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Abstract
Some new characterizations for harmonic Bergman space on the unit
ball B in R" are given in this paper. They can be described as derivative
free characterizations.

1. INTRODUCTION AND PRELIMINARIES

Throughout this paper B(a,r) = {z € R"*||z—a| < 7} denotes the open ball
centered at @ € R™ of radius r > 0, where |z| denotes the norm of z € R", B is
the open unit ball in R® and 8B = {z € R" | |z| = 1} is the boundary of B. Let
dV denote the Lebesgue measure on K™, v, the volume of B, V, . = V(B(e,)),

dV;(z) = (1 - |z])*dV(z) and H(B) the set of harmonic functions on B.
' For 0 < p < 0o and a > —1 the weighted Bergman space b2 (B) = b2 is the
space of all harmonic functions u on B such that

lullz = ( [ 1u@P( - ehoav(e) " < +oo

When p > 1, b2(B) is a Banach space with the norm || - ||,z and when p € (0,1)
a complete metric space with the metric dyg (u,v) = [ |(u — v)(z)[PdVa(z). For
some papers regarding weighted Bergman type spaces of harmonic functions,
see, for example, (1], 2], [4], [5], [7], [8], [9], (12, [14] and the references therein.

Throughout the paper, constants are denoted by C, they are positive and
may differ from one occurrence to the other. The notation a < b means that
there is a positive constant C such that C~'b < a < Cb and we say that the
quantities a and b are comparable.

We say that a locally integrable function f on B possesses the H L—property,
with a constant C > 0 if

fla) < ,.En f(z)dV(z) whenever B(a,r) C B.
T)

(a,
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Every subharmonic function possesses the H L—property when C = 1/vy,. In (3]
Fefferman and Stein proved the following result regarding the H L-property of
ju|P, when u € H(B).

Lemma A. Let u € H(B) and p > 0. Then there is a constant C depending
only on n and p, such that

c
P —_—
@) <

lu(y)IPdV (y),

x

when0<r<1—|z|
The next lemma contains a known characterization for harmonic Bergman
space &%, ([5]).

Lemma B. Suppose 0 < p < 00 and a > —1. Then the following relationship
holds

[u(0)]P + /B Vu(z)P(1 - |z)P**aV (z) = /B (=) P(1 ~ |2])*dV (),

for every u € H(B).

Motivated by Lemma B, our aim here is to give some derivative free char-
acterizations for harmonic Bergman space b%, (similar to that in Lemma B but
without |Vu|). The paper can be considered as a continuation of our investiga-
tions in the area, see [8, 9, 10, 11, 12, 13, 14}.

2. EQUIVALENT CONDITIONS FOR THE BERGMAN HARMONIC SPACE

Now we are in a position to formulate and prove the main result in this
paper.
Theorem 1. Assume that u € H(B), a,b€ [0,1], a+b=1and 0 <p < 0.
Then if p > 1 the following statements are equivalent:
(a) u € B5(B);

_ P
() I := [ (SupyeB(:,(l—lzl)/Z) Ju—(fﬁfyﬂ(l - |‘$|2)°(1 - |‘.‘/|2)b) dVa(z) < 00;
w(z)— P
((212 = Jp (V;‘J_ITDT Ja@-1znm (l—|x|"’)"“(1-—|y|2)P"dV(y))dVa(:
e =) a P

(@) Is = f5 (voris S tepyn RS (1 1aP) (1- yP)dV (1) dVa(z)

o905
(€) In = [ [age1-tetyzy “Eaf (1 - [y)P+e—mdV (y)dV (z) < oo.

If p € (0,1) then all these statements except (c), are equivalent.
Moreover, if u € b2, andp > 1 then I; < |lu — u(0)||:£, j € {1,2,3,4}, and
if p € (0,1) then I; < [lu — u(0)[I};. j € {1,3,4}.
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Proof. Throughout the proof we may assume u(0) = 0, otherwise we can
consider the function v(z) = u(z) — u(0) € H(B), for which obviously holds
v(0) =

(€) = (a). The proof of the implication follows the idea of the present author
suggested to the authors of [6, p. 181]. By the Cauchy’s inequality we have that
there is a positive constant C independent of u € H(B), such that

(1 -la)Vu(z)| £ C sup [u(s) — u(z)]. (1)
s€B(z,(1-|zl)/4)
Taking the inequality in (1) to the p-th power and applying Lemma A to the
harmonic function g(s) = u(s) — u(z), we have that

[(1-zD)IVu@))P < €  sup  Ju(s) —u(z)]P
s€B(z,(1-=1)/4)

C
S TR a0 P 0

From (2) and by employing the following estimates
-yl 1|

PRk Tr— >1, y€B(z,(1-]z()/2) (3)
and
1 3
31~ lzl) <1-1lyl < 501~ lzl),  y€ B(z,(1-|z[)/2), (4)
it follows that
C
S - P4V
e /B sy 18 P
(1—Jyl?)>-"
< C - P UL aV(y).
< /B ot O PV @) (5)
Hence, from (2) and (5) we have that
— lyl2yp—n
(1 - 2 Vu(@IP < C (o) - w(@P I " v ). (o)
B(z,(1-|z[)/2) [z~ ylP

Multiplying (6) by (1 - |z|)*dV (z), then integrating over B and employing (4),
we obtain

/ (1 - 2| Va(@)P(1 - |a])*dV (z)

) = | orremgyio - e e
> //B(z(l T - T -yl (Y|P~ "dV (y)(1 — |z])*dV ()
< C// |u(y) u(:rl ( —Iyl)p+°_"dV(y)dV(z). (7)

B(z.(1-|z()/2)

-yl
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Employing Lemma B and (7) it follows that

P |u(y) - u(x)lp _ p+a—ndv \%
e /B /B =l @V (@), (@)

and consequently the implication.
(d) = (a). By using (3) and the asymptotic relation V (1-jz))/2 X 1-|=))",
similar to (5) it can be proved that

c [w) —wal (; _ gy gy (y). (9)

(1~ leIVa(e) < g [
4 Vz,(1-12)/2 J Biz,(1-121)/2) lz -l

Taking (9) to the p-th power, multiplying such obtained inequality by dV,(z)
and integrating over B, and finally using Lemma B, it follows that

llulifz < Cl, (10)

from which the implication follows.

(a) = (b). First note that if w € H(B), then using the fact that partial
derivatives of u are again harmonic, Lemma A and some simple calculations, it
follows that the function |[Vu|P, p > 0 has H L-property too.

From this, by the mean value theorem, inequalities in (4), Fubini’s theorem
and Lemma B, we have that

_____Iu(y)—u(z)P‘ _ luNP(1 — £\ ePtre gy
/ByeB(:n,s(l:I-)pD/g) |z — ylP (1= ) - |=))*PT*dV(z)

IA

C sup |Vu(Q)IP(1 = |z|)P**dV (z)
B ¢(€B(z,(1-|=z()/2)

c / / IVu(Q)P(1 = [C)P+="dV (¢)aV (=)
B J¢eB(z,3(1-|zl)/4)

IA

IA

¢ [ (a-wnwuo) a-i= [ av@ave
< © [10- KDITuQIP( - )4V () < Clully. (11)

where we have used the fact that the quantity | 2€A(Q) dV(z) is bounded, since

the set A(¢) is contained in the ball B(¢,3(1 - [¢]))-
Note that the implications (b) = (c) and (b) = (d) are trivial since

max{lz, I3} < CI;. (12)

(c) = (d). By Jensen's inequality (we only use here the condition p > 1) it
is easy to see that I3 < Cls.
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(a) = (e). By (4) and some simple calculation, it is clear that

lu@) = w@P ;| e gy v s
/B/l;(x,(l—lxl)/z) |z —yl? (1= whP*e"aV (y)aV(z)

<of( sp PEZMG e g ey e. 0
B \yeB(z,(1-Jz)/2) 1T -l
From (11) and (13) we have that I; < Cllullfy , from which the first part of the
theorem follows.
The second part of the theorem follows from (8), (10), (11), (12), (13) and
the implications (c) = (d) = (a) = (e), applied to the function u(z) —(0). O

Remark. Note that in view of (3) it easily follows that condition (e) in Theorem
1 is equivalent with

() = w@P i N
/B /B oty AT (= AV (5)(1 = al) 0V () < o,

when s and t are real numbers such that s+t =p+a — n.
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