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Abstract: Let {wn} be a second order recurrence sequence. According to
the definition and characteristics of the recurrent sequence, we proved a re-
cursion formula for certain reciprocal sums whose denominators are products
of consecutive elements of {w,}.
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1 Introduction

Let Z and R denote the ring of the integers and the field of real numbers,
respectively. For a field F, we put F* = F \ {0}. Fix A € Rand B € R*,
and let £L(A, B) consist of all those second-order recurrent sequences {wy }nez
of complex numbers satisfying the recursion:

Wn42 = AWny1 — Bwp(i.e.Bw, = AWnt1 —Wny) forn=0,+1,42,---.

(1)
For sequences in £(A, B), the corresponding characteristic equation is z2 — Az +
B = 0, whose roots (A & v/A? — 4B)/2 are denoted by - and 3. If A € R and
A = A% — 4B > 0, then we have

_A-sgAVA 5= AtsgAVA
2 2 :
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where sg(A) = 1if A > 0, and sg(A) = -1if A <0.
The Lucas sequences {u, }nez and {v, }nez in £(A, B) take special values
atn = 0, 1, namely,

u =0, u=1, vw=2 v =A 2)

If A=1and B = —1, then those F,, = u, and L,, = v, are called Fibonacci
numbers and Lucas numbers, respectively.

Let a, b, m,n, k be integers with a # 0 and let f(n) = an+b. f wsny #0
foralln = 1,2, .-, the sum is defined as follows:

oo
Bkf(n)
Tor=S wm 3)
" ,g [TiZ0 wien+4)
In [1] Brousseau proved T —1 = & — 3Ty0, Tuo = 5005 — #0751 and

To—1 = Tooaees — 2o T80 when f(n) = nand {wn} = {Fn}. Under same
condition, Melham showed Ty, —1 = 71 + T2 Timt2,0 and Trn 0 = 73 + 74T mt2,1
in [5], where r; are rational numbers that depend on m. In this paper we obtain
the following theorem.

Theorem 1.1 Let a,b, k be integers, and m,n be positive integers. Let
f(n)=an+bwitha #0.fwp,) #0foralln=1,2,---,

B*[Be(m=k+D gy 1 pg) — wf(2m+3)]

Tmi2,k+1 =
Cla(m+1) Ua(m+2) Ty wye) (4)
Bek 4 Be(m-k+1) _,, a(m 'H)T

eBe kua(m+l)ua(m+2)

where e = wowy — w3,
Remark 1.1 Theorem of Melham (5] is essentially our (4) in the special
casea=1,b=0,A=1,B=-1,k=0,k=1and {w,} = {Fa}.

2 Some Lemmas

To complete the proof of Theorem 1.1, we need the following two lemmas:
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Lemma 2.1 Letm and n be non-negative integers, then we have

k
wf(n+m)wf(n+m+2) = B W) Wen4m+1)
— Ba(k m—1)

U, ua(m+1)wf(n+m+1)wf(n+m+2) (5)
+ (1 -Ba(k m- l)u ua(m+2))wf(n+m)wf(n+m+2)
+ eBf(ntk- l)uauu(m+2)'

Proof The following identity is well known (see [4] and [7]) that

B Dugw ) = Wiinime1)Yaims2) = Wiinima)Ua(mes),  (6)
W) =B —a(m“)u; l[wf(n+m+1)ua(m+2) — Wi(n+m+2)Ua(m+1)) (7)

and
Whnpmt1) = Wiintm)W(ntm42) — eBIOF™2, (8)

Thus, we find that

B w (nywy(nsm+1)

a(m+1)u

= Bakwf(n+m+l) B~ 1(wf(n+m+1)7"'a(m+2) wf(n+m+2)ua(m+l))

= Ba(k—m—l)%:l(wﬁ(n+m+1)ua(m+2) = Wi(n+m+1)Wi(ntm+2) Ya(m+1))

= polk-m- l)u;](wf(n+m)1Uf(n+m+2)ua(m+2)

—eB ™2 2y — W (ntm+1)W(n+m+2)Ua(m+1))

(9)
and hence
k
wf(n+m)wf(n+m+2) — B* wi(mywy(nema1)

= Ba(k-—m-l)u ua(m+l)wf(n+m+1)wf(n+m+2) )

+ (1—Ba(k m—l)u ua(m+2))wf(n+m)wf(n+m+2)

+ eB/(ntk- l)"“a"h"a(m+2)'
This proves Lemma 2.1. O

Lemma 2.2 Let b,k be integers, and m,n,a be positive integers. Let
f(n) =an+b Ifwyn #0foralln=1,2,---,

b Bf(n) _Bam-l-kbua Ba(rn—-k)ua + Ugm

Fm—1 = +1
n=1wf(n+m+l)nzl=1:n Wy(i) ua(m+1)H?;1 We(4) Ua(m+1)

T'm,k-
(10)
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Proof For k be an integer, and m and n be positive integers, we have

ko Bf(") Ba(m_k)ua + Ugm

prpy - Tk
a1 WS (ntme1) T wy Ua(m+1)
o~ B [w (g myUa(me1) = wf(n+m+1)ua.m — Bk yow (gt 1))

n=1 Ua(me+1) [T Twy
oo Bkj(n) [Bamuawf(n) _ Ba(m_k)ua'wf(n+m+l)]

e
= Ya(m+1) [z WiG)

Bamua oo ka(n)wf(n)_ka(n—l)wf(n+m+l)
T )

Bamua el Bki(n) o0 ka(n—l)

= [Z n+m+1

UVa(m+1) 171 | Limna1 wf(t) n=1 Ht—n Wy (i)

Ua(m+1) n=1

- Bam+kbua

i .
Ug(m+1) H::}l- Wy (i)
(11)

This completes the proof. O

3 Proof of Theorem 1.1

Let k be an integer, and m be a positive integer. We define

Bkf(n) o Bkf(n+1)

Z_Z -1 -2 o ~- (12)

2 Winman) oo Wiy amt Wetntm2) [limng1 WrG)

Then, we get
Bak+bk

= . (13)
2 Wen+m+2) [Lim1 WrG)

By Lemma 2.1 and Lemma 2.2, we obtain

ad _ Bak
Z _ Z Bk (m) Wi(n+m)Wf(n+m+2) Wi n)Wf(ntm+1)
- nn+m+2 Wees
i=n !(‘)
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00 Bkf(n) a(k—m—1) -1
=3 m [B Ua(m+1)U, wf(‘n+7n+1)wf(n+m+2)
n=1 i=n U

W (ngm)We(namaz)(1 = B Duzlyg o)) + eBI O Dy 0 o]

_ Ba(k.—m_l)ua(m+l)

= 2 T + eBa(k_l)uaua(m+2)Tm+2,k+1
a

Ug — Ba(k~m—l)ua(m+2) oo ka('n)

Fm—1
Ug o1 Wenem+n) [l Wy(s)

Ba(k—m—l)u
_ a(m+1)Tm,k +eB“(k“l)uaua(m+2)Tm+2”‘+1

Uq
Uq — Ba(k-m_l)ua(m.*.g) —B“"‘““‘bua Ba(m—k)ua + Uam
m-+1 Tm’k]
Ua va(m+1) [TiZ] wyes) Ya(m+1)
_ Ba(k—m+1)u§(m+1) _ Ba(k—m—l)uamua(m+2) + Ba(m—k)ug
= N3
UaUq(m+1) "
Ug[B™ %y 1) — U —
_Ua a(m+1) am) T ke + eBok l)uaua(m+2)Tm+2,k+l
UaUg(m+1)
Bam+kbua - Bak—a+kbua(m+2)
Ua(m+1) l-.[zn:l-l Wy (1)
ua[Bak + Be(m—k+1) _ 'Ua(m+1)]T Bam+kbua _ Bak_a+kbua(m+2)
= mk —
Baua(m+1) Ua(m+1) H:’:l-l Wy (i)
+eB“(k_l)uaua(m+2)Tm+2,k+1-
(14)

Thus,

pa(k-1 ‘
e B )uaua(m+2)Tm+2,k+l
Bok+bk B“m‘*'bkua — Bek-a+bk

4 ua(m+2)
Wim+2) [y wye Uagmn LT ws0)
ua[Bk-1) 4 Ba(m—k)] - B‘“uava(m+1) T
k
Ua(m+1) "
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_ B*[B*w(m1)tapmsr) = B~ " i) Ua(mt2) + B™ W/ (m+2)Ua]

ua(m-l-l) IL—l W)
ua[Ba(k—'l) + Ba(m—k)] — B¢ uava(m-l-l)T
_ m

Ug(m-+1)

(15)
Now, using the identity
UaWf(2m+3) = Ya(m+2)Wf(m+2) — B Umt1Wi(m+1), (16)

we have

(B0 4 BoH)] - B=*umany

Ua(m+1)

eB** Dy, (mio)Tmizksr +

Bam+bk - Bak—a+bk

We(m+2)

We(2m+3)
- .
Ua(m+1) [y We(i)

(17)

So kb k

T BR B E+ D (ny9) — Wyam43)]
m+2,k+1 = )
eUg(m+1)Ua(m+2) [ [i21 Wr(3)

_ Bek + Ba.(m —k+1) _ 'Ua(m+l)T (18)

eB* Uy (mi1)Ua(m+2)
The proof is now completed. O

4 Corollaries of the Theorem 1.1
If A,B € R*, A2 > 4B, w, # owp, and w, # 0 forall n > 1, by Theorem
2 of [4] we have

Bfm ob g
wf("iwf(n+l) B ('Lgl — QWp)Wolka  WpWatd (19)

e

W W1Ug — QWOUa  Watb

By Theorem 1.1 we obtain following resuits.
Corollary4.1 If A,B € R*, A%2 > 4B, wy # awp, and wy(,) 7 0 for all
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n=1,2,---,inthecase k = 1 and m = 1, we have

T3
% B2f(n)

- ,;wf(n)wf(n+1)wf(n+2)wf(n+s)
Bb[Bawf(3) - wf(5)] 2B% — vy, ab ﬁb
eWs(1)Ws(2)Ws(3)U2aU3a " eB%uqu3a (w1 — cwp)wpe B WyWatb
(20)

Remark 4.2 (3.10) of Melham (6] is essentially our (20) in the special case
f(n) =n,wo =0, w; =1and w, = 3wn_1 — Wn_2 = Fon.

Example 4.3 Let f(n) = n, inthecase {wn} = {F,} and {wn} = {L.},
(20) turns out to be

Z _12- 5f (21)
and -
! _5-2V5 (22)
n=1 LnLn+an+2Ln+3 40

Corollary 44 If A, B € R*, A2 > 4B, w; # owy, and w, # 0 for all
n=12,---,let f(n) = n, inthe case k = 2 and m = 3, (4) says that

=, B3(»-1) B? ws — We
n=1 Hn+5 w;g 633U4U5 H =1 Wi (23)
2~y 2B — vy _ng—ws

X
ezB5w1 ]"[i=2 Uu; Bwy (w1 — cwp) W) WaWs3

Example 4.5 In the case {w,} = {F,} and {w,} = {Ln}, (23) becomes

1)1 55
Z ( nls = 4—5 TR (24)
n=1 i= F
and \/_
1)t 41
Z ( n25 =300 5544 (25)
‘l_ﬂ L

In the case {wn} = {F>,} and {wn} = {L2.}, (23) becomes

Z (=11 2301—700\/5

""’5 Fy; 172480 ° (26)
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and

-1 1 ,17141 5
S = 555 g~ w0 (27)
Lo 535532 80

n=1 r—-n
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