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Abstract

In this paper, we show that some familics of graphs arc arbitrarily
gracetul or almost graceful.
Introduction
Recall that a (p,q) graph G is called graceful if there exists an injective
function [ :V (G) —'){0,1,2,..‘,q }such that the induced function
JTEG)={1,2,.0q }defined by (o) =] (x)=f ()] for al
cdge vy € £(G) is an injection. The notion of  graceful labching was

introduced by Rosa [6] in 1967.

A natural generalization of graceful graphs is the notion of k-gracefui
graphs introduced independently by Slater (8] in 1982 and by Maheo and
Thuillier [4] in 1982. A graph G with q edges is k-graceful if there is labeling §
trom the vertices of G to {0, 1. 2.. .., g+k—1} such that the sct of edge labels
induced by the absolute value of the difference of the labels of adjacent vertices is
k. k+1, k+2, .. .. g+k=1}. Obviously. 1-graceful :s graceful. Graphs that are k-

graceful for all k are sometimes called arbitrarily graceful.

While proving a conjecture of Rosa [7] . Moulton [5] introduced the

concept ol almost gracefid labeling by permitting ke vertex labels to come from
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{0,1,2,...,q-1,q+1} while the edge labels are {1,2,...,q-1,q} or {1,2,..
.»q~1, q+1}.Youssef [9] proved that C, ,n = 0or 3(mod 4) are pseudograceful,

and hence they are almost graceful [2]

Cahit [1] has introduced a variation of both graceful and harmonious
labelings. Let f be a function from the vertices of G to {0, 1}, and for each
edge xy assign the label lf(x)— f(y) |.Call f a cordial labeling if the
number of vertices labeled 0 and the number of vertices labeled 1 differ by at
most 1, and the number of edges labeled 0 and the number of edges labeled 1
differ by at most 1. Cahit [1]showed that an Eulerian graph is not cordial if its

size is congruent to 2(mod 4). This necessary condition is called the cordial

parity condition. All the notions here can one find in Gallian’s survey [2].

Results of Maheo and Thuillier [4] together with those of Slater [8] show

that: C, is k-graceful if and only if either n=0 or | (mod 4) with k even and

(n=1) n? —1
2

k< , or n=3(mod4) with k odd and K<

. Maheo and

Thuiller also proved that the wheel Wy, is k-graceful, while Liang, Sun and Xu
[3] proved that Wy, is k-graceful when k# 3 or k# 4. Here we prove that the
following graphs are arbitrarily graceful; all paths P,, n = 2; all ladders L, ,n 2>
2 and the symmetric product of the path P, with the null graph Rz .For n>3,
K, is k-graceful if and only if k =1 and n <4. Also we prove that Ks UK, ,

K¢ U K,, and the ladder L, are almost graceful. Finally, we show that the

Mobius ladder M, , n > 2, is cordial if and only if n # 2 (mod 4).
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Theorem 1

All paths P,,n2>2 are arbitrarily graceful.

Proof :

Let V(P,) = {u), up, u3,...,u.}, | E(P,) | =q, and let us define

f: V(P,,)% {0,1,2,...,qtk-1} as follows

.| n-1
f(uzis) =1 OISIS[T7E—J
f(uy) =(q+k) —i 1<i 5[95—1

and f*:EP,) — {k k+1,..., qtk-1}

Observe that f is injective. Then f* is injective as required and it

satisfies that the path P,,n =22 is arbitrarily graceful.

The ladder L, is defined as the graph P, X P,
Theorem 2
All ladders L, are arbitrarily graceful.
Proof :
Let V(Ly)={u;: 1<i<n}u {vi: 1 <i<n}
E(Ly) = {ujuie : 1€i<n-1} U {viviy: 1Lign-1} U {yvi: 1<i<n}

and put q =| E(L,) |. For n 2 2, define the function f: V(L) —» {0, 1,...,

q+k-1}
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as follows fluz1) = q+ k-4 (i-1) 1<ig -'21
fluz) =21 1sis_%-

flva)=2i-1 1<i< %

. . n

fivi)=q+k-2(2i-1) 1<i< 3

This gives an arbitrarily graceful labeling for the ladder L, .

The symmetric product G, ® G, of G, and G, is the graph having vertex set
V(Gy) X V(G;) and edge set { (uy, v;) (uz, v;) such that u, u, € E(G)) or v, v,

€ E(G;) butnotboth } .

Theorem 3

The symmetric product of the path P,,n22 with the null graph K 5 i
arbitrarily graceful,

Proof :

Let P,® K, be described as in Figure

u u u u n-1 U
° . .
® . ° V-
vy V) Vs 4 V-l v,
Define a labeling function
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£: VP, ® Ky) > {0,1,..., qtk-1}

as follows

f(uzir)) = 4 (n=i-1) + (k—1) , 0<i< anJ

fluy) =4(G-1) , 1sis[-";1]
2

f(vyin) =4 (n-i-1) -2+ (k-1) 0<i Sl_n_;lJ

flvy) =4(G(-1)+1 , 193[[‘;_1-‘

The path u; u; u; ... u, induces the edge labels 4 + (k—-1), 8 + (k-1), ..
., 4(n—1) + (k—=1), the path v, v, ... v, induces the edge labels 1 + (k-1), 5 +
(k-1),...,4(n-1)~ 3+ (k-1), the path u; vau3 v4...u, (nodd) or u; vouzvs..
.Va  (neven) induces the edge labels 3 + (k-1), 7 + (k-1), ..., 4(n-1) -1 +
(k-1) and the path vy u; v3us...v,(nodd) or v, u; v3u,...u, (neven)
induces the edge labels 2 + (k-1), 6 + (k-1), . . ., 4(n—1) — 2 + (k—1). So we
obtain all the edge labels from k to k+q—1. Hence the graph is arbitrarily

graceful.

Theorem 4

For n23,K, isk-graceful & k=1andn<4.
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Proof :

< If k=1 and n <4, then clearly that K, is graceful and so is 1-

graceful.

We prove that if k# 1 or n 25, then K, is not k-graceful. We know
that K, is not graceful for all n2 5, so if K, is k-graceful, n 25, then k > 2.
Now suppose that K, is k-graceful, k >2,n25 with a k-graceful labeling f,
then we must have f(x) =0and f(y) = q+k-1 for some xy € E(K,), where q=|

EKy) |-

Now, we have to obtain the edge labeled q+k-2 This can be done by two ways

only :

If f(z)=1 for some vertex z € V(K,), then we will obtain the edge labeled 1

which contradicts that K, is k-graceful with k > 2.

If f(z)= q+k-2 for some vertex z € V(K,), then we will also obtain the
edge labeled 1 which is also contradiction. Hence K,, is not k-graceful if k =2 or

nz5.
Now let k>2andn<4.
Case (1): n=3.

The edge label k+2 is induced by the vertex labels 0 and k+2. The edge

label k is induced from : either : (i) The vertex labels 0 and k. Now the edge
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label 2 is induced by the vertex labels k and k+2, but this is not equal to k+1,
since k > 2 : a contradiction, or : (ii) the vertex labels 2 and k+2. But we have

now the edge label 2, and we obtain the same contradiction as in (i).
Case (2): n=4.

The edge label k+5 is obtained from the vertex labels 0 and k+5. Now
the edge label k+4 could appear from either : (i) the vertex labels 0 and k+4, so
we obtain the edge label 1, while k > 2 : a contradiction, or (ii) the vertex labels

1 and k+5, and we then have the same contradiction as in (i).

Theorem 5

(a) Ks UK, isalmost graceful for all n.
(b) K¢ U K,, isalmost graceful if ne {1, 3}.

Proof :

Let v be the center vertex of K, .
(a) For n2=1 define
f:VKsuK,) = {0,1,2,...,n+9, n+11}
such that
f(V(Ks)) = {1, 2, 5,n+9, n+11}

f(v) =3
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3,809, 10, . .

., n+6, n+8} n>2
f(VK“,)= {3, 9 =1
{3, 8, 10} n=2

Then it is easily seen to be almost graceful labeling of Ks UK, .
(b) Define f:V(KsUK,,) —» {0,1,2,...,n+14,n+16}

such that

f(V(K6)) = {la 25 5’ n+99 n+l4’ n+16}

f(v) =n+13

{3, 7, 8,10, 11, . . ., n+5, n+7, n+13}
fWV )=, 7, 8 n+7, n+13}

B, 7, n+13}

Then it is easily seen to be almost graceful labeling of Ks UK, . Hence
the result.

Theorem 6

L, is almost graceful for all n > 2.

Proof:
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Let V(L) ={u:1<i<n}u{vi:1<i<n} and E(Ly)= {uju,y: 1 <i
-1} u{vivin:1<i€<n-1} U {y;v;: 1 £i<n} and put q=| E(L,)|=3n-2.

For n 2 2, define the function

f: V(L) - {0,1,...,q9-1,q+1}

as follows

. . n

f(u2i-l) =q+5—4l , 11| —
[Z-I

fuy) =2i 1<i<| 2
i =21 , 18215 | —

’ 2
f(Vz;-]) =2i—-1 s ISIS’VE-‘
2

fivy) =q+3-4i 1<ic|
2i q H) =1= 2

Observe that f is injective since

min{ﬂu:i_|)ZlSi_<|—|, f(Vz;)ZlSiSl—z |}2n+l
K —1, f(vai): i —
’ 2 2 2

This vertex labeling induces the edge labeling {1, 2, ..., q}.

The Mobius ladder M,,, n 22 is the graph obtained from the ladder P, X
P, by joining the opposite end vertices of the two copies of P, .
Theorem 7

The Mébius ladder M, , n =2 is cordial if and only if n # 2 (mod 4).
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Proof :

Let VP)={u,u,...,u,}

and V(P;)={v,,vy}. Itisclear that the size of M, is 3n.
Necessity: Suppose that M, is cordial when n = 2 (mod 4). Then M, +
K, is also cordial but M, + K, is an Eulerian graph of size 5n =2 (mod 4)
which contradicts the cordial parity condition given by Cahit [1]. Hence M, is

not cordial if n=2 (mod 4).

For sufficiency: Let the number of vertices labeled “0” and “1” be N,(0)
and Ny(1) respectively, and the number of edges lebeled “0” and “1” be N.(0)
and Nc(1) respectively. We consider the following three cases :  Define the

binary labeling
f: V(M) — {0, 1} as follows

Case 1 : n=0 (mod 4)

1 sis%
f(uj,vqy)= nL1<is<
2+1<i<n
1 if i is odd
f(u;, v, )=
(i,v2) {0 if i is even

It is clear that N(0)=n=N(1), and

3n
N0)= — =N1).
(0) 5 (1

Case2: n=1 (mod4)
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0 1 <is<|n]
f(Ui,V1)= 1 l-n—l <
E <Isn
1 if i isodd<n
f(u;,v)=40 if i is even
0 i=n
Also we have Ny0)=n=N 1), and
NO) = 3n+1
) 2
N(l) = 3n-1
{4 2 .
Case 3 : n=3 (mod 4)
0 1 <i<[g]
f(uj,vq)= ’ |'n'| <
2 <lIsn
1 if i is odd
f(u., =
(U v2) {O if i is even
It is clear that Ny0)=n=N,(1), and
N(0) = 3n-1 while
) 2
N(l) = 3n+1
e 2 .
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