Graph designs for nine graphs with
six vertices and nine edges*

Qingde Kang, Hongtao Zhao
Institute of Mathematics
Hebei Normal University

Shijiazhuang 050016, P. R. China

Chunping Ma
Department of Applied Mathematics
North China Electric Power University
Baoding 071003, P. R. China

Abstract

Let K, be the complete graph with v vertices. Let G be a finite
simple graph. A G-decomposition of Ky, denoted by G-GD(v), is a
pair (X, B) where X is the vertex set of K, and B is a collection of
subgraphs of K, called blocks, such that each block is isomorphic to
G and any two distinct vertices in K, are joined in exactly one block
of B. In this paper, nine graphs G; with six vertices and nine edges
are discussed, and the existence for Gi-decomposition are complete
solved, 1 <1< 9.
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1 Introduction

A complete graph of order v, denoted by K, is a graph with v vertices,
where any two distinct vertices z and y are joined by one edge {z,y}. Let
G be a finite simple graph. A G-design or G-decomposition of K,,, denoted
by G-GD(v), is a pair (X,B), where X is the vertex set of K, and B
is a collection of subgraphs of K, called blocks, such that each block is
isomorphic to G and any two distinct vertices in K, are joined in exactly
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one block of B. The necessary conditions for the existence of a G-GD(v)
are
v > |V(G)], v(v—1)= 0 mod 2|E(G)], (v—1) =0 mod d,
where V(G) and E(G) denote the set of vertices and edges of G respectively,
d is the greatest common divisor of the degrees of all vertices in G.
Let Ky, n,,-,n. b€ a complete multipartite graph consisting of ¢ parts
¢
with vertex set X = |J X;, where these X are disjoint and |X;| =n;, 1 <

i=1
t
i < t. Denotev = Z n; and G = {X1, Xa,---,X;}. For any given graph G,

if the edges of Kn:,n: .....n, Can be decomposed into edge-disjoint subgraphs
A, each of which is isomorphic to G and is called as block, then the system
(X,G,.A) is called a holey G-design, denoted by G-HD(T), where T =
{n1,n2,++-,n¢} is the type of the holey G-design. Usually, the type is
denoted by exponential form, for example, the type 1?273% ... denotes i
occurrences of 1, r occurrences of 2, etc. A G-HD(1*~%w!) is called an
incomplete G-design, denoted by G-ID(v,w) = (V,W, A), where |V| = v,
|W| = w and W C V. Obviously, a G-GD(v) is a G-HD(1") or a G-
ID(v,w) withw=0or 1.

For the path Py, the star K x and the cycle Ck, the existence problem
of P.-GD(v), K1 -GD(v) and Ci-GD(v) have been solved!!1%. The
graph design problem for some of other graphs, e.g., k-cubel!), cycle with
one chord!4''®! and so on!!8), have been already researched. On the other
hand, for the graphs with less vertices and less edges, the existence of
their graph design has already been solved(?3:6:11-15.19  For the graphs
with six vertices and nine edges, there are twenty graphs without isolated
vertices(see the Appendix I in [9]). In this paper, we will discuss nine
graphs with six vertices and nine edges, which are listed as follows. For
convenience, as a block in graph design, each graph may be denoted by
(a,b,¢,d, e, f) according to the following vertex-labels.

a a a a a_ f
f £ f £ 4 e
C e (¢ e (¢ € C e
d d d d ¢—d
Gl G2 G3 G4 G5
a £
oy & &
. c e ) 4
C d [+ d
Gs Gy Cs Go

Figure 1: Nine graphs with six vertices and nine edges
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In what follows, element (z, ) in Zmm X Z, may be denoted by z; briefly.
Thus @i + 35 = (2,8) + (4,4) = (@ + 9,3 + ) = (2 + P)issr 00 + T = 00,
00 + z; = oo. For the block B = (z,y, 2,u,v,w), B mod m denotes the
blocks (z+t,y+t, 2+t u+t,v+t,w+t), 0<t<m-1.In Zm X Zp, &
block mod (m,n) denotes that the first coordinate mod m and the second
mod n, while mod (m, —) denotes that the first coordinate mod m and the
second invariant,

In this paper, we shall prove that the necessary conditions for the ex-
istence of G;-GD(v), 1 < i < 9, are also sufficient with the exceptions
(v,4) € {(9,4),(9,5),(9,6),(9,8),(9,9),(10,2)}. The main method to con-
struct these graph designs is the following Lemma.

Lemma 1.1'2 For o given graph G and positive integers h,w,m, if there
ezist a G-HD(h™), a G-ID(h+w,w) and a G-GD(w) (or a G-GD(h+w)),
then a G-GD(mh + w) exists, too.

2 Constructions for HD

A pairwise balanced design B[K, 1;v] is a pair (V,B), where V is a v-set
(point set) and B is a family of subsets (blocks) of V' with block sizes from
K such that every pair of distinct elements of V occurs in exactly one block
of B. When K = {k}, a B[K, 1;v]=Bl[k,1;v] is just a balanced incomplete
block design.

Lemma 2.1'2 Let K be a set of positive integers, m, v be positive integers,
and G be a finite simple graph.

(1) If there ezist a B[K,1;v] and a G-HD(m*) for any k € K, then a
G-HD(m?) exists.

(2) If there ezists a G-HD(m?), then @ G-HD((mn)) ezists for any
t>2andn>1.

Lemma 3. There erists a Go-HD(mt) for any integer t > 2 and m =

9, 18, 27.

Proof. First, a Go-HD(9%) on the set Zy x Z, can be formed by
(40,01, 00, 61,20,3;) mod (9, -).

Then, for positive integer ¢ > 2, there exist a Go-HD(9'), a Go-HD(18t)

and a G2-HD(27%) by Lemma 2(2) (takingm =9,n = 1,2, 3). |

2.1 Using quasigroups

A quasigroup is a set Q with a binary operation “”, denoted by (@, -), such
that the equations a-z = band y-a = b are uniquely solvable for every
pair of elements a,b € Q. It is well known that the multiplication table
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of a quasigroup defines a Latin square. On the contrary, a quasigroup can
be obtained from a Latin square. A quasigroup is said to be idempotent
(resp. symmetric) if the identity =z -z = z (resp. z -y = y - z) holds for all
z € Q (resp. 7,y € Q). Let S be a finite set and H = {S1,S52,-+,Sn} be
a partition of S. A holey Latin square with holes H is a |S| x |S| array L
on S such that:

(1) every cell of L either contains an element of S or is empty;

(2) every element of S occurs at most once in any row or column of L;

(3) the subarrays indexed by S; x S; are empty for 1 <i < n;

(4) element s € S occurs in row (or column) ¢ if and only if (s,t) €

n

(S X S)\ 'UI(S,' X S,)
The type of L is the multiset T = {|S;| : 1 < i < n} and will be denoted by
exponential notation. A holey symmetric quasigroup corresponding a ho-
ley symmetric Latin square with type T is denoted by HSQ(T) = (S, H, ).
Two Latin squares L; and Ly on a set S said to be orthogonal if their
superposition yields every ordered pair in S x S. A Latin square is called
self-orthogonal if it is orthogonal to its transpose. A self-orthogonal quasi-
group corresponding to a self-orthogonal Latin Square of order v is denoted
by SOQ(v). An idempotent SOQ(v) is denoted by ISOQ(v).

Lemma 4.8
(1) There ezists an idempotent quasigroup of order v if and only if v # 2;
(2) There exists an idempotent symmetric quasigroup of order v if and
only if v is odd;
(3) There exists an HSQ(2") for any n.2> 3;
(4) There exists an I1SOQ(v) for any v # 2,3,6.

Let G be a finite simple graph, e = |[E(G)| and n > 3. In order to
construct a holey graph design G-HD(e"), we may take Z, x I, as the
vertex set and Z, as its automorphism group, where (I, -) be an idempotent
quasigroup on the set I, = {1,2,---,n}. A G-HD(e") consists of (3)e?/e =
n(n — 1)e/2 blocks. For our methods, the range of the subscripts of n(n —
1)/2 base blocks A; j istakenas 1 <i< j<mn.

On the other hand, in order to construct a holey graph design G-
HD((2e)"), we may take Z. x I, as the vertex set and Z, as its au-
tomorphism group, where I, = {1,2,---,2n} and (I2n,H,) forms an
HSQ(2") with holes H = {{2r — 1,2r} : 1 < r < n}. In fact, for the
original G-HD((2e)"), the vertex set Z3, x I, contains n holes with size
2e: H; = Z3. x {i}, 1 < i < n. Now, halve each hole H; into Hji_; and
Hy;, where each H; = Z. x {j} has size e, 1 < j < 2n. Then, equivalently,
the holes of the G—H D((2e)™) can be regarded as H 1,H 2, ++, Hop with
such restriction that there is no edge between Hy;— and Ho, 1 <i<n.
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A G-HD((2e)™) consists of (3)(2e)?/e = 2n(n — 1)e blocks. For our meth-
ods, the range of the subscripts of 2n(n — 1) base blocks A;; is taken as
1 <i<j<2nand {i,5} ¢ H. Below, it is enough to construct only one
base block A;; for constructing G-HD(e™) and G-HD((2¢)"), where i, j
are variable in the given range.

Let z,d € Z, and i, j be in the given range for A; ; in above-mentioned
constructions G-H D(e™) and G-HD((2¢)™). Each vertex in the base block
may be labelled as one among four forms: (z, ), (z, 5), (z,%-5) and (z, j-),
where (z, - j) and (z,j - ¢) are same for the symmetric quasigroup. Each
unordered edge in the base block may be one among six forms:

{(z, 1), (z + d, N} {(z,9),(x+d,i- Hh {(z,5- i), (z+4d, 5},

{(z,1),(z + d,j-i)}, {(zai 3 (z+ d’j)}’ {(z,i-7), (x+4d,j-9)}.

For a given d € Z,, u,v € {i,5,i-4,j i} and u # v, the edge joining
vertices (x,u) and (2 + d,v) in base block 4; ; is denoted by d(u, v), which
represents a mixed difference orbit {{(z,u),(z + d,v)} : ¢ € Z.}. And,
denote D(u,v) = {d: d(u,v) € 4;;}.

Lemma 5A." Let (I,,,-) be an idempotent quasigroup on the set I, =
{1,2,.--,n} and G be a graph with e edges, then A = {Aij:1<i<j<n}
can be taken as a base of a G-HD(e™) under the action of automorphism
group Z, if the following conditions hold.

(2) D(i-4,5-1) = D(j - 4,i- j) when (I,,-) is self-orthogonal;

(3) D%, 5)UD(i,i-5)UD(j-4, /)UD(i, j-i)UD(i- 4, j)UD(i- 4, j-i) = Ze.
Lemma 5B.0'% Let (Ip;,H,-) be an HSQ(2") with holes H = {{2r —
1,2r} : 1 < r < n} and G be a graph with e edges. Then {A;;:1<i<
3 < 2n,{i,j} € M} can be taken as a base of a G-HD((2e)") under the
action of automorphism group Z, if the following conditions hold.

(1) D(i,i- 5) = D(ji- j);

(2) D(i, j)u D(i,i-j) UD(-j,j5) = Ze.

Lemma 6. There ezist a G1-HD(9*+!), a Gs-HD(9™) and a Gx-H D(18:+2)
Jor any integert > 1,n>3,n#6 and k =1,8.

Proof. By Lemma 4(2), there exists an idempotent symmetric quasi-
group (I2;41,-) on the set Iy = {1,2,...2t + 1} for t > 1. On the set
X = Zg X I2t+1 define

Ar(4,5) = (055,45, 3, 155, 35,4:); As(i, 7) = (0;, 2;.5,55, 54, 1i.5,05).

It is not difficult to verify that both A;(4,j) and Ag(i, j) satisfy the con-
ditions in Lemma 5A. Thus, for k = 1,8, A, = {Ak(%,7) mod (9,-):1 <
i < j <2t + 1} forms a Gy-HD(9?*1) indeed. Furthermore, we have
Gs-HD(9%) on the set Zg X Z4:
(411 007 817 12a 13, 52) mod (9’ 4)’ (00’ 211 807 821 23! 02) + ijv
0<i<8, 0<j<1L
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Gs-HD(9®) on the set Zg x Zg:
(61,32, 73, 54, 16,07), (01,22,4,64,33,15),
(02, 81, 257 66: 27, 46)a mod (9, 8)’
(02,04,13,17,05,06) +45, 0<i<8, 0<j7<3.
However, there exists a B[{3, 4, 5,8}, 1; 7] for any n > 3,n # 6 by [7]. Thus,
there exists a Gg-HD(9™) for any n > 3,n # 6 by Lemma 2(1).

Finally, let’s consider the HSQ(2:+?) = (Izt44,™,-) with holes H =
{{2r — 1,27} : 1 < r < t+ 2}, which exists for ¢ > 1 by Lemma 4(3). Then
-Ak = {Ak(l,]) mod (93—') 11<i< .7 < 2t+41{i’j} ¢ H} will form a
Gr-HD(18**2) by Lemma 5B, where k = 1, 8. [ ]

Lemma 7. There ezists a G4-HD(18%) for any integer t > 3.
Proof. By Lemma 4(4), there exists an I1SOQ(t) = ({1,2,---t},) for
t # 2,3,6. It is not difficult to verify that the following base blocks for
G4-HD(18%), on the set Z5 x I, satisfy the conditions in Lemma 5A:
(Oi.j, 8j, lj.i, 17_7', 5,‘, 5_7'), (Oj.i, 8,’, li.j, 17i, 14_»,', 5,;), mod (18, —),
1<i<j<t.
Furthermore, we can give the direct constructions as follows.
G4-HD(18%) on the set Zyg x Z3 :
(OOy 154, 22a 917 501 61)1 (20» 51! 023 11) 110) 111)7 mod (18! 3)
G4-H.D(186) on the set Z15 X Zg :
(001 94, 31, 169, 13, 152)1 (00, 04’ 14,, 130, 113, 22)1
(00, 84, 151, 160, 83, 132), (00, 173, 72, 114, 120, 14), mod (18, 6),
(20,0s,02,34, 110, 64) + %5, (23,92,0s,31,113,61) + 45,
0<i<17,0<j<2 [ |

2.2 Using directed product automorphism group

In this section, we construct some HDs by using directed product auto-
morphism group. This method was first used in [16].
Lemma 8. There exist a G,-HD(9™) and a Gg-HD(9%+!) for s = 4,5,7,
any integern >3, n# 6,8 andt > 1.
Proof. For s = 4,5,6,7, define G,-block family A; on the set Zg X Zy 4
as follows.

A4 = {(0::1 20a0—1'1 6075:::40) 118z < t};

A5 = {(60183:’0—:1:’4::7 3—::1 6:!:) 1<z < t};

AG = {(60a 8z,0-2,4z, 3—1:1 30) 1<z < t};

A7 = {(3—1) 001 02::1 2::) 80’4:4:) :1<z< t}°
Then A, mod (9,2t + 1) forms a G,-HD(9%*!) for s = 4,5,6,7 and ¢t > 1.
Furthermore, for s = 4,5, 7, we can give direct constructions G,-HD(9%) =
(Zy x Z4,B;) as follows.

B4 : (03! 32,01, 70, 53, 30)! (O2a 311 007 71, 521 33)’ mod (91 _)a
(02, 30, 43, 00, 12, 01) mod (9,4).
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35 . (023003 03, 80’ 01143)7 (707 01s52)217331 23)3 (53; 017201 81,621 11)1
(81,02, 63, 12,50, 30), (lo,03, 72,83,01, 32),
(33a 02a 601 52) 11’ 10)7 mod (9: _)'
B7 : (30» 31100, 037 32, 01)1 (61’32, 33a 00.v 03162)1 mod (9, _)a
(0o, 51,02,13,72,0;) mod (9,4).
Finally, there exists a B[{3,4,5},1;n| for any n > 3,n # 6,8 by [7]. So,
the conclusions hold by Lemma 2(1). [ ]

Lemma 9. There ezists a G,.-HD(18") for any integern > 3 and k = 5, 6.
Proof. First, for k= 5,6 and t > 1, a Gx-HD(18%+!) = (Z14 x Zp141, Ax)
can be constructed, where Ay = {Ax mod (18,2¢ + 1)}, and
As = {(00’ 32,4-2,125,5_4,0:), (0o,52,12_;,4,, 3-2,9:):1<z< t})
Ag = {(007 32,4-2,125,5_g, 5::), (OOa 52,12_2,4:,3_2, 12::) 1<z < t}-
Furthermore, we have the following direct constructions Gx-H D(18") on
the set Z;3 x Z,, where k = 5,6 and n = 4,6, 8.
GS'HD(184): (00) 931 22, 617 82, 12)7 (00: 13, 142y 31, 721 62)a mod (18’4)7
(00: 33,52, 131, 32, 02) +7:j1 (02s 31, 50,133, 3o, 90) +7:j1 i€ ZlSa Jj=0,L

GG'HD(184): (00? 93) 221 61’ 82’ 70)1 (00) 13a 1421 311 72, 10)v mod (18,4)7
(0o, 33, 52, 131, 32, 30) +i5, (02, 31,50, 133,30, 122)+i;, i € Z1g, j =0, 1.

G5'HD(186): (OOv 021 11’ 124y 231 53)1 (OOa 1327 01’ 154’ 13, 63)y
(207 047 627 gla 721 54)1 (101 04’ 92, 41) 821 34), mod (18, 6)9
(001 172’ 81)441 103703) + zJ’ (03a 175, 84, 417 1001 90) + zJ?
1€7Z18,0<j<2

GG'HD(lsﬁ): (10) 04a 92; 41v 82, 64)) (20) 043 621 91, 72a 44),
(00,02, 13,124, 23, 70), (00,132,04,154,13,7), mod (18,6),
(0o, 172, 81,44, 103, 100) + i3, (03,175,84, 41,100, 13) + i,
ieZlS» 05.752

Gs-HD(18%): (0o, 11,132,23,3s, 143), (0o, 31,125,93, 145, 133),
(OOy 141, 02, 537 15) 123)) (OOa 811 102! 837 125773)1
(007 32, 1041 019 163, 14)$ (00) 821 174’ 171, 137 64)a mod (18, 8))
(007 1529 34a 104, 337 04) + i_‘i! (04s 15, 301 105’ 377 90) + ZJ?
1€ 218, 0<j<3.

GG'HD(]-SB): (001 141, 02, 537 151 130)’ (00, 321 1047 01) 163) 155),
(00, 119 13,, 23, 35, 170)v (001 821 174’ 171, 13) 77)s
(001 3la 12,, 93, 145, 90)) (00, 811 1021 833 125, 10)) mod (181 8)?
(001 152, 34, 1017 331 37) + 7']7 (041 1551 307 107) 3s, 123) + ij:
i€ 2y, 0< ] <3,
Finally, there exists a B[{3,4,5,6,8},1;n] for any n > 3 by [7]. So, the
conclusions hold by Lemma 2(1). [ ]
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2.3 Other Methods

Lemma 10. There ezxists a G-HD(9") for any integer n > 3, n # 6,8
and k = 3,9.
Proof. First, give the following direct constructions Gx-HD(9™) on the
set Zg X Zy, where k = 3,9 and n = 3,4, 5.
Ga‘HD(QS): (003 01’ 70, 32: 81; 02), (00’ 31a 60v 42, 11) 82)1
(OOa 71,80, 12,44, 62)! mod (93 _)'

GQ'HD(gs): (02’ 31a62) 12a007 01); (80142a 50320701)22)7
(11a20y4l’81a 02750)v mOd (91 —)'

G3'HD(94): (00’ 027 131 711 52, 03)1 (011 13, 80) 52, 73) 40)’
(12100761,83,40, 81)7 (03’01302120)51162)7
(003 11; 73) 827 01» 53): (017 007 22a 83: 70’ 32)) mod (9, _)~

Go-HD(9*): (82,31, 12,22,00,03), (13,22,43,83,01,00),
(31a20’7l’413o3s02)’ (20a 73)32730701702)7
(421 707221 61?03101)1 (401 33a60700’02’ 81)’ mod (9’—)

G3-HD(95): (00,02, 10,84,32, 14), (00,01,30,62,11,42), mod (9,5).

GQ'HD(QS): (111 02, 411 311001 82), (62a 041 72:42y 00’ 74)3 mod (9’ 5)’
Finally, there exists a B[{3,4,5},1;n] for any n > 3,n # 6,8 by [7]. So,
the conclusions hold by Lemma 2(1). ]

Lemma 11. There ezist ¢ G3-HD(18%), a G3-HD(18%), a Go-HD(27%)
and a Go-HD(18™) for any integer n > 3.
Proof. First, give the following direct constructions Gg-HD(18") on the
set Z18 X Z,, where n = 3,4,5,6,8.
GQ'HD(]-SS): (321 1,, 427 523 OOv 161)’ (721 011 82) 921 10: 11)? mod (18, 3)
G9'HD(184): (007 61, Lo, 100, 62, 91)) (003 41,100, 107327 81)7 mod (187 4)7
(00,114,100, 10,02, 21) + %5, (92,113,102, 12,00, 23) + i;,
i€ 2, 0<j< 1.
Go-HD(18%): (144,22,74,84,00,112), (02,11,12,42,00,161),
(54s 132! 341 44, 00, 162)1 (172’ 81’ 1421 152’ 00) 121)a mod (18) 5)
GQ'HD(186): (04a 82,163, 2; ’ 6o, 112)$ (03, 22) 05y 151 4o, 61)»
(047 321 831 61, 1307 63)’ (OOy 101: 150) 657 33? 71)7 mod (181 6)1
(00,04, 15,15,03,9;) + ij, (93,15,04,14,01,10s) + 25,
i€2;3, 0<j<2
G9‘HD(188): (00, 123, 1417 617 247 73)3 (00a 02,15,2, 34, 51)7
(001 21, 52, 62, 1041 Sl)a (007 713 021 15,124, 151)1
(00, 1141 25) 861 92744)i (00) 937 217 1311 54’ 133)7 mod (181 8)7
(0o, 12,01, 11,04, 102) + %, (94, 16,07,17,00,126) + %5,
i€ Z13, 055 <3
Furthermore, a Go- H D(18") exists by existence of a B[{3,4,5,6,8},1;n], n >
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3. Finally, the remaining holey graph designs HD(m™) on the set Z,, x Z,
are listed as follows.
Go-HD(273): (170,04, 140,129, 202,2;), (160, 01,19, 180, 22,22;),
(260, 01, 230, 220, 02, 21), mod (27, 3).
G3"HD(183): (411 0o, 111, 1,, 12,, 62)7 (1311 007 91, 122, 807 22)’ mod (18’ 3)‘
Ga-HD(184): (22,00, 112, 131,80,01), (172, 00, 132, 21,30, 91), mod (18,4),
(42)00’ 62t 1017607 11) + ij, (403 021 60, 1031 132, 13) + Z],
i€ 215, 0<j<1. n

3 Nonexistences

In this section, we’ll prove the nonexistence for a few graph designs. Let
r

graph G have m; vertices with degree di,1 < i < r, and 2 m; = 6.

Suppose there exists a G-GD(v) on a v-set V, with b blocks If some
element o of V appears in s; blocks as r;-degree vertices, 1 < i < t, we call
the element o has the degree-type 7732 ---r5*. The proof consists of by
the following steps.

1° Find nonnegative integer solutions for equations

r T
3" diz; = v — 1 with restriction 3" z; < b. (*)
i=1 i=1
Its one solution (z1,2,---,2,) = (a1j,2j, - *,a,;) means that some ele-

ment a of V may have the degree-type d“ 13 da2J di,1<j<s.
2° Solve the further equations

S 8
2 y;=v and Y a;y; =md, 1<i<r ()
=1 j=1

Each solution (y1,¥2,---,ys) means a possible structure of G-GD(v): y;
elements of V have degree-type d1?dy” ---dr?,1 < j < s.

3° For each solution obta,med above, discuss the existence of such
structure.
Lemma 12. There ezist no Gx-GD(9) for k = 4,5,6,8,9.
Proof.

(1) G4'GD(9)1 v=29 b=4, and (d11ml) = (271)1 (d2$m2) =
(3,4), (ds,m3) = (4,1). There are four solutions for (*). And, the equa-

8

tions Y aijy; = mib, 1 < i < r, will be in this form.
Jj=1 .
0 u 4
0 2 1= 16 |.
2 ys 4
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It is not difficult to see that it implies yo+2y, = —4, there is no nonnegative
integer solution.

(2) Gs-GD(g), v = 9, b= 4, (d],ml) = (1, 1), (dz,mg) = (3, 4), (d3,m3) =
(5,1). There are three solutions for (*). Furthermore, we have

0 3 2 n 4
1 0 2 Y2 =5 16 .
1 10 Vs 4

It implies yo = —2, which is impermissible.
(3) GG'GD(g)) v= 97 b= 41 (dla ml) = (1’ l)a (d2sm2) = (31 3)’ (d3a m3) =
(4,2). There are three solutions for (*). Furthermore, we have

0 1 2 0 4
0 1 2  |=1 12 |.
2 1 0 Y3 8

There are two contradictory equations among them. So there exist no
solutions for ().

4) GS'GD(Q)a v=29, b=4, (d1,m) = (2,2), (d2,m2) = (3,2), (d3,m3) =
(4,2). There are four solutions for (*). Furthermore, we have

0 2 1 4 h 8
0 0 2 0 b2 1 _[sg].
2 1.0 0 Ys 8

It has only two solutions (y1,¥2,¥3,%1) = (3,2,4,0) and (4,0,4,1). How-
ever, since two 4-degree vertices in graph Gg are disjoint, there’s at most
one element having degree-type 42, which implies y; < 1, it is impossible.

(5) G9'GD(9)3 v= 9, b= 4a (dl7m1) = (2! 3)1 (d2am2) = (3) 1)3 (d33 m3) =
(4,1), (d4,m4) = (5,1). There are five solutions for (*). Furthermore, we
have

0 0 2 1 4 b 12

1 00 2 0 2L | 4

0 2 1 0 0 B 1=1] 4

1 0 0 0 O Ya 4
Ys

It implies y; = 4, i.e., there are exactly four elements having degree-type
3!5!. However, there are only one 3-degree vertex and one 5-degree vertex
in graph Gg, and 3-degree vertex and 5-degree vertex are joint. So there are
four edges jointing 3-degree vertex and 5-degree vertex in the four blocks.
But there are six edges jointing the four elements which have degree-type
315!, It’s a contradiction. [ |

Lemma 13. There exists no G2-GD(10).
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Proof. G is a bipartite graph K3 3. If there exists a Go-GD(10) on the set
X ={0,1,2,a,b,c,-- -}, which has five blocks. Without loss of generality,
let one of the five blocks be A. ¢

a
2 c
Figure 2: Block A

Then the three edges of K3 on the set {0, 1,2} must appear in the other four
blocks. The arrangement of the three edges must be one of the following
two configurations.

N

3 . . . . . . .

Figure 3: Two configurations

Similarly, the arrangement of the three edges of K3 on the set {a,b,c}
must also be one of the two configurations above. Since the nine edges
Jointing the elements between {0, 1,2} and {a,b,¢} all appear in block A,
the element in {0, 1,2} and the element in {a,b,c} can’t appear in any of
other blocks simultaneously. So the block configurations for {0,1,2} and
for {a,b,c} both have to be (I). Without loss of generality, the arrange-
ment must be.

0 1 l—2 a b be——c
. :2 . . . :c . .
Figure 4: The arrangement

Since every vertex in G is 3-degree, each element of X must appear in
three blocks of this design. However, in this arrangement, both 0 and a
appear only in two blocks. It’s a contradiction. |
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4 Main constructions

Now, let’s list the following table for the desired designs for the nine graphs.
Table1l:: t > 1, s#2,3,6

v = (mod 9) 0
Gs HD g%+! 9% 18% 184
GD 10,19
HD 92t+1 , 94 92t+1 , 94
G;| 1D (18,9)
GD 9 10,19,55,73
v = (mod 18) 0 1 9 10
Gl HD 18t+2 92t+1
GD 19,37 9
HD 18t+1 27t+1
Ga 1D (37,10),(46,19)
GD 19 19,28,37
HD 93, 18t+2 18t+2 g2t+l1 g2t+1
G, [ ID | (18,10),(18,9) @7,18)
GD 10 19,37 27 10
HD 18t+2 18t+2 92t+1’ 94 92t+1
Gs | _ID (18,9)
GD 18,36 19,37 | 18,27,63,81 10
HD 18t+2 18t+2 18t+2 92t+l
Gs | 1D (27,9)
GD 18,36 19,37 27,45 10
HD 1 8t+2, 93 18t+2 92t+1 , 94, 98 92t+1
Gs 1D (18,9) (18,9)
GD 18 19,37 18,27,63 10
HD 1842 18:+2 [ 93,94 9° 273 9°,9% 9°
Gy [ ID (18,9)
GD 18,36 19,37 18,27,63 10

In the following sections, we shall construct the desired designs listed in

the table.

4.1 Constructions for GD

In this section, we construct all Gx-GD(v) listed in above table, 1 < k < 9.
The point set is taken as — Z,, for v = 19, 37,55, 73;
(Zg_;_l_ x Z2)|J{oo} for v = 27,45, 63,81;
Zy—1 J{oo} for v =18, 36;

Zs X Zo for v =10; and Z7 x Z4 for v = 28.
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G1-GD(9) :

G1-GD(19):
Gl-GD(37)Z
G2-GD(19):
G2-GD(28):

G3-GD(10):
G3-GD(19):
G4-GD(10):
G4-GD(19):
G4-GD(27):

G4-GD(37)!
Gs-GD(10):
Gs-GD(18):
Gs-GD(19):
Gs-GD(27):

Gs-GD(36):
Gs-GD(37):
Gs-GD(63):

Gs-GD(81):

Ge-GD(10):
GG-GD(IB):
Gs-GD(19):
Ge-GD(27):

GG-G.D(36)Z
Gs-GD(37):
Ge-GD(45):

(1,7,0,8,3,5),(2,8,1,6,4,3),(0,6,2,7,5,4),(6,3,7,4,8,5);

(0,3,10,6,11,13) mod 19;
(0,6,2,5,20,27),(0,12,1,22,9,14), mod 37;
(0,9,10,8,13,7) mod 19;

(00’ 301 1o, 01, 2o, 31)’ (001 03’ 10: 027 20, 32),
(00’ 41) 011 42, 211 23)a (00$ 137 01; 337 537 43)7

(Ola 61702’ 531 22: 63), (01)O2a 12, 521 037 62), mod (7: _);

(00, 019 311 201 10r 41) mod (57 —);
(0,10,6,14,8,7) mod 19;

(4ly 1o, 0o, 20: 311 01) mod (51 _);
(10,8,0,18,12,7) mod 19;

(10a 00’40, 0, 11, 81)» (20: OOs 70, 21’01’ 41),
(11,207 017 311 111,80)v mod (131 "');
(1,18,0,33,30,16),(0,13,2,9, 4, 10), mod 37;
(001 41)217 11, 10,20) mod (5$ —);
(0,8,3,7,6,00) mod 17;

(9,8,4,7,0,15) mod 19;

(0o, 70,101, 71, 29, 00), (01, 0o, 40, 51, 41, 00),
(011 14, 2, S0, 71v 21)7 mod (131 _);
(0,17,7,19,8,0),(0,15,1,5,2,6), mod 35;
(0,19,22,20,9,8), (0, 32,36,13,7, 16), mod 37;
(01’ 901 41s 91, 200, 280)$ (Ols 1801 6]7 1417 80: 170),
(00, 01: 101 301 101, °°)$ (007 51) 40a 90v 173 ’ 120);
(Oly 30v 11: 31a 1009 00), (00’ 21’ 60) 140a 181, 130)a
(01, 220, 71, 181, 60, 160), mod (31, —);

(71,150,114, 161, 319, 271) + 4o, (00, 51, 40, %0, 191, 71) + do,

(271» 350, 3119 361, 11,, 200) + i,

(2001 251’ 2401 2907 391700) + iOa 0 <i< 19;

(00, 211 110) 230, 271, 201)1 (OOa 911 60; 1307 281, 171)1
(017 2601 811 1811 50: 161)1 (00: 011 10’ 307 1117 00)1
(01,229, 64,134,70,12;), (0o, 291, 89, 180, 121, 30;),
(01, 30, 1,, 31, 170, 00), mod (40, —).

(00, 41,21, 14,10, 30) mod (5, —);

(0,8,3,7,6,00) mod 17;

(9,8,4,7,0,6) mod 19;

(OOa 7o, 101, 711 2o, OO), (011 00,407 511 44, 00)7

(011 1o, 20? 507 71! 91)! mod (131 _);

(0,17,7,19,8, 00), (0, 15,1,5, 2, 8), mod 35;

(0,19, 22,20,9,17), (0, 32, 36, 13, 7,23), mod 37;
(Ols 301 1711 191 ) 170s OO), (007 31’20) 70) 171) 00),

(007 811 101 40, 2017 140)’ (001 917 Ola 41, 130) 190)) mod (221 —)!

(01, 11¢,1;, 164, 1o, 120) + o,
(11¢,12;,00,129,57,16;) +1ip, 0< i< 10.
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G+-GD(9) :

G1-GD(10):
G.-GD(19):
G,-GD(55):

G7-GD(73):

Gs-GD(lO)Z
Gs-GD(19):
Gs-GD(27):

Gs-GD(37):
Gs-GD(63):

Go-GD(10):
Go-GD(19):
Go-GD(27):

Gg-GD (37) H
Gy-GD(63):

(2,a,1,b,2,4),(4,b,%,¢,2,3),(3,¢, 2, a,y,l) (2,z,3,y,4,1);
(40, 11,20,00,01,21) mod 5;

(2,0,7,10,11,6) mod 19;

(25,27,22,0,20,1), (23, 10,7,0, 11, 19),
(21,15,1,0,17,33), mod 55;

(1,2,4,7,3,10), (1,11, 22, 34, 2, 26),
(1,14,28,45,2,26),(1,28,12,48,27,46), mod 73;
(10) 00’ 201 21,Ola 11) mod 51

(0,2,7,9,6,10) mod 19;

(104, 69, 00, 61, 31, 0o, ), (91, 40, 101,129, 13, 0p),
(10,30,114, 104, 121,00)» mod (13, -);
(0,18,8,9,16,1), (0,6, 19,17,5,2), mod 37;
(01,201, 20, 129,229, 71), (01, 221, 270, 150, 180, 101),
(00’ 249, 199, 51, 104, 141)s (00’ 1o, 00, 280, 29, Ol)a
(00’ 170,51, 201y41a 20)’ (00’ 190’ 251a 31’ 111’ 60)a
(OOy 2517 22y, 10, 28;, 80), mod (31’ _)'

(101 007 14, 311011 30) mod (5’ —);

(4,0,6,8,9,11) mod 19;

(001 1o, 00, 4,, 61v 21)1 (01’ 60, 00) 1001 11’ 61)7
(121,00,50, 11,20,21), mod (13, -);
(18,1,7,13,0,3), (11,0, 10, 16, 2,6), mod 37;
(10,00’11, 21,01’00)’(20900, o, 2211 91, 211))

(009 2011 1111 801 2707 130)1 (309 007 1007 2717 711 261)>
(00,61, 31, 01,200, 50), (261, 0o, 60, 80, 161, 31),
(71,041,264, 229,130,3:), mod (31,-).

4.2 Constructions for ID

In this section, we construct all Gx-ID(v, w) listed in above table for k =
2,4,5,6,7,8,9.

G2-ID(27 + w,w): (Z3 % Zg) J{o01, 002, -

-,004}, w=10,19

(001, 13, 002,24, 03, 15), (003, 03, 004, 24, 02, 25),

(001, 061 002, 27, Ola 28)7 (°°3y 00? x4, 21, 13; 22))

(004, 00, 00i+1, 01, 00i+2, 02), (001, 19, 002, 21, Op, 12),

(003, 06, 004, 27, 02, 23), (0o, 24, 10, 25, 26, 16), (0o, 11, 10, 02, 01, 03),

(OOa 07$ 01) 17a 02: 08)’ (04’ 25a O7a 169 28’ 08)7 (OOs 27) 031 18)04: 28),

(017 229 11, 041 02, 05)1 (01’ 131 021 14’ 067 15)’ (05’ 273 261 187 07, 28)a

(011 16’ 02) 26? 131 18)1 (03’ 14’ 13)05> 04, 17)) (04a 15a 05) 007 26a 07)v

(004,03, 00i+1, 04, 0042, 05 ), (00s, 06, 00i+1, 07, 00i+2,08), mod (3, —).
Here i = 5,8 when w = 10 and ¢ = 5, 8,11,14,17 when w = 19.

G4-1D(18,10): Zg| {001,002, -

:0010}

(11 01, 2a oCs, 3v 00‘2): (4y 01, 5) 07, 6v w2)v (81 03, 37 06, 2a 004):
(4’ Qg, 81 61 11 001()), (8) 0Q7, 77 0010, 2’ 008)7 (5) 05, 8, 02, 7: 006),
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(6a 05, 4a 003, 1, 006)’ (4, 1, 7’ 001, 8) 2)’ (7y 003, 5, 08, 61 004),
(3, 007, 4, 004, 1’ 008)’ (6: g, 3: 1$ 5$ °°]0)a (5, 3, 2) g, 7a 6)
G4-ID(18, 9): Zg U{ool, (=27 TRERIN 009}
(009’ 1, 47 21 3, 7)1 (la 007, 29 g, 37 008)1 (5’ 003, 73 67 41 004))
(4a s, 91 87 33 006), (la 005, 77 2’ 81 006)7 (19 01, 57 6, 2) w2)1
(3a o0y, 4v 8) 6: 002)1 (73 o0y, 91 ly 81 002): (11 o3, 61 97 2’ °°4)a
(3’ oQ3, 97 51 87 mA): (77 07, 81 g, 91 008)1
(2a 03, 5s 3a 6, 006)’ (4’ 007, 5, g, 61 008)-
G4-ID(27, 18) Zg U{ool, (o o] PR IN 0013}
(3a 0018, 8’ 4, 7; 1); (31 o011, 6, 018, 41 0012)1 (71 011, 0; 0018, 51 0012)’
(2, 01, 6a 0013, 1, 002), (3’ 01, 7, 0013, 4, 002)1 (5’ 01, 07 013, 8: 002)3
(29 03, 1’ 0014, 07 004), (51 003, 6) 014, 81 °°4), (3, 003, 41 014, 7a 004)’
(0, 05, 4! 15, 37 006)9 (lv 05, 51 o015, 2, wﬁ)y (77 05, 8a 015, 61 wﬁ))
(7a 07, 27 0016, 3) 008)’ (lv 07, 4’ 0016, 9, 008), (Oa 015, 17 6v 73 0016),
(2; 00y, 3, 0017, 1, 0010)7 (51 00y, 7, 0017, 4y OOIO)a (21 o017, 51 8’ 6, 4)a
(67 g, 01 017, 8; °010): (8’ 0011, 2’ 0018, 1, 0012),
(0, 007,38, 0016, 6, 008}, (5, 0013, 3,0, 2, 0014).
G5-ID(18,9): I|J{c01,002,,009}
(37 003, 17 00g4, 4’ 009); (67 003, 2, 04, 8a 009)1 (7a 0Q3, 5, 04, 9’ 009)a
(71 Q5,4 3: 06, 61 1), (8y 007, 1) X8, 4, 2)7 (2, 001,1, 02, 33 °°9))
(5y 01, 47 02, 6, °°9)y (4’ 005, 1, 00g, 27 7)’ (8a 001, 7) 02, 9’ 009)1
(31 007, 51 008, 61 8)’ (5, O0s, 87 g, 91 1)’ (2) 007, 7; oCg, 9, 5))
(9, 009, ]-a 6a 4’ 3)'
Ge-I1D(27,9): Zg x Z3
(Sla 01 ) 21a 82: 40v 20) mOd(91 _);
(821 4]1 607 301 017 32)1 (021 51: 70740) 111 32)1 (12’ 21’ 617 801 507 00),
(10) 45, 69, 721 21 ’ 52)1 (22a 7l$ 009 607 317 62)) (32) 81, 1, 70) 41) 72):
(423 013 209 80a 51) 82)) (201 52’ 31’ 82, 70, 62), (521 11) 30’ 00, 617 02)7
(62& 21’ 40a 107 711 12)) (729 81: 31v 501 207 12)1 (303 417 02, 807 62) 50):
(L0,31,12,01,00,11), (20,41, 22, 11, Lo, 02), (30, 21, 20, 51, 32, 00),
(401 72a 513 1,, 0o, 62)a (407 61) 42, 31; 301 22), (50, 71) 52) 411 403 32)1
(60, 81,62, 51, 50, 42), (50, 61, 22, 10,82, 00), (7o, 01, 72, 61, 60, 52),
(80s 701 719 827 1]) 62)s (00’ 21) 02, 817 80$ 72)7 (607 717 027 201 327 50)7
(70’ 81a 121 30y 421 ll)y (80, 01’ 521 407 22) 81)
G7-ID(18, 9)' IQ U{OO], ety 009}
(21 71 11 01, 83 002)? (4a 67 3, 002, 9’ 001)1 (WQ, 3, 00y, 51 002, l)s
(9, 41 7, 06, 67 003)1 (1) 9y 21 OQ4, 3? 005), (9: 71 003, 3: Qg 8)a
(7’ 57 8, X5, 6, 004), (wQa 8a 004, 4? 005, 2)’ (21 5v 91 007, 1’ m8)1
(37 81 6’ g, 4’ 007)1 (0097 6) o7, 71 oCs, 9)! (51 11 81 3, 2’ 006),
(1,2,3,4,5,6).
Gs-ID(ls, 9) Ig U{ool, vty 009}
(2,001,8,9,002,3), (001,6,009,1, 7, 5), (002, 1, 001, 00g, 4, 5),
(1, 05, 7a 9, s, 4)a (51 003, 1,8, 04, 9)1 (003’ 61 004, 9: 7y4))
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(0043 21 003, 009, 3, 4)a (°°5a 21 06, 51 31 8)’ (0061 51 05, 009, 61 8))
(6) 07, 4, 5: 08, 7)1 (007) 21 08, 6) 3) 1)’ (008’ 87 007, 41 9) 1))
(009,7,2,3,9,8).

GQ'ID(IS’ 9) IQ U{ml’ Y 009}
(21 7, 005, 00, 9, °°4)s (1) 7, 002, 003, 6, 001)1 (4, 6, 00g, 009, 8, 007),
(007, 5) 08, g, 27 6)a (0011 9: 002, 003, 8’ 7)1 (0021 37 001, 003, 21 1)1
(003, 5’ 002, 001, 47 1)) (008, 3, 007, 009, 7’ 4)) (0041 61 005, 006, 5) 7),
(°°5a 37 004, 06, 4, 2), (006) 1) 004, s, 81 2)3 (0091 la 07, 008, 9, 4)’
(9,5,1,8,3,6).

4.3 Conclusion

Theorem 1. There ezists a Gx-GD(v) if and only if v=0,1 (mod 9) for
4<k<9orv=19(mod18) fork=1orv=1 (mod9) for k =2,3
with the exceptions (v, k) € {(9,4),(9,5),(9,6),(9,8),(9,9),(10,2)}.

Proof. Obviously, the necessary conditions for the existence of a G-
GD(v) are v = 0,1 (mod 9) for 4 < k£ < 9; v = 1,9 (mod 18) for
k=1 v =1 (mod 9) for K = 2,3. Summarizing Lemma 1, 3, 6—13
and the constructions in §4.1, §4.2, the conclusions hold. [ |
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