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Abstract

The factorization of matrix A with entries a;; determined by a;; =
@ai_1,j-1 + Baij—; is derived as A = TPT. A interesting factoriza-
tion of matrix B with entries b;; = abi-1,; + Bb;j-1 is given by B =
P[a]TPT[B). The beautiful factorization of matrix C whose entries satisfy
¢i,j = aci—1,j + B¢ij-1 + 7ci-1,j-1 is founded to be C = P[a]DPT[4),
where T is Toeplitz matrix. Where P and P[a] are Pascal matrices. The
matrix product factorization to the problem is solved perfectly so far.
AMS Classification: 05A410;05A415
Keywords: Recurrence relation; Generating function; Matrix factoriza-

tion

1. Introduction

The matrix 4 with entries ¢; ; determined by recurrence relation a; ; =
aa;_1 -1 + Ba;_1,; was studied by matrix method, and A = PT is derived
in [1). Where T is Toeplitz matrix and P is Pascal matrix. The matrix
C= (c;,j) defined by Cij =ci—); + ﬂci,j_l + 7Ci-1,j—-1 was investigated
in [2], and an interesting recursive relation on its principal minors was ob-
tained.
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In this paper, we study the linear recurrence relations a; ; = aa;-1,;-1+
Bai ;-1 and b;; = abi_1,; + Bb; j—1, and find similar properties as that in
[1). At the same time, the relation ¢;; = aci-1,; + Beij-1 + 7Ci-1,j-1
is investigated and the beautiful product factorization of its correspond-
ing matrix is obtained. Where @, are arbitrary complex numbers and
af # 0. So far, we solved this matrix product factorization to the problem
completely.

2. On a;=aaj1j-1+Pajj-1

Suppose recursive relation as
aij = @iy j-1 + Baij-1 (2.1)

with initial values a;o(i = 0,1,2,:-), ao,j(j =0,1,2,--). The (n +1) x
(n + 1) matrix with elements a; ; is denoted by A,[a, 8] = Ay, and the
corresponding infinite matrix is A.

Let the generating functions respectively as follows:

falz,y) = Y 'y, fal@) =) aioz',  galy) = a0y’

1,320 i20 20

We have
fa(z)+g94(y) — Bygaly) — aoo

1- 8y - axy
We call f4(z,y) as the generating function of infinite matrix A also.

Notice that
— J—iq0
1- ﬂy azy Z ( )a gy

j2i20

falz,y) = (2.2)

Set
Qij= (3) o'F7, Qu = Qula, f] = (Qijogi<icn

P, = P[0, 8] = Q¥[w, 8] , PT =Q = (Qij)ogii<x

where PT is the transposed matrix of P. P,[a, ] is generalized Pascal
matrix as usual.
The coefficients of 'y’ in

(Z a0z’ +3 a0y’ =3 ﬁ“o,jy“l) 2 (i) o' iialyd

i>0 21 320 0<i<i
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is

i-1 j=i
2 GickoQri +a ) aiQiz1j-k—1 , J2i21
;=14 *3° k=0 (2.3)

Y ik, 0Qk,; , J<t
k=0

Build a (n +1) x (n+ 1) matrix Toeplitz T, = (¢;;)o<i,y<n(The corre-
sponding infinite matrix T') as below:
, i P
= )T ()T ey 52820
bij = =0 !

Qi-j0 yJ <
Observe that

P e, B} = Pn[%, ‘éLPn[Ol,ﬂl]Pn [a2, fa] = Pulayas, B + a182) (2.4)

1
Poa, B] = Pyla™,

1—_&: Blm>1,a#1) , P™1,8] = Pu1,mp

Theorem 1. A, has the following factorization:

A, =T, PT (2.5)
Proof When j > i > 1, at first, we compute the following formula:
J-i-l . , J—i-l ; -
k(k+i-1 — —_1\k ! —-i-l 1
k§0 (_1) ( k )(k+Ji+l) - LZ ( 1) (i..l)l(j_,,'_[)g(l+1)! (J lt )('i+"l_l'++l )

" J—i-! 1
= OG- DU kZ G )*z—r.++)

= i _1 79
(=117 =i=OiI+1)! (j—i—l)+(l+l) CHrEE =\
where = is due to formula (4.2) in [3].
Now, we prove the general element at (¢, ) in A4,[a, 8)Q;[a, B] is just

i
Z (Zaz 1,0Q1k +0’ZGOIQ1 1,k—1- 1)(i)(—1)j+k0"jﬂj—k
k=0 \ i=b
= Za: 100!~ gi-t Z () (@) (—1)k+
+ 0TS ag Bt 35 (—1ye (R ()
l"'O k==i+!

= ai-i l;)ao',ﬂi-i-’(—l)j"+l !Z,; (-1)'("+'£"’)(.+’}+4)
— oi-i g a0 (—1)J=H+ (I74) gi=i=t = (_qyi=i :g aos(—1) (777) B
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We can see that this is just ¢; ;.

Clearly, when i = 0, that is j > i = 0, it is still true.

When j <1, by (2.3), we know (2.5) holds.

Thus, the proof is completed when considering all above cases. O
For example, the factorization of Asza, B]:

az,0 aaeyo+Bape a2agg +2abay0 +B2a20 alaoa +2a%Bag,0 +3aBay,0 + Bazpe

ao0,0 ap, a0,2 " 20,3
a10 aago +Baye aag,1 +afage +8a10 aap,2 +afag,1 + aB2ag,0 + 83410
a3,0 oag,o + Bago aay 9 +2aBaz,o + ,3203,0 a3ag.0 + 3a%Bay,0 + 3aBag,0 + 8%a3,0

30,1-90,08 90,2+8%a0.0-28a0,1

0,0 - - 220 3 1 8 B° 33
80,1 -90,08 20,2+8%a0,0-2830,1 0 a 2a8 3ap”
=] a0 a0,0 S - o 0 o_._P 325-7,,
a -ag,08 3
a0 a0 a0.0 201°20.07 60 0 a
a3,0 a2,0 ajo 20,0
a0.3+38a0.1 —38a0.2—a0.08°
where tos = 0.3 0.1 asﬁ o 008"

The following is clear
A=TPT (2.6)

We now investigate the generating function fr(z,y) of Toeplitz matrix
T.

Denote the generating function of sequence in the i-th row of A as
ri(A,y) and generating function of sequence in the j-th column as ¢;(4, z)
respectively. Then

o0 oo
ri(A,y) = Zai,jy’ , ¢i(d,z) = Zai,jl"

j=0 i=0

i iz o .
¢j(T,z) = Zt.ﬂ:‘+ Z tijzt = 2(-0)”’ Z(-U'(’I')ﬁ""‘ao,zm‘

i=j+

+. zilai—j,ol" = Z b: (" (- 1-3-)1" izt 4 (fa(z) — ag0)2?
i=j

So
friz,y) = Z:OCJ(T :L)y-’ z Z by Z( é)) i- l(J 1)m1y3+ fA(la:)z;oo

j=01=0 =0
+1 I+k éz kE_ i+l __a'*! I,uz) Go.0
l;(] by ’go-"' y' k—O( )( ) t§) b 'g y' (°+,3y)r+11’ + =
Hence

ay fa(z) ~ aop .
(a+ﬁy)+ g (2.7)

«
fr(z,y) = 1= z9)(a + Ay "

We can compute the generating functions r;(A,y) and ¢;(A4,z) associ-
ated to A by the same method as the former.
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J . e ;
cj(4,2) =ap; + Z @izt + 3 aiet =
J-H

ao,;+2 Z @ik, 0Qk ;2 +GZ Z a0k Qi1 j—k—12+ Y Y ai—koQk ;2

i=1 L.—O i=1 k=0 t..]+l k=0

[ <]
= ao,j+Z Qe X Gi—kpz+Qj; Z a,_,oz itox Z ao x(0z+p3) ~F-1
k=0 i=k+1 i=j+

=ag,; + (fa(z) — ao,0) Z Qr,jz* + az LZO agx(az + )7 *-1
k=0 o=

Therefore

j-1
¢j(4,2) = ag,; +(fa@) —aop)(@z +B) +az ) aou(az+8) 7" (2.8)
k=0
< (ay)* ay .
H%W=E?M”L%WH+H_WMAM (2.9)

We can find the generating function of 4 = (; ;) by using ¢;(4, ) or
7'1"(‘41 y)'
[~}
fa(@,y) = ¥ ¢i(4,2)y

Jj=0

- Zao,JJ+(f,4(1) a0,0) z(m +8)Yy +az fl Zoa(”(al+ﬁ)-' —k=1y
j=1 k=

=galy) + {122._2:3 + ax z ao ) Z (qz + B)i~k-1yd
k=0 j=k+1

Tha s £4(2) + 940) ~ Bugaly)
oy fal®) + 9alw) = Bygaly) — ao.
fA("l')y)— l—ﬂy—azy
oo i—1
falz,y) = ZT (4, y)J = ZZ“: k 0_(_)k_ﬁ‘
i=0 i=1 k=0 (1 ﬂ ) i=0
amy — By
ﬂy Z( )"(fA(fb) — ag,0) + yA(y)W
That is

fa(z) + galy) — Bygaly) — aoo

faay) = R

Moreover, we find the following relation between ¢,(A4,2) and ¢, (T, z)
as follows:

n

NEEIEDY (:) o* " * (T, 2) (2.10)

k=0
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Let infinite matrix A,, A2, and corresponding generating functions be
fa(z,y) and fa,(z,¥), X = (1,2,2%---),Y = (1,9,%%- ), then

fa(@y) = XA YT (2.11)
Clearly
Faraa(@,y) =Y cu(Ay, 2)ri (A2, y) (2.12)
=0

So, for matrix A determined by (2.1), this gives

a*

fa@y) =Y Ty a(T.2) (2.13)
4 § (1= By)<+T

3. On b;J = Olbi_l,j + /3biJ_1
Suppose we have the following relation
bi,; = abi-1,; + Bbij- (3.1)

with initial values byo(k = 0,1,2,--:),box(k = 0,1,2,---). Set B, =
By [a, B] = (bi j)o<i,j<n and the related infinite matrix B.

Let (n+1) x (n+ 1) low triangular matrix P, [a] = P,[a,a] = ((;)a') ,

where 0 < j < i < n. P|e] is the corresponding infinite matrix. Thus
-1 i+j i 1
P a] = ((-1) . ) =Jo<j<i<n
o’
Let generating functions:

fB(z,y) = Y biga'y’,  fele) =) bioa', gB(y) =) boy’

4,520 i20 >0

then
1-oz)fp(z) + (1 - By)ys(y) — bo,o

l1-az-py

folz,y) = (3.2)

For the coefficient b; j(ij > 1) of iy’ in fp(z,y), we have
i T | ek i ik
bij = 3 (b0 —abi-1,0) (") BT+ 3 (Bok — Bbos-1) ()i piH
k=1 k=1

+boo ()il
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We can get another expression in general cases by inathematical induc-
tion:

o Z’: (k=1 gizkpy 4 @ t (BNl b, i1
i = k=1 k=1 (3.3)
' bo.j ,i=0
bi,o ,Jj=0
Theorem 2. For By[a, 8] from (3.1), we have
By la, B] = Pala]Tu[a, B)F, I (8] (34)

where, Ty,[a, f] is Toeplitz matrix.
Proof For convenience, we take P, [a) By [a, B)(P; [B]) T=Tule, B] = (ti ;).
It follows that by matrix production:

t‘i:j =
z": i(-l)“"(;)a" <a‘ i (*hzy )8 reo . +s z’: ('*’;‘_'{")a‘-"bv,o)(_1,5+k(i)5—k
=11=1 v=1 v=l

+(=1)i*i i(-l)'(:)O"bl.o + (-0 i(—u" (3)5"*s0u

=0 k=1
When ij > 1, firstly, we compute the first product part in ¢; j:

S 3 (-1 5 (Y () (1) 3 v,

k=11=1 v=1
J

k i .
=X (i) g B7"bo,e lg(—l)"ﬂw“l-l—k(ll)(H-Ll':;.-q)

L=l
k ki ke om
23 3 B bou(-1TH () (F50
k=1 v=1
J
= £ 57 £ P (71
0 12
= i , Jdsr i+e j—i—v . .
,§ bo,B™" Zﬂ (- 1)v+1+:+k((: 1)+t)((:+;31-5’1)+; )) , i< §
0 L i 0 yE2
A L= it riei o
Zl ,B—ubo,v P z-—v) ,i< (—1)1+J Zl(-—l)l (Jv')ﬂ""’bo,u 1<)
= =

Where = is true because of a combinatorial identity ((5d), Ps) in [4).
By using the same mnethod as before, we can compute the second prod-
uct in t; jeasily, omitted here. At last, we have

bii =N (1 Z( DFE) B b0k i< j
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]  (im i\ — ke . . i
# GO E D)™ o 1> 5 (1) 3 (1) (b
0 i< k=0

Lo .
+(=1)" 3 (=1)*(}) B *bo,x
k=1
Therefore
e . R A L
tig = (-1)" T (-1)* (3 )a" b0 + (1) ]Z(—l)"(’;')ﬁ"’bo,k (3.5)
k=0 k=1
Clearly, Ty[a, 8] is Toepolitz matrix also. The proof is completed. O

In addition, we can give the explicit factorization on By|a, ] easily
from our proof.

For example Bs|a, B]:
bo.o bo.1 bo,2
(bt.o abo,1 + Bbi,o abo .2 + afbo,1 + B%b1,0 )
boo ?boy +aBbio+ Bbao a’boz +2a%Bbo + 2a8%b10 + b2
1 0 o0 o0 bo,0 ~boo + %L boo ~ 221 + 202
= (:2 222 (?2 g ) —bo,0 + Lx;g bo.0 —bo,0 + -b-‘:-;-'-
ad 3a% 3a® ol bo,0 — 2"—‘0'2 + %‘e} —boo + b—:;Q 00,0
18 B B
0 8 28 38
0 0 B 3p
00 o g8

Furthermore, if we set T is the infinite matrix of T, [«, 3], then
B = P[a]TPT[3)] (3.6)
Now we begin to investigate a special case with initial values:
bro = (boo+kw)a*(k = 0,1,2,--),bo.x = (bo,0+kw)B¥(k =0,1,2,---) (3.7)
where a, 8, w are arbitrary complex numbers with afw # 0.

Thus, if initial values satisfy the condition (3.7), then the coefficients
bi'j is

i+ (P +F i ini gs s

The (n + 1) x (n + 1) matrix B, defined by (3.1) with initial values
(3.7) has the following factorization

Bn = Pala](booln + wE,) Py [B] (3.9)
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where matrix I is (n + 1) x (n + 1) identity matrix, and E, = (e;,;) is
(n+ 1) x (» + 1) matrix with entry e; ; = 1 only when |i — j|=1 otherwise
0. In fact, E, is a special Toeplitz matrix.

For example B3(bpo =0,a=f=w=1):

01 2 3 1000 0100 1111
12 4 7}_f1 100 1010 012 3
24 8 157 {1 210 01 01 0013
3 7 15 30 1 331 0010 0001
For the corresponding infinite matrix, we have
B = Pla](by,o] + wE)PT(3) (3.10)
bo,0 az + By - 2afBay

fe(z,y) = 1-oaz - By + (1 — oz - By)(1 — az)(1 - ﬂy)w

Based on our reasoning, the generating function of sequence

i+N\E+P i+
(z‘ )(i+1)u+l)"ﬁ

(i.e. that of matrix Pla)EP[3]) is derived as:

ax + Py — 2afxy
(1 —az - By)(1 — az)(1 - By)

Theorem 3. The determinant of B,, determined by (3.7) is

wl — Wt wn—l - wn—l
IBﬂl = ( 2 1 bO,(] 22 1 w‘.’n-? (311)
wa —wh Wa — W)
where
bo,o + \/bg’[) — 4w? bo,o - ‘/bg,o — 42
wr = 2u? et 2w?
Proof When |bgo] # 2|w|, because of |B,| = |bgol,, + wE,]|, so we need

to study the determinant d,, of matrix bgol, + wE, only. We have the
following recursive relation by property of determinant.

2

dyn = bg,0dn-1 — w2dn—2(n >3),di=bpo, dr = bg,o —w” (3.12)
2
Let the generating function of d,, be d(z) = Y d,2". This gives
n=1

bo.ox — wa?

d(z) = wiws (wy — z)(ws - x)
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When |bg 0| = 2|w|, we have

|Ba| = (n + 1)( Ly (n > 1) (3.13)

In fact, we can derive the same resuit from limitation method wy; — w» in
(3.11).
So, (3.11) is valid in any cases. The proof is completed. O

4. On ¢ = aci_1j+ Bcij-1+ YCi-1j-1
Suppose recurrence relation
Cij = 0Ciyj+ Bcijo1 +¥Ciz,j-1 (4.1)
with initial values ¢;o( =0,1,-++),¢0j(j =0,1,---), where a3 # 0.

Set (n + 1) x (n+ 1) matrix C, = Cy[, ] = (¢i,j)o<ij<n, and the
corresponding infinity matrix is noted as C.

Take
folw,y) = Y_ eija'y’,  fel@) =) cor,  goly) =) cosv
i,i>0 i>0 i>0
then

(1 —ax)fe(z) + (1 - By)gc(y) — co0
1-az - By -2y

Compute the coefficient of 2’y in 1_—55'—435,—-1—1[, as follows:

1-oaz —ﬂy yzy ZZ( )1 11% ( )yl7lai_lﬂj

Jfe(z,y) =

i=0 j=0
oo oo min(ij)
Z Z (‘ +J - ’) (l) i=tgi=tt
i=0 j=0 =0

Set § = 1+ L, (4, j) = min(i, j). So the coefficient of a'y/ is

5 - L () (e
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By comparing, the coeficient ¢; j of 2'y? in fo(x,y) is

1 ti—-1-k,j

'BJCOO (L)( ) (% L+i-1et+ Z Z ('_,:L) ({)510"-#/310‘,_0 +

k=0

j-1 (IJ —k-1

Bicio+at COJ+Z (;2,)6a)i- L,g:c“,_,.z Z J—x—k)(i)éta;ﬂj-kc“

-1

+]_ (j_k)(éﬁ)"_ka"co,k
k=1
Take
di = Z( —1)**a*({Jeroli =0,1,2,---), d_j = Z( ~1)7+k 3= () co x
(=01, 2 -).

(dﬂ d_y d_a d_3 s d_n \

d 8o 8d_,  &ds - bd_py

(l'_" (Sd, 62(10 Jgd_l Lo 6261._“,_4_))

D, = (aminti,j)di_j) = ds dd» szl 63d0 . 63d_(n_3)
kdn dd, -y éedn—:‘! 63(1(11—3) T d"dg /

where 0 <4,j < n.
Let the corresponding infinity matrix of D,, be D, then we have
Theorem 4. Matrix C,, has factorization:

C» = P,[a]D,Pl[8) , C = Pla]DPT[3] (4.3)

Proof We use generating function method to prove the Theoremn 4. Be-
cause generating function is bijective to sequence.
This is to prove

c,_,—aﬂJZZ()( )6““(1, *

1=0 k=0
That is Cij =

i

B Y S (D)o dosta Y S () ()i v-a'8 T () ()6 (44
1=0 k=0 {=0 k=l

Firstly, compute
i

5SS () ()

i=0 j=0 {=0 k=0
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i S (1t (l P k) (i) o (;) csaer”"(az) By
Sore () (ior £ (o

i=0 1=0 8=0 k=0 j=0
oo o I I-s
s ] i (/3 )‘
=233 5 e (S )()J*caoa (o) ,;J)m
o< k
S () (et

2 ke (=B e (@@) ()
( 1)l+k+( s )5‘63,00 (1—(!’3:)I+1 (I_By)k+l

-
-~

1=0 8=0 k=0
- o ke, —s (ﬂy) I+A+s( ) (az)'
go;, 0% =By -Az;s( ) (1 - azy ™
IR N N I ) o oz \¥ (1-a2)fe(2)
_,Z;,goé 0% T =By )"“( “) (1—0&) T l-az - Py -y

Secondly, compute

£S5 v 5 () (o

i=0 j=0 1=0 k=l

D DD P () D earwsiss e,

k—l s j-—k (O’_.l)l
("7 Demisen.

. k-1 ja—s (a ')I
( s )6’(ﬁy)’ﬁ Co,s(l—_:W

_1\k+i+s k-1 [ 9—s (01;)‘ (ﬂy)k
( 1) +i+ ( s )6/3 LO.e(l_al.)H-l (l—ﬁy)k"'l

o= o= f s (az) sfk—1 (By)*
=D D> 88" Zz)m N 1)””( )(f‘:%yw

k=l4-s
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NN~ gtges, _ lax)  (By)™ (1-By)ec)
= g;é B cos 1 —a:&f)lH (1 —ﬂy)’ “1-az — By — ~zy

At last, compute

5.5 3 () ()ome - 2

=0 j=0

Through preceding three computations, we can see that two generating
functions of two sequences of right side and left side on (4.4) are equal.
It is true obviously for infinity case. Theorem 4 is proved. O

For example Ca:

€0,0 <o, €0,2
, a .
€0.1 acp,) + deyo + 1000 acg.2 +adeg,y +8%1,0 + 31c0.0 +C01 | =
c2,0 a®coy +adey o +avco.0 + Bz + 1t c2.2
<o,
L 0o o co.0 -coo T 5t co.o — §coa + 3%60.2
[ > €
( a, 20 0") -¢Q,0 + ln.tl -+ 'L')C‘nu (1 -rf;)(—a).u +—ls—l)
a a® a“ n (] 2
Co.o-:C1.0+-"=Mo {1+ 23 - co0 + —5= ' ) (1 + 251*%co0

where
Coo =a? Cg, o+20 /3001+20'ﬁ'(10+20‘/3 'C0.0 + 20y 601+2,B,clo+13 ¢+
r'Co,o

~ Now, we investigate the special case by matrix method. Let ¢;o =
a'(i=0,1,---),c0; = #(j = 0,1,---),¥ = af. The n + 1 order diagonal
matrix D, = diag{2°,2!,---,2"}.
Corollary. Matrix C,, has following factorization
Culo, B) = Pu[a)D.PT(B) , Cula, B)| = (208)("%") (4.5)
Proof Use mathematical induction to prove (4.5).

When n = 0,1,2,3, (4.5) is true clearly
Suppose (4.5) holds for n. Now we investigate case n + 1.

Let Cn
Vo
l‘l+l [(t ﬁ] ( L’ ntl C)|+1| :l’+| )

where, vector matrices:

Unt1 = (Cn41,0 Cut1,1 *° Cotlm)ixnt1)
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- T
Vas1 = (Co.n+1 Cingt cn.n+l)1><|n+1)

Set
Wopy = o (1 (n + 1) o (n + 1))
1 n 1x(n+1)
T
n+1 n+1
zun=r (1 ("7) - ("0))
" 1 n I1x(n+1)
Because

(e 9 (5 o) (57 %)

- P, [a]Dan [13] P, [Q]Dn Znt1
"Vn+l Dan [B] l"Vn+ 1 Dn Zn+1 + an+l

Therefore, we deed to prove
Un+l = ‘}Vn+IDan [ﬂ]1 Vn-H = Pn[a‘]DnZn+1
War1DnZnyr + PARRIES Catln+l
The m—th(0 < m < n) element in W4, D, R,[F] is:
m
ntl am n+ 1\ fm\ .
a3 ("17) (3):
k=0
By (3.17) in [3], when z = 2, we have
i . . ti.g) ,. .
5, (- 00
k=maz(0,i-j) r k=0

thus

m

m
Cnt1,m = a1 E™ Z (k * ;: M 1) (:}t ;) = atigm Z (n -I::- 1) (IZ) 2k

k=0 k=0

Clearly, when m = n + 1, the former is true also.
By using the same method as above, we can get V41 = Py[a]D, Z,,4,.
So,(4.5) holds by mathematical induction. O

For example, Cila, 3] = P3[e]D3 P{[8]:
33 1}

1 8 82 10 0 1000 v o8 3% o
a  3a 508 7a3® ={ e a 0o o 02 00 0 8 2% 333
a? %a%3 13a3® 250733 a® 2a% a® o 0040 0o o 2% 33
a3 7033 25337 630333 a% 3% 323 o3 0060 8 o0 o g%
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Remark. We notice that the second recurrence is a special case v = 0
in the third one clearly. But we deal them with different methods. In
addition, how to apply the results in this paper and how to derive the re-
sults in (2] by using Theorem 4 are still need to be investigated in the future.
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