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Abstract. A graph G is called super vertex-magic total labelings if there
exists a bijection f from V(G) U E(G) to {1,2,...,|V(G)| + |E(G)|} such
that f(v) + ) f(vu) = C where the sum is over all vertices u adjacent
to v and f(V(G)) = {1,2,...,[V(G)I}, F(E(G)) ={IV(GI|+LI|V(G)| +
2,...,|V(G)|+|E(G)|}. The Knédel graphs Wa » have even n > 2 vertices
and degree A, 1 < A < |logy . The vertices of Wa , are the pairs (i, )
withi=1,2and 0 < j <n/2-1. Forevery j,0 < j < n/2-1, there is an
edge between vertex (1, 7) and every vertex (2, (j +2* — 1) mod (n/2)), for
k=0,..,A — 1. In this paper, we show that W3, is super vertex-magic
for n =0 mod 4.
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1 Introduction

Let G = (V, E) be a finite, undirected and simple graph with vertex set
V(G) and edge set E(G), and let p = |V(G)|, ¢ = |E(G)| be the number
of vertices and edges of G, respectively. A connected graph G = (V, E)
is said to be an vertex-magic labeling if there exist a constant C and a
bijection f: E — {p+1,p+2,...,p + q} such that the induced mapping
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gs : V — N, defined by gs(v) = C - 3 f(w), uv € E(G), is injective and
gr(V) = {1,2,...,p}. In this case f is called an vertex-magic labeling of
G.

MacDougall, Miller, Slamin and Wallis [10] introduced the notion of
a vertex-magic total labeling in 1999. Miller, Bata and MacDougall [12]
have proved that the generalized Petersen graphs P(n, k) are vertex-magic
total when n is even and k < n/2 — 1. They conjecture that all P(n, k) are
vertex-magic total when k < (n—1)/2. Bata, Miller and Slamin [1] proved
the conjecture.

MacDougall, Miller and Sugeng [11] show: C, has s super vertex-magic
total labeling if and only if n is odd, and no wheel, ladder, fan, friendship
graph, complete bipartite graph or graph with a vertex of degree 1 has
a super vertex-magic total labeling. They conjecture that no tree has a
super vertex-magic total labeling and that Ky, has a super vertex-magic
labeling when n > 1. In [6], Gémez proves the conjecture: If n = 0 mod 4,
n > 4, then K, has a super vertex-magic total labeling. Moreover, there are
some works that present several methods to obtain super VMTL of graphs
from graphs that admit super VMTLs. For instance, P. Kovéf presented
a method for constructing super vertex-magic total labelings of graphs at
IWOGL held in Herlany 2005 [9]; hitherto unpulished. To be more precise,
Kovér proved: Let G, = (V, Ey), G2 = (V, E3), G = (V, E) be graphs such
that Ey N E; =9 and E, U E; = E. If G; admits a super VMTL and G2
is a regular graph of even degree, then G admits a super VMTL. In [7],
two methods to obtain super VMTL of graphs, obtained from graphs that
admit a super VMTL, are presented. For the literature on super edge-magic
graphs we refer to [5] and the relevant references given in it.

The Knédel graphs Wa n, introduced in 1975 by Knodel[8] and formally
defined[2] in 2001, have even n > 2 vertices and degree A, 1 < A < |log, n].
The vertices of Wa , are the pairs (¢,j) withi=1,2and 0 < j <n/2-1.
For every j, 0 < j < n/2 — 1, there is an edge between vertex (1, ;) and
every vertex (2, (j + 2% ~ 1) mod (n/2)), for k=0,...,A - 1.

For W n, let v; represent vertex (1, j) and u; represent vertex (2, 7). In
this paper, the vertex labels are read modulo /2 unless specified otherwise.
From the definition of the Knédel graph, for A = 3 and even n > 8, we
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have

V(WS,n) = {v0$ U1y 9y Unj2-1,U0, UL,y " * aun/‘Z—l},
EWsn) = UMe " {viwi, vinipr, viniys).

Figure 1.1 shows Knédel graphs W3 g and W3 y4.

Vo U1 U2 v3

Figure 1.1 The Knddel graphs W3 g and W3 14

The Knédel graphs WAF,,l are regular graphs of even order n and degree
1 < A < |logyn] that have been widely studied[3][4]. Since W3, is a
3-regular graph with n vertices and 3n/2 edges, according to the definition
of super vertex-magic total labeling graph, W3 ,, is super vertex-magic only
if n = 0 mod 4, and the magic constant C is 23n/4 + 2. In this paper, we
show that W3, is super vertex-magic for n = 0 mod 4.

2 Main Result

Theorem 2.1 W3 ,, is super vertex-magic for n = 0 mod 4.
Proof. = We give a supervertex-magic total labeling of W3g shown in

Figure 2.1.
We define the edge labeling f of W3 ,, for n =0 mod 4 as follows:

flow) = {HHW’ 0Si<n/2-2Aimod2=0,

(Brn—-1+414)/2, 1<i<n/2—1Aimod2=1.
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Figure 2.1 A super vertex-magic labeling for W3 g

5n/4+1+4/2, 0<i<n/2—4Aimod2=0,
2n—(1+i)/2, 1<i<n/2-3Aimod2=1,

fwivip1) = /4, i=n/2-2,
41, i=n/2-1.
(5n —4)/2, 0<i<n/2—-2Aimod2=0,
fvivigs) = 2n+(3+14)/2, 1<i<n/2-3Aimod2=1,
2n, i=n/2-1.

Now we verify that f is a bijection from the edge set E(W3,) onto {n +
1,n+2,...,5n/2}.

Denote by
S1 = {fluiu)0 <i<nf2-1},
S2 = {f(viwiz1)I0 < i< n/2-1},
S3 = {f(viui+3)|0 < i <n/f2~1}.
Then
S = 511 US12,
Sn = {f(»u)|0<i<n/2—2Aimod2=0}

{n+1+4+i/210<i<n/2—2Aimod2=0}={n+1,n+2,...,5n/4},

S1z2 ={f(riuw)|l <i<n/2—1Aimod 2=1}
={(Bn—-1+i)/2]1 <i<n/2—1Aimod 2 =1}

{3n/2,3n/2+1,...,7n/4 -1},

S21 U S22 U S23 U S24,

{f(viui41)l0 < i <n/2— 4 Aimod 2 =0}
={5n/d+1+i/200<i<n/2—4Aimod2=0}
= {5n/d+1,5n/4 4 2,...,3n/2 ~- 1},

S22 = {f(ugug_..l)ll < 511/2—3/\:' mod 2 = l}
={2n-(1+1)/2]1 <i<n/2—3Aimod 2=1}
={2n—-1,2n-2,...,7n/4 + 1}
={Tn/4+1,Tn/4+2,...,2n -1},

S2
S21

Il
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S2z3 = {f(viuig1)li =n/2 - 2} = {Tn/4},
S2q = {f(vivip)li=n/2-1} = {2n +1},
S3 = S3; U S32 U Saa,

S31 = {f(»ui43)[0 < i <n/2—-2A1mod 2 =0}
={(6n —14)/2[0 <i<n/2-2Aimod 2=0}
= {5n/2,5n/2 —1,...,9n/4 + 1}
={9n/4+1,9n/4 +2,...,5n/2},

Saz {f(viui43)]1 £i<n/2—-3Aimod 2=1}

{2n4+(B+4)/21<i<n/2-3Aimod 2=1}
{2n+2,2n+3,...,9n/4},

Sas = {f(viuisa)li =n/2 -1} = {2n}.

Hence, 53 U S2 U S3 is the set of labels of all edges, and

S S1US2U 83

811 U 821 U 812 U S23 U S22 U S33 U S24 U S32 U S3
{n+1,n+2,...,5n/4}U{S5n/4+1,6n/4+2,...,3n/2 -1} U {3n/2,3n/2 + 1,
cey /4 -1} U {Tn/A} U {Tn/a+1,Tn/4 +2,...,2n -1} U {20} U {2n + 1}
U{2n+2,2n +3,...,9n/4} U {9n/4 + 1,9n/4 + 2, ..., 5n/2}

= {n+1l,n+2,...,50/2}.

Therefore we conclude that f is a bijection from E(G) onto {n + 1,n +
2,...,5n/2}. Denote by

95(v) C -3 f(vu), vu € E(G),
w {95 (w)lv € V(G)}.
Now, we show that gy is a bijective mapping from V(G) onto W. Let

us denote the sets of the weights (under an edge labeling f) of vertices v;
and u; of W3, by

Wi ={gs(v)l0 <i<n/2-1}

= {C — (f(viwi) + f(vitsig1) + f(viuiga))0 < i < nf2-1}),
W2 = {gf(ui)|0 <i < n/2-1}

= {C — (fuivi) + fluivim1) + fuivi=3))[0 < i < n/2 -1}

I

nnn

Where
Wi =W uWiuWiau Wy,
Wi ={C = (f(viws) + f(vivtiz1) + f(viui43))l0 i < nf/2 —4 Aimod 2 =0}
={23n/4+2—(19n/4 +2+i/2)|0 <i < n/2—4Ai mod 2 = 0}
{n,n-1,...,3n/4 4+ 2} = {3n/4 +2,3n/4 + 3,...,n},
{C ~ (f(viwi) + f(vivis1) + f(vivia))1 i< n/2-3Aimod 2=1}
{28n/4+2—(lln+1+i)/21 <i<n/2—3Aimod 2=1}
={n/d+1,n/4,...,3} = {3,4,...,n/4+ 1},
Wiz = {C— (f(viwi) + f(vinig1) + f(wivira))li = n/2 - 2} = {n/2+ 1},
Wis  ={C - (f(viwi) + f(vivig1) + fvivia))li = n/2 — 1} = {2},
Wa =W UWaa UWaz UWay UWas UWag,
War = {C — (f(wivi) + fuivi—1) + f(uivi-3))li = 0} = {n/2},
Waz = {C = (fluivi) + f(uivi—1) + f(uiviza))|i = 1} = {3n/4},
Was = {C — (f(uivi) + f(uivi-1) + f(uivi-3))li =2} = {3n/4 + 1},

Wiz
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Wos = {C — (fusvi) + f(uivicy) + f(uivi—3))I3 <i<n/2—-3Aimod 2=1}
={23n/4+2 - (2ln+6+2i)/43 <i<n/2—-3Aimod 2=1}
={n/2-1,n/2-2,...,n/4+2} = {n/4+2,n/4+3,...,n/2 -1},

{C = (f(uivi) + fluivie1) + f(uivi—3))[4 i <n/2~2Aimod 2 =0}

(23n/a+2—(5n+1+i/2)[d <i<n/2—2Aimod2 =0}
={3nf4—1,3n/4-2,...,n/2+ 2} ={n/2+2,n/2 +3,...,3n/4 - 1},

Was = {C — (f(wivi) + fuivi—1) + f(uivi-3))li =n/2 -1} = {1}.

W = W; U W, is the set of the weights of all vertices, and

W) U W,

Wi UWi2 UWi3 UWig U Wa U Wap UWag UWaq UWas UWog

Wag U Wig U Wis U Way U Woy U Wiz U Was U Waa U Was U Wy
{1}u{2}u{3,4,...,n/4+1}U{n/d4+2,n/4 +3,...,n/2 -1} U {n/2}
u{n/2+1}u{n/2+2,n/2+3,...,3n/4 -1} U {3n/4} U (3n/4 + 1}
U{3n/4+2,3n/4+3,...,n}

{1,2,..., n—-1, n}.

Was

<8
8

It is clear that the labels of each edge are distinct, and the edge labels
are {1,2,...,n}. According to the definition of super vertex-magic total
labeling, we thus conclude that the graph Ws , is super vertex-magic for
n =0 mod 4. a

In Figure 2.2, we show our super vertex-magic total labeling for W3 o4.
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Figure 2.2 A super vertex-magic total labeling for W3 24
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