Cyclically Decomposing the Complete Graph
into Cycles with Pendent Edges

Shung-Liang Wu and Hui-Chuan Lu
National United University
Miaoli, Taiwan, R.O.C.

Abstract

Let C,» be a cycle on m (> 3) vertices and let ©,_Cry denote
the class of graphs obtained from C.. by adding n—m (> 1) distinct
pendent edges to the vertices of Cr,. In this paper it is proved that
for every T in ©pn_mCm, the complete graph Kan+1 can be cyclically
decomposed into the isomorphic copics of T. Moreover, if m is even,
then for every positive integer p, the complete graph Kapn+1 can also
be cyclically decomposed into the isomorphic copies of T.

1 Introduction

Let G be a simple graph. A G-decomposilion of Ky, = (V, E) is a collec-
tion C of edge-disjoint subgraphs of K, such that each member of C is
isomorphic to G, and each edge of F appears exactly once in a member
of C. Here K, is a complete graph on n vertices. A G-decomposition of
K, is also called a (K, G)-design [4]. In particular, if G is a cycle with m
(= 3) vertices (namely, an m-cycle), then a (K, G)-design is known as an
m-cycle system of order . There have been many results considering the
existence of cyclic m-cycle system of order n. See, for example, (2, 3, 6, 7,
10-14).

Throughout this paper, we consider the complete graph with odd num-
ber of vertices. Let II be an automorphism group of a (K, G)-design,
i.e., a group of permutations on n = |V| vertices leaving the collection C
invariant. If there is an automorphism 7 € II of order n, then the (K,, G)-
design is called cyclic. For a cyclic (K,, G)-design, the vertex set V can be
identified with Z,, i.e., the residue group of integers modulo n. Thus the
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automorphism can be represented by
w:i— i+ 1 (mod n)or m:(0,1,...,n = 1)
on the vertex set V = Z,.

Let T be a member of the collection C. By I' + k we mean the graph in
which each vertex is renamed as the addition of the corresponding vertex
in I" and an integer k € Z,, modulo n. An orbit of T is a set of distinct "
in the collection {I'+i|i € Z,}. The length of an orbit is its cardinality,
i.e., the minimum positive integer k such that C + k = C. An orbit of
[’ with length n is said to be full and otherwise short. A base graph (or
starter) of an orbit O is a member in O that is chosen arbitrarily. Any
cyclic (Ky, G)-design should be generated from full or short base graphs.

Let O; (1 < j £ r) be orbits of a cyclic (Kn,G)-design and T'; € O;
be a base graph of O;. The list of differences in T'; is the multiset dI°; =
{£(z - v) | {z,y} is any edge in I';}. Given a set B = {I'y,...,I'}},
the list of differences from B is defined as the union of differences of dT';
(1€j<r)ie,dB= U;=, ar;.

It should be mentioned that any cyclic or 1-rotational graph decompo-
sition using the method of partial diflerences which generalize the above
differences has been introduced in [1].

Theorem 1.1. Lel G be a graph and let B be a sel of full base graphs,
each isomorphic to G, such that 8B = Zynyy — {0}. Then there exists a
cyclic (Kopy1,G)-design.

Let ©,_»Crm denote the class of graphs obtained from C,, by adding
n —m (> 1) distinct pendent edges to the vertices of Cy,.

In this paper the main result is the following:

Theorem 1.2. Let m and n be any positive integers withn > m > 3. Then
there exists a cyclic (Kany1,T)-design for any T € Opn_;Cm. Moreover, if
m is even, then for any posilive inleger p, there exists a cyclic (Kopny1,T)-
design for any T € Oy, Cn.

2 Definitions and Preliminaries

Let G = (V, E) be a simple graph with n edges. A proper labeling of G is
an injection f:V — {0,1,...,2n} such that the induced labeling f*: E —
{1,2,...,n} on the edges, defined through f*({u,v}) = |f(u) — f(v)], sends
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E bijectively onto {1,2,...,n}; and the proper labeling f is said to be A-
proper if there exists an integer A such that, for each edge {u,v} in G, either
J(@) €A < f(u) or f(u) <A< f(w).

As an example, consider the graphs, shown in Figure 1, that have a
proper labeling and a 3-proper labeling, respectively. It should be noted
that a proper labeling is a stronger version of a p-labeling [9].

1 10 2 4 3
0 6
2 9 7 0 6
(1) A graph with a proper labeling (2) A graph with a 3-proper labeling
Figure 1.

The concept of a graceful valuation and an a-valuation was first intro-
duced by Rosa [9] (known as graceful labeling and o-labeling). A graceful
labeling of G is an injection f of V(G) into the sct {0,1,...,n} with the
property: if for each edge {u,v} in G, the value f*({u,v}) of the edge
{u,v} is defined by f*({u,v}) = |[f(x) — f(v)| then f* is a bijection of
E(G) onto the set {1,2,...,n}. A graceful labeling is an a-labeling if
there is an integer A (0 < A < n — 1) such that for ecach edge {u,v},

min{f(u), f(v)} < A < max{f(u), f(v)}.

Clearly, a graph admitting an a-labeling or a A-proper labeling must be
bipartite, and a graceful labeling (a-labeling) is a proper labeling (A-proper
labeling).

Proposition 2.1. If a graph G with n edges has a proper labeling, then
there exists a cyclic (Kan41,G)-design.

Proof. Since the graph G has a proper labeling, the graph G itself is a full
base graph with 4G = {£1,+2,...,4+n}. Then the asscrtion lollows from
Theorem 1.1. ]

Remark. The consequence in Proposition 2.1 is a special case of Theorem
7in [9).

Let G be a bipartite subgraph of K,, with edge set {{a1,b,}, {az2,b2},...,
{@n,ba}}, where a; < b; for 1 <i < n. By C® k we mean the graph with
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edge set {{a1,b +k}, {a2,b2+k},...,{an, bn + k}}, where the value b; + k
is understood modulo v.

Proposition 2.2. If a graph G with n edges has a A-proper labeling, then
there exists a cyclic (Kopn+1, G)-design for every posilive integer p > 1.

Proof. It is clear that G is bipartite since G has a A-proper labeling. Let
{{e1,b1},{a2,b2},...,{an,bn}} be the edge set of G satisfying b; —a; = ¢ for
1 <% £ n. Consider the graphs G®in, 1 < i < p—1. Obviously, G = G®in
for1 <i<p-1and (G in) = {X(in+ 1),£(in +2),...,£(i + 1)n}.
Choose the graphs G,G@®n,...,G @ (p — 1)n as the base graphs and the
proof then follows from Theorem 1.1. 0

Remark. Proposition 2.2 is & generalization of theorem 8 in [9].

Notice that not every graph has proper labelings. It can be proved that
if G is an Eulerian graph with |E(C)| = 1 or 2 (mod 4), then G has no
proper labeling.

By ©xG we mean the class of graphs obtained from G by adding any k
(> 1) distinct pendent edges to the vertices of G. Let zg,xy,...,zs (s < n)
be the vertices of G. The vertices in ©¢G that have additional end vertices
are denoted by ¥1,%2,...,%p (1 < p < s+1), and let y;,1,%5.2,- -+, Yjgs
(95 > 1) be the additional end vertices adjacent to the vertex ;, 1 < j < p.
Clearly, 3°%_, ¢; = k. The graph, depicted in Figure 2, is an easy example.

X0
N x)
%y xq
(1)Agraph G (2) A member in OsG

Figure 2.

Proposition 2.3. If a graph G with n edges has a graceful labeling, then
there exists a cyclic (Kanik)+1, T)-design for every posilive integer k and
every T € ©,G.

Proof. Let h be a graceful labeling of G. Without loss of generality, assume
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that h(z;) < h(zit+1) and h(y;) < h(yj41)for0 <i< s—land1 < j <p-1.
Let f be a labeling of ©,G defined as

ﬂm={

h(z;), ifu=2;,0<1<s;and
h(y;) +n+t+ i g, ifu=y;,1<j<pand1<t<yg,,

where each vertex v is in T.

An easy computation shows that the labeling f is a proper labeling of T,
and the proof follows from Proposition 2.1. (n]

Proposition 2.4. Let p and k be any positive integers. If a graph G with
n edges has an a-labeling, then for every T € ©,G, there exists a cyclic
(KZp(n+lc)+ 1, T)-design.

Proof. Let k be an a-labeling of G. So G is bipartite on X = {z; | h(x;) <
AM0<i<r—1}andY = {z; | h(z;) > A, v < i < s}, where r is a positive
integer less than or equal to s. Also, assume that h(z;) < h(zi+1) and
h(y;) < h(yj+1). 0 <i<s—-1and 1 < j < p—1. Clearly, h(zo) =0,
h{z-—1) = A, and h(z,) = A + 1, h{zs) = n. Let ¢ = min{i | h(y:) > A}
and let € = Y% __gq;, where ¢; is the number of end vertices of the vertex
y;. Let us introduce a labeling f of T given by

h(z;))+n+€- A -1, fu=z;,0<i<s;
hy;) +2n + 20+ L= A =1+ i, ilu=y;, and h(y;) < A,
f(w) = . 1<t <gq; and
hy;))+t-2-2+ Y7 g, il u=1y;, and h(y;) > A,
1<t <q;,

where each vertex v is in T'.

By routine computation, it can be verified that f is a (n + ¢ — 1)-proper
labeling of T'. By virtue of Proposition 2.2, the desired result follows. 0O

M 2

Figure 3.
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As an example, consider the cycle C; with an a-labeling and a member
T in ©,0C; with a 9-proper labeling, shown in Figure 3-(1) and 3-(2),
respectively.

By a path we mean a tree with exactly two cnd vertices. A caterpillar is
a tree with the property that the removal of its end vertices leaves a path;
similarly, a lobster is a trce with the property that the removal of its end
vertices leaves a caterpillar.

Since any path and caterpillar have a-labelings [9], Proposition 2.4 im-
plies the following.

"Corollary 2.5. Let T, be a caterpillar or lobster wilh n edges. Then for
any positive integer p, there exists a cyclic (Kopn+1, Te)-design.

Note that the same result as Corollary 2.5 can also be found in [3]. More-
over, in 1963, G. Ringel [8] posed the conjecture that for cvery tree T with
n edges, there exists a (Kzn+1,T)-design. From the fact that Kapn4 can
be cyclically decomposed into isomorphic copies of a caterpillar or lobster
with n edges, the Ringel’s conjecture scems to be further gencralized to the
following:

Conjecture. Suppose that T is a treec with n edges. Then for any posilive
integer p, there exists a cyclic (Kopn+1,T)-design.

Before proving the main result, we also need a preliminary lemma.

Lemma 2.6. [9]

(1) The m-cycle Cy, has an o-labeling if and only if m = 0 (mod 4).

(2) The m-cycle Cy, has a graceful labeling if and only if m =0 or 3 (mod
4).

3 Main result

To obtain the main result, it is sufficient to show that each m-cycle has a
graceful labeling, and in particular, if m is even, that the m-cycle has an
a-labeling.

By virtue of Lemma 2.6, the 4m- and (4m + 3)-cycles have an a-labeling
and a graceful labeling, respectively, but the (4m + 2)- and (4m 4 1)-cycles
do not. In order to prove that for m = 2 (or 1) (mod 4), each member
in ©,_,Cn, has an a-labeling (or graceful labeling), we shall use the class
elc'4m+2 (Ol‘ e16‘4m+1) instead of C'Im+2 (Ol' Cdm+l)'
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Assume ©1Cam+2 3 G = (uo,v0,%1,%1,- - -, U2m, V2m; w) With vertex set
{ui,vi,w | © € Zom41} and cdge set {{ui,v;}, {vi,uis1}, {uo,w} | i €
Zam+1}; similarly, ©,Cym i1 3 G* = (u0, 0, U1, 1, -+ -, U2m—1, V2m—1, Uzm; W)
with vertex set {ui, vi, ugm,w | 1 € Z2m} and edge set {{ui, v}, {vi,ui+1},
{u2m$ u’O}’ {uo; 'U)} I 1€ ZQm}

Let f and g be respectively the labelings of G and G* defined as

(4, if z=u;,0<i<2m,;
dm+1=1i fz=v,0<i<m-2

flz) = 4m —1, fr=v,m-1<i<2m-1;
4dm + 3, if £ = vom; and
[ dm + 2, ifz=w;

and )

1, fr=u;,0<i<2m -1;
Im + 2, il 2 = ugm;

glz) = ¢ 4m—1, fr=7,0<i<m-2
Adm—-1—-14, fr=v;,m-1<i1<2m~-1; and
Am+1, if z = w;

\

A routine verification shows that f and g are certainly an a-labeling and
a graceful labeling of G and G*, respcctively.

Combining these results with Propositions 2.3 and 2.4, we have the de-
sired result.
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