One edge union of k shell graphs is cordial
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Abstract. A shell graph of order n denoted by H(n,n — 3) is the graph
obtained from the cycle C,, of order n by adding n — 3 chords incident
with a common vertex say u. Let v be a vertex adjacent to u in C..
Sethuraman and Selvaraju [3] conjectured that for all £ > 1, and for all
n; > 4,1 < i < k, one edge (uv) union of k-shell graphs H(n;,n; — 3) is
cordial. In this paper we settle this conjecture affirmatively.
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1 Introduction

In 1987 Cahit (1] introduced a new types of labeling which is called
cordial labeling. Cordial labeling may be considered a weaker version of
both graceful labeling and harmonious labeling. Suppose G is a graph with
vertex set V(G) and edge set E(G). A binary labeling of G is a mapping
f:V(G) — {0,1}. The mapping f induces an edge-labeling f* : E(G) —
{0,1} defined by f*(uv) = |f(u) — f(v)|, for all edges uv € E(G). Let
V/(0) = {v € V(G) : () = 0}, Vy(1) = {v € V(C) : f(v) = 1}, E4(0) =
{e € E(G) : f*(e) =0} and Ef(1) = {e € E(G) : f*(e) = 1}, and let their
cardinalities be vs(0),vs(1),es(0) and es(1), respectively. A labeling f of
a graph G is cordial if |vs(0) —vs(1)| < 1 and |ef(0) —ef(1)| < 1. A graph
is cordial if it has a cordial labeling.

A shell H(n,n — 3) of width n is a graph obtained by taking n — 3
concurrent chords in a cycle C,, on n vertices. The vertex at which all the
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chords are concurrent is called apex u. The two vertices adjacent to the
apex have degree 2, apex has degree n — 1 and all the other vertices have
degree 3. Let v be a vertex adjacent to u in C,. A graph G is called one
edge union of k shell graphs H(n;,n; —3)’s, 1 <1i < k, if G is obtained by
taking the union of k shell graphs H(n;,n; — 3)’s, 1 < i < k, having the
k edges uv's identified. For the literature on cordial graphs we refer to [2]
and the relevant reference given in it.

Shee and Ho [4, 5] gave the cordiality of one-point union of n copies of a
graph and the path-union of n copies of a graph. Sethuraman and Selvaraju
[3] showed that one edge union of k copies of a shell graph H(n,n — 3) is
cordial, and conjectured for all £ > 1 and n; > 4,1 < ¢ < k, one edge union
of & shell graphs H(n;,n; — 3) is cordial. In this paper, we prove that the
above conjecture of Sethuraman and Selvaraju is true.

2 One edge union of & shell graphs

Here we prove our main result. For the convenience of labeling we
describe the vertex set and edge set of i-th shell graph H(n;,n; — 3), 1 <
1 < k, in the following way.

V(H:) = {u,uijv : 1<j<n; -2},

Eei(H;) = {uui, wij-1ui 5, in—20, w0 : 2<j <ni— 2},
Ech(H;) = {vu;j : 2<j<n; -2},

E(H;) = Eci(H;) U Eca(H;).

Let Gy = G(n1,na,...,nx) = UL H; be an one edge union of k shell

graphs H(n;,n;_3), where k > 1,n; >4 (1 < i < k), and

V(Gy) =UL,\V(H:) = {u,uij,v : 1<i<k1<j<n -2},

E(Gy) = U1 E(H;) = {wui,1, %i,j-1i 5, Ui,n,—20, W0, b5

1<i<k,2<j<n;—2}.
Without loss of generality, we may assume that
ni(mod 4) < n;y1(mod 4), (1<Li<k).
Let
ke = |{n;i : ni(mod 4) =t}|,
then kg + k1 + k2 + k3 = k and
07 1 Si < kO:

) ko+1<i<ko+k,

ko+k1+1<i<ko+ki+ko,
kot+ki+ke+1<i<k

ni(mod 4) =

WJ\DD—‘

~
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Theorem 2.1. For 1 < i < k and for n; > 4, the graph Gx=G(n},ny, ..., nk)
is cordial.
Proof. We define a vertex labeling f as follows:

flw) =0,
flv) =1L
For1<i<kpand1<j<n;-2

.. — 0' J(mOd 4) = 01 11
Fluij) = { 1, j(mod4)=2,3.

Forko+1<i<ko+ky,(i—ko) (mod2)=1land1<j<n;—2,

N 0, j(mod 4) = 2,3,
fluig) { 1, j(mod 4)=0,1.
Forko+1<i<ko+ky,(i—ko) (mod2)=0and1<j<n;—2,

_ [0, j(mod4)=0,1,
fluig) = {1, j(mod 4) = 2,3.

Forko+ki+1<i<ko+ki+krand1<j<n; -2,

.. —— 0, j(mod 4) = 0, 3’
flwg) = { 1,  j(mod 4)=1,2.

Forko+k1+k2+lSiSk,(i—ko—kz) (mod 2)=la.nd1$j$n,~—2,

.. . O’ j(mod 4) = 01 1|
flusg) = { 1, j(mod 4)=2,3.

Forko+k1+k2+1S‘iSk,(i—ko—kg) (mod 2)=0and1§j$n,~—-2,
2,3,
0,1

g 1.

0, j{mod 4
fluig) = {1, ﬁfﬁﬁd 43

For 1 <i<k, let

pi = |ni/4),

v7,(0) = {v : v € (V(H;) - {u,v}), f(v) = 0}|,
vfi(l) = |{‘U P veE (V(Hi) - {u’ v})’ fw)= l}l:
es:(0) ={e : e € (E(H:)— {uv}), f*(e) = 0}|,
es: (1) = {e : e € (E(H:) — {w}), f*(e) = 1}I.

Now, we count vy, (0) — vy, (1) and es; (0) —ey; (1) according to the following
four cases.

405



Case 1. For 1 < i < ko, we have n; = 4p;. The labels of V(H;) are
0(0110)P:—1011, the labels of E;(H;) are (0101)P:~10101 and the labels of
Ec(H;) are (1100)7~11. Hence,

’Uf.-(O) - vfi(l) = (2pi - 1) - (2pi - 1) =0,
es:(0) —es: (1) =2p; — (2pi — 1)+ (2pi = 2) = (2p: — 1) = 0.

Case 2. For ko +1 < i < ko + k1, we have n; = 4p; + 1.

Case 2.1. For (i—ko)( mod 2) = 1, the labels of V(H;) are 0(1001)7~11001,
the labels of E;(H;) are 1(1010)?:~11011 and the labels of E.,(H;) are
(0011)7:—100. Hence,

v7,(0) —vp, (1) =2p: — (2p: - 1) = 1,
es:(0) —es; (1) = (2ps — 1) — (2pi + 1) + 2pi — (2pi — 2) = 0.

Case 2.2. For (i—ko)( mod 2) = 0, the labels of V' (H;) are 0(0110)?:~10111,

the labels of E.;(H;) are 0(1010)P¢~11001 and the labels of E.,(H;) are
(1100)?:—111. Hence,

”fi(o) - vfi(l) = (2pi - 1) - 2p; = -1,

es:(0) —es: (1) = (2pi +1) — (2ps — 1) + (2p; — 2) — 2p; = 0.
Case 3. For kg + k1 +1 < i < ko + k1 + ko, we have n; = 4p; + 2. The
labels of V/(H;) are 0(1100):1, the labels of E;(H;) are (1010)?:11 and the
labels of E.,(H;) are (10601)P<~1100. Hence,

vfi(o) - vfi(l) = 2p; — 2p; =0,
es;(0) —es; (1) = 2pi — (2pi +1) + 2pi — (2pi — 1) = 0.

Case 4. For ko + k1 + k2 + 1 < i < k, we have n; = 4p; + 3.

Case 4.1. For (i—kg—kz2)( mod 2) = 1, the labels of V/(H;) are 0(0110)?:01,
the labels of E.;(H;) are (0101)P:011 and the labels of E.(H;) are (1100):.
Hence,

vg,(0) —vg (1) = (2p: + 1) = 2p: = 1,
e:(0) —eg (1) = (2pi + 1) — (2pi + 1) + 2p; — 2p; = 0.

Case 4.2. For (i—~ko—kz)(mod 2) = 0, the labels of V(H;) are 0(1001)Pi11,
the labels of E.;(H;) are 1(1010)P:01 and the labels of E.,(H;) are (0011):.
Hence,

v£,(0) — vy, (1) = 2p; — (2pi + 1) = -1,
es:(0) —es: (1) = (2pi + 1) — (2p: + 1) + 2p; — 2p; = 0.

According to the Cases 1-4, we have

95 (0) = vr(1)] = |1 = 1+ T (v7,(0) — w5, (1))} = (k1 + ka)(mod 2) < 1,
les-(0) — e+ (Dl = | = 1+ Tf_ (es:(0) —egs (1)) = | = 1 40| = 1.
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By the definition of the cordial graph, we can conclude that G is cor-
dial. ]

In Figure 2.1, we illustrate our cordial labelings for one edge union k
shell graphs G(8,9,6,7),G(9,9,7,7),G(9,7,7,7) and G(9,9,7,7,7).
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Figure 2.1 The cordial labelings of one edge union k shell graphs
G(8,9,6,7),G(9,9,7,7),G(9,7,7,7) and G(9,9,7,7,7).
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