned the label 1 differ by atmost 1, while when
the number of vertices of G is of the from 4r + 1, the number of vertices
assigned the label 0 and the number of vertices assigned the label 1 are
equal.

Let A denote the set of edges {vou1,v1v2,- " ,ViVit1, "+ , UN—2UN—1}
of the hamiltonian path of G and let B = E(G) — A of G. The edges in the
sets A, B get the edge values 0 or 1, the edge values of the edges of the sets
A and B are arranged as a 0-1 sequence and they are given in the Table 2.

Let Eg and E) respectively, denote the set of all edges of G getting the
label 0 and the set of all edges of G getting the label 1.

From Table 2, we observe that G is cordial. m]

3 Cordialness of even-multiple subdivision
graph

In this section, we prove that every even-multiple subdivision of any graph
G is cordial.

Let H be an even-multiple subdivision graph of a graph G. Observe
that V(H) can be partitioned into two sets U and W, where U is the set
of vertices of H which are originally belong to the graph G and W is the
set of vertices of H which are internal vertices of the sets of pairs of paths
replacing the edges of G in obtaining H. We call the vertices of the set U
the base vertices of H and the vertices of the set W the non base vertices
of H.

Note: From each graph G we can construct a family of even-multiple

subdivision graphs H's of G.
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Theorem 3 : For every nontrivial graph G, each even-multiple subdivision

graph H of G is cordial.

Proof : Let G be any nontrivial graph and let H be any even-multiple
subdivision graph of G. Let U be the set of base vertices of H (Note that
U is precisely the set of vertices of G) and let W be the set of internal
vertices of all the paths replacing the edges of G. Partition the set U into
Up U U; such that ||Uo| - |U1l| <1,

Give label 0 to all the vertices of Up and give the label 1 to all the vertices
of U; and the vertices of W are assigned the label 0 or 1 as described below.

Let vy vo- - vop,—1y and = v} v} -- -V, 1Y be respectively a pair of
paths (7, Pé) in the set of pairs of paths replacing an edge e of G in obtain-
ing H, then z and y are base vertices of H which have already been assigned
label either 0 or 1. For the sequence of internal vertices vyvs - - - Uk, —1 and
v{vy -+ Uy, _; We match termwise with a particular sequence of 0-1.

When k; and k; are odd, say k1 = 2r; + 1 and ky = 2rp + 1, for some
71,72 > 1, we match the vertices sequence vjv; - - v4y, 41 termwise with
(0011)™0 and match the vertices sequence vjvj---vj,,,, termwise with
(1100)™21. Then the edge values of the edges zwi,v;v;41, for 1 < i < dr,
U4r;4+1y of the path P, and the edges z V], Vi, for 1 <i < dry, vy, 1Y
of the path P, are given in the Table 3, as a 0-1 sequence with respect to
the above order of the edges.

When k; and ko are even, say k; = 2r; and ky = 2r4, for some
T1,72 2 1, we match the vertices sequence vyvs -« - v4r,—; termwise with
(0011)":=1001 and match the vertices sequence ViV Vg, ) termwise

with (1100)™2-1110.
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Then the edge values of the edges zvy, viviq1, for 1 <@ < 4r)—2,v4r, 1Y
of the path P. and the edges zv},v/v},,, for 1 < i < 4ry — 2,v},,_;y of
the path P, are given in the Table 3 as a 0-1 sequence with respect to the
above order of the edges.

Let Vo(P. U P,) denotes the set of internal vertices of the paths P, and
P. get the label 0 and V;(P. U P.) denotes the set of internal vertices of
the paths P. and P, get the label 1. Then |Vo(P. U P,)| = |Vi(P. U P.)}.

Let Eo(P.UP,) and E;(P. U P.) respectively denote the set of edges of
P.u P; getting the edge value 0 and the set of edges of P, U P; getting the
edge value 1.

Suppose an edge e has been replaced by ¢ pairs of paths (Pe(l), P,fl')),
(P.,(z), Pe(y)), ceey (Pét) , Pe(t')) in obtaining H. Let S, denote the set of inter-
nal vertices of the pairs of paths ( e(l),Pe(l’)), (Pe(g), Pézl)) RN (Pe(t), Pe(t,))
and let F, denote the set of all edges of the pairs of paths (Pél),Péll)),
(PP, P2, ... (P9, P&)). From the above argument, |Vo(Se)| = [Vi(Se)|
and |Eo(Fe)| = |E1(Fe)l.

If G has m edges, say ej,ez, - - ,en in H, then we have
[Vo(Se.)| = [Vi(Se,)| and |Eo(Fe,)| = |E1(F,)], for 1 < i < m.

Therefore,

m m
Vo(H)| = > IVo(Se))| + Uo  and  [Vi(H)| =) |Vi(Se,)| + Ut
i=1 i=1
Then |Vo(H)| and |Vi(H)| differ by atmost 1 as Up and U, differ by

atmost 1.

Further,
|Eo(H)| =Y |Eo(Fe,)l = D |Er(Fe,)| = |E1(H))|-
i=1 i=1
Hence, H is cordial. o
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Table 3. Vertex and edge labeling of even-multiple subdivision graph.

The vertex When k), and k, are odd When k; and ky are even Relation between
label of Edge value Edge value Edge value Edge value |Eo(P. U P;)| and
zandy | sequence of the | sequence of the | sequence of the | sequence of the |E1(P. U P))|

edge of P, edge of P, edge of P, edge of Pel
21‘1 21‘2 21‘1 -1 21‘2 -1 ’
O0and 0 0(01)0 1(01)1 0(01)1 1(01)0 |Eo(P.UP,)|
= |E\(P.UP,)|
2ry 21y 2ry -1 2ra — 1 ,
Oand 1 011 1(01)0 0(01)0 1(01)1 |Eo(P. UP,)|
= |E(P. UR,)|
2ry 2rg 2r; -1 2rp -1 ,
land 0 1(01)0 0(01)1 1(01)1 0 (01)0 |Eo(Pe U P,)|
= |E\(P.UF,)|
2r, 2ry 2r; -1 2rp -1 ,
land 1 1(01)1 0 (01)0 1(01)0 0 (1)1 |Eo(P. U P,)|

= |Ey(P. U F))|




4 Some general results on cordial graphs

In this section, we introduce some general results on cordial graphs.
Let K} denote the graphs obtained from the complete graph K,, by

taking a new vertex v and joining v with [ 3] vertices of K.
Theorem 4 : The graph K, is cordial.

Proof : Assign label 1 to v and all of its | 3| adjacent vertices and label
0 to all the other remaining vertices of K. Let Vj and V; respectively,
denote the set of vertices of K7, assigned the label 0 and the set of vertices
of K} assigned the label 1 and let Eg and E; respectively, denote the set
of all edges of K, getting the label 0 and the set of all edges of K; getting
the label 1.

Observe that when n is even, say n = 2r, then |Vp| =7 and |3} =7 +1
and |Ep| = |Ei| = r%, while when n is odd, say n = 2r + 1, then
[Vol = [Vi| =7+ 1 and |Ey| = |E1| = 7% + 7. Hence K, is cordial. o

Corollary 1 : Every graph is a subgraph of a cordial graph.

A cordial graph H is said to be even cordial if |Vo(H)| = |[Vi(H)| and
|Eo(H)| = |E1(H)|, where Vo(H),Vi(H) are respectively the set of all
vertices of H with label 0 and 1 and Eo(H), E;(H) are respectively the set
of all edges of H with label 0 and 1.

Let H, and H3 be two copies of an even cordial graph H with cordial
labeling. Same label joining of Hy and H: is addition of |V (H)| indepen-
dent edges between the vertices of Vp(H;) and Vp(H2) and between the
vertices of V1 (H;) and Vi(Hz).

Similarly, opposite joining of Hy and H» is addition of |V(H)| inde-
pendent edges between the vertices Vo(H,) and Vi(Hz) and between the
vertices of V1(H;) and Vp(H2).
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Figure 1. A graph H.

Figure 2. Same joining of H; and Hs.

1 0
v
1 0

Figure 3. Opposite joining of H; and Hs.

97



Let H be an even-cordial graph and let G be any graph with even num-
ber of edges. Let V(G) = {v1,v2,** ,Yju(c)|} and E(G) = {e1, €2, ,€2r}
and let G* be a graph obtained by taking |V(G)| copies of H, each copy of
H corresponds to a distinct vertex of G. Join of two copies of H by same
join or opposite join depends on whether the edge joining the correspond-
ing vertices of the copies in G is even suffixed or odd suffixed. Then G* is

cordial.
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