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Abstract: A subset S of the vertex set of a graph G is called
acyclic if the subgraph it induces in G contains no cycles. We
call S an acyclic dominating set if it is both acyclic and dom-
inating. The minimum cardinality of an acyclic dominating
set, denoted by -,(G), is called the acyclic domination num-
ber of G. A graph G is 2-diameter-critical if it has diameter
2 and the deletion of any edge increases its diameter. In this
paper, we show that for any positive integers k and d > 3,
there is a 2-diameter-critical graph G such that §(G) = d and
Ya(G) — 6(G) 2 k, and our result answers a question posed by
Cheng et al. in negative.
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1. Introduction

Let G = (V(G), E(G)) be a finite simple graph without loops. The
neighborhood N(v) of a vertex v is the set of vertices adjacent to v in G
and N[v] = N(v)U{v}. The minimum degree of G is denoted by & (G). For
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S C V(G), G[S] denotes the subgraph induced by S in G. If G|S] contains
no edge (cycle, respectively), then we call S an independent set (acyclic set,
respectively). The distance of two distinct vertices u, v, denoted by d(u,v),
is the length of a shortest path connecting u and v. The diameter of G,
denoted by d(G), is defined as: d(G) = max{d(u,v) | u,v € V(G)}. A graph
G is 2-diameter-critical if d(G) = 2 and d(G—e) > 2 for any edge e € E(G).
A set S C V(G) is called a dominating set if every vertex u in V(G) — S is
adjacent to at least one vertex v in S. The domination number v(G) equals
the minimum cardinality of a dominating set in G. A set S C V(G) is called
an acyclic dominating set of G if it is both acyclic and dominating. The
minimum cardinality of an acyclic dominating set in a graph G is called
the acyclic domination number of G, denoted by v,(G). For XY C V(G),
we say X dominates Y (or Y is dominated by X) if N(y) N X # 0 for every
vertex y € Y. There are many types of domination and domination-related
parameters, say for instance the lower and upper irredundance numbers
ir(G) and I R(G), the lower and upper domination numbers v(G) and I'(G)
and the independent domination number and vertex independence number
i(G) and a(G), which has been studied in the literature, (see [1, 2]). For
more domination-related parameters, see [6]. The following well-known
inequality chain was first defined by Cockayne et al. [5] on domination-
related parameters of a graph G:

ir(G) < 1(G) <i(G) < (G) < I(G) < IR(G). (1)

Since then more than 100 research papers have been published in which
this inequality chain is the focus of study. The concept of acyclic dom-
ination was introduced by S.M. Hedetniemi et al. in [7]. This invariant
is particularly interesting in that it is a fundamental type of domination
and it provides more examples of parameters whose values lie between two
consecutive parameters in (1):

Y(G) < 7(G) <4(G).

In the same paper, they posed some open questions on acyclic domination
and the following is one of them.

Question 1 (Hedetniemi et al. {7]). Let G be a graph with d(G) = 2. Is
7(G) < 8(G)?

It is shown in [3] that v,(G) < 6(G) does not hold when §(G) = 3. In
[4], Cheng et al. answer the question above in negative by showing that for
any positive integers k and d > 3, there is a graph G of diameter two with
§(G) = d such that v,(G) — 6(G) = k. Obviously, any graph G of diameter
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two has a spanning subgraph G’ which is 2-diameter-critical. In general,
the size of G’ is less than that of G. Thus one may ask whether the answer
to Question 1 is affirmative if G is 2-diameter-critical. Since the examples
given in [3] and [4] are not 2-diameter-critical, Cheng et al. posed in [4]
the following.

Question 2 (Cheng et al. [4]). Let G be a 2-diameter-critical graph. Is
7a(G) < 6(G)?

In this paper, we answer Question 2 in negative by showing that for any
positive integers k and d > 3, there is a 2-diameter-critical graph G such
that 6(G) = d and v,(G) — §(G) > k.

2. Example

In this section, we will give a 2-diameter-critical graph G(d, n) and show
the graph is a counterexample to Question 2.

Let d > 3 be an integer. Take n = (d — 1)t + 1, where ¢ is a positive
integer. In order to define the graph G(d, n), we first define a graph H(d, n)
as follows:

e V(H(d,n))={a;; |1<i<n,1<j<n}and
e E(H(d,n)) = Ui<i<eF; if d = 3, and
E(H(d, n)) = U7$i$9Ei ifd > 4,

where

Ey={ait+10i; | 1<i<n, 2<j<2and j#t+1},

E; = {aiajr+1 |1 <4, <nand k=1,2t},

B3 ={auaj |1<i<j<n, 2<k<2andk#t+1},

Ey={appa;; |1<i<n, t+2<j<2+1},

Es = {a;20:; | 1<i<nand3<j<t},

Es={a,~ja;k|23i$n, 35j5tandt+2$k$2t-l},

E; = {aiajx | 1 <k <n-1andi#j},

Eg = {ainai;j | 1<i<nand1<j<n-1}and

Eo ={ajjoun |2<i<nlit+1<j<(I+1)t,mt+1<k < (m+ 1)t
and l # m}.

Let B = {v; | 0 < i < d}. Now, we define the graph G(d,n) as below:

e V(G(d,n)) = V(H(d,n)) UB and
o E(G(d,n)) = E(H(d,n)) U Eyo U Eyy if d = 3, and
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E(G(d,n)) = E(H(d,n))UEj;2UEy3ifd >4,
where

E10={‘U;‘Uj IOS'L<JS3},

By = {v1aij,v28i041,v3045 | 1 <i<n,1<j<tandt+2< k <2t 41},
Eyj3={vv; |0<i<j<d-1}U{wva} and

E13={vka,-,-,vda,~n I 1<k<d-1,1<i<nand (k—l)t+1$j$kt}

Lemma 1. G(d,n) is 2-diameter-critical.
Proof. We distinguish the following two cases separately.
Case 1. d=3

We first show d(G(3,n)) = 2. Let u,v be any two distinct vertices of
G(3,n). If u € B or v € B, then it is easy to see that d(u,v) < 2. Thus
we may assume u,v € V(H(3,n)), say u = a;ij and v = ay. If i = k, then
d(u,v) < 2 and hence we may assume i # k. f j=t+1lorl=t+1or
j, 1< torjl>t+2, then noting that the definition of Ej;, we can easily
get that d(u,v) < 2. Thus we may assume j < t and ! > t+2. In this case,
we have d(u,v) = 2. Therefore, we have d(G(3,n)) = 2.

Next we show that d(G(3,n) —e) > 2 for any edge e € E(G). Let e
be a given edge and G = G(3,n) —e. If e € F,, say e = a;¢410ij, then
de(aigs1,ak;) > 2 for all k with k # i. If e € Es, then dg(ai1,ajn) >
2 if e = a@i1ajp and dg(aiz,ajn) > 2 if e = ajn-1ajn. If e € Ej3, say
e = Gikjk, then dg(aici1,a5:) > 2. If e € Ey, say e = apzayj, then
dg(ai1,aij) > 2. If e € Es, say e = 04504 n-1, then dg(aij,a1n) > 2. If
e € Eg, say e = ajjaix, then dg(ayj,ai) > 2. If e € Eyo, then d(vo,u) > 2
for any u € N(v;) N V(H(3,n)) if e = vov;, de(a1,v2) > 2 if e = vyvy,
dg(ain,v2) > 2 if e = vouz and dg(ae11,v3) > 2 if e = vyv3. If e € Eyy, say
e = v;ak, then dg(vo,ajx) > 2. Thus, G(3,n) is 2-diameter-critical.

Case 2. d >4

It is easy to check that d(G(d,n)) = 2 for d > 4. Let e be any given
edge of G(d,n) and G = G(d,n) — e. We now show that d(G) > 2. If
e € Ey, say e = a;ajk, then we have dg(ain,ajr) > 2. If e € Eg, say
€ = @inaij, then dg(ain,arj) > 2 for all 1 < k < n with k # i. If e € Ey,
say e = aijaik, then we have dg(aij,aik) > 2. If e € Ey2, then we have
dG(a(,-_l)t.,_l,_,-,vo) > 2 if e = vov; and dg('u,-,a.l'j,) >2ife= Viv; with
1<i<j<d-1.If e € Ei3, say e = viaij, then we have dg(vo,a;) > 2.
Thus, G(d, n) is 2-diameter-critical for d > 4.

54



Lemma 2. v,(G(3,n)) = (n+1)/2.

Proof. Let S be an acyclic dominating set of G(3,n) and |[SN N(vp)| = I.
Obviously, 0 <1 < 2. Set H = H(3,n). If v, ¢ S, then since Nyla; 1] N
Nylaje41] = 0 for i # j, S contains at least n vertices of H in order to
dominate the set {a;s41 | 1 < i < n}, which implies |S| > n + 1. Assume
now v € S. Set I) = {a12,a23,...,8:-1,.}, J2 = {@i¢41 | 1 < i < n} and
I3 = {at41,042, 442,643, - - -,@n2,n-1}. For any u,v € I; with 1 < i < 3,
it is easy to see that Ny[u] N Ny([v] = @. Thus, if §' C V(H) and &’
dominates [;, then |S'| > |I;|. If { = 1, then in order to dominate I; U I3,
it is not difficult to show that S contains at least n — 3 vertices of H and
hence |S| > (n—3)+1 =n—2. Ifl = 2, then in order to dominate I; or I3,
S contains at least ¢t —1 vertices of H, which implies |S] > (t—1)+2 = t+1.
Thus we have |S| >t + 1 in all the cases. Since I U {v,v3} is an acyclic
domination set of G(3,n), we have 7.(G(3,n)) =t + 1= (n+1)/2. i

Lemma 3. v,(G(d,n)) =3+ (d-3)(n—1)/(d —1) for d > 4.

Proof. Let S be an acyclic dominating set of G(d,n) and |SN N(v)| = L.
Obviously, 0 < 1 < 3. Set H = H(d,n) and I = {a;n | 1 < i < n}.
If vg ¢ S, then since Ny[ain) N Nyfajn] =0 foralll <i< j<n, S
contains at least n vertices of H in order to dominate I, which implies
IS} > n + 1. Assume now vg € S. Since ! < 3, by symmetry we may
assume SN N(vo) C {va-2,va—1,va}. Let I} = {a;; | 1 < i < (d - 1)t}
Obviously, SN N(vp) cannot dominate any vertex a;; of I;. Thus, in order
to dominate J;, S contains at least (d — I)t vertices of H, which implies
IS| 21+ (d-1)t 23+ (d—-3)t =3+ (d-3)(n—1)/(d—1). This
implies |S| > 3 4+ (d ~ 3)(n — 1)/(d — 1) in all the cases. On the other
hand, I3 U {vq_2,v4—1,vq} is an acyclic dominating set of G(d,n), we have
7a(G(d,n)) =3+ (d - 3)(n - 1)/(d - 1).

Theorem 1. For any positive integers k and d > 3, there is a 2-diameter-
critical graph G such that §(G) = d and ~,(G) — §(G) > k.

Proof. Take G = G(d, n). It is easy to see §(G) = d. By Lemma 1, G is
2-diameter-critical. If d = 3, then by Lemma 2 we have 7,(G) = (n +1)/2.
Since 7(G) — 6(G) = (n — 5)/2 — o0 as n — oo, we see the conclusion
holds. If d > 4, then by Lemma 3 we have 7,(G) = 3+(d—-3)(n—1)/(d—1)
and hence 7,(G) —6(G) =3 —-d+(d—3)(n—~1)/(d—1). Since 3—d+(d—
3)(n—1)/(d—1) — o0 as n — oo for fixed d, we see that the conclusion
also holds. i
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