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ABSTRACT. Recently in [5], the author considered certain recipro-
cal sums of general second order recurrence {W,} . In this paper, we
generalize the results of Xi and we give some new results for the recip-
rocal sums of I-th power of general second order recurrence {Wj,}
for arbitrary positive integer k.

1. INTRODUCTION

Let a,b, P and Q integers such that PQ # 0 and P2 — 4Q # 0. Define
the sequence {W,,} as follows: for n > 1

Wy = PWp_1 — QWp_ (1.1)

where Wy = a, W) = b. The sequence {W,} and its some properties have
been studied by several authors. Horadam (3] gave the Binet form of {W,}
as shown :

Aa" -Bg"
Wy = 4222200

where a,8 = (P + /P2 - 4Q) /2, A=b—- BA,B = b— aa. We denote

Wy by Wy (a,b; P,Q). As important special cases, denote W, (0,1, P, Q)
and W,(2, P, P,Q) by U, and V,,, respectively.

Some authors have studied the both finite and infinite reciprocal sums
of terms of certain sequences. In [1], the authors derived

k [

n

m n - k

nz=:1 WaWarr Unm = -“T%q-m and 4 WoaWorr ABIUI: (ngl ZV.&"& - ka)
(1.2)

where P > 0 and k, m nonnegative integers. For the case Q@ = —1, the

identities in (1.2) are obtained by Good [2]. Regarding taking [—th powers

of terms in the sums, the author [5] generalized the results of [1, 2. For

n=
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example, he derived the following infinitive reciprocal sums:
0 n -1
Zk ﬁr ZO[(Wk+l - WiB)Q " *a™ — (Wi41 — Wia)
n= n n+m i=

xﬁ2(n-k)+m]l—1—i[(Wk+l _ WkB)Qn-kBm _ (Wk+1 _ Wka)ﬁ2(n—k)+m]i

m=1

(P2_4Q)l/2Qk Z ﬂ“
(am=B")(Wis1—WiB) &~ W, .~
i=0 +

In [5), the authors gave the general results including the earlier results
by taking [—th powers of terms in the reciprocal sums. In this paper, we
generalize the result of [5] regarding reciprocal sums of {—th powers of the
terms with indices.

2. THE MAIN RESULTS

In this section we consider both finite and infinite reciprocal sums of
products of r-consecutive terms of the sequence {W,}. Clearly we will
consider the finite and infinite reciprocal sums of {W;n},.., for arbitrary
positive integer r. For later use and the readers convenience, we have the
following result from [4]:

Lemma 1. Let W, be the nth term of sequence {W,}. Then for n,r >0,
Win = ViWe(a—1) — Q" We(n-2) (2.1)
where V,, and Q be as before.

For our purpose, we use the generating function of the sequence {W;.}.
We give our first result.

Theorem 1. Let P >0,

2 W_‘Q_l_ Z U(Wrks1y — WeB1)QT R T

"(n+l) i=0

~(Wrk+1) — era')ﬁ%(n_k)“]l_l_i X
[(Wr(k+1) _ rkﬂT)Qr(n—k)ﬁr _ (Wr(k+l) _ erar)ﬂ2r(n—k)+r]i}

a Brl lQrk _ lr(!+l k)
(We(kr1)—WesB™ 3(_"' Wl Er—1- (2.2)

Proof. For ease write and arbitrary r > 0, let f(z) = Y o>, Wynz". Thus
consider

£(@) = Wika® — W2 = Viz (f (2) = Wokz®) — Q72 (3)
Hence

ker+t(Wr(k 1 —{a"+8")Wrx)
flz) = T=(or45")a+(aB)"a?
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Since 1 — (a" 4+ 8")z + (af)"z® = (1 - a"z)(1 — B7z), f(z) can be
decomposed into partial fractions:

f(x Wr(k+1)—ﬂ Wrk  Weaay—a"Wes
a'—B’ 1-a"z 1-8rz .

From the coefficients of z™ in both sides above equations, we get
W = Wrgk+q—l3rwrk ar(n—k) _ Wr§k+12—°'er ﬁr(n_k)

r{n
Let Ty, = u . If we compute the difference of two consecutive terms
of {T,}, we obtam

Tl Tl( +1) — (ﬁr("-k)wr(n+l)) _(Br(n+l—k)Wrn)l
n

Wrn Wr(n+1)

= wi_wl 1 _ﬁr)l{[(Wf'(k-l-l)_ rkﬂr)Qr(n_k)ar

ronany (@7

_(Wr(k+l) - erar)ﬁ2r(n—k)+r]l
—(Wrks1) - erﬂ’)Q'("_k)ﬁr = (Wr(ks1) — Wiga")g2r(n=R)+riiy

W, W B" r{n—k) . _
- (W"(:;;)(nﬂ):"")—g')' ! Z{[(WT(’H-I) - W )Qr(n k) am
i=0
~(Wr(es1) = W) B2 kR I=1=i[yr ) — Wi B7)QTmH) BT —

(Wr(k+l) _ rkar)ﬂZr(n-k)+r] }

Thus

! )
Trn - Tr(n+l)
(Wet1) =W BT)QT( %)

Wi Wr(n+‘)(ar_‘gr)l-l

-1 .
x z% {[(Wr(k+]) _ erﬁr)Qr(n—k)ar _ (Wr(k+1) _ erar)ﬁ2r(n—k)+r]l—l—:
1=l
X[(Wetesr) = WekB1)QT BT — (Wyrq) — Wra") 2471 (2.3)

Then we obtain

E ﬁvﬂm E {{(Wrr+1) — WeBT)QT(n—F) "

_(Wr(k+l) - erar)ﬁz"("-k)-i-r]l—l—i
X[(Wr(k+1) - rkﬂr)QT(n—k)ﬁr - (Wr(k+l) - W,-kar)ﬁzr(n—k)+r]i}

_ a _ﬁrl 1rk
T (Weegr)—WrBT) Z ( "("+1))

— o _6rl lQrk 1 Blr(t+l-k)
Weke 1) —WriBT) 7ZN Wz(‘_“) .



Thus the proof is complete.. O

For example, when ! = 1 in (2.2), we have the following result for P > 0

t . c
Z an - rk 1 _ gr(l+l—k)
) WenWen+1) (Wrikt1)—WrB7) \ Wi Wreery /°

n=
The case r = 1 in the above result can be found in [5]. As a numerical
example, if we take W, (0,1,1, —1) = F;, then

Yol =g
= Fan Fa(n+1) Fye1)’

Theorem 2. For P >0,

2 Wrﬁ'l_ 2 {(Wr(k+1) — WrB7)Q™* R

rn "("+l)
~(Wrk41) — Wrra") gRr(n—kyr)i=1=i

x[(Wr(k+l) _ erﬂr)Qr(n—k)'Br _ (Wr(k+1) _ erar)ﬁ2r(n—k)+r]i}

(Qr_ﬁr)l-lQrk )
W, W (res1) =W B7)

Proof. From Theorem 1,

E W‘l"_ E {[(Wek+1) = WrB QTR

™ r(n+l)
_(Wr(k+1) _ era )ﬁ2r(n—k)+r]I -1-i
X[(Wrgk+1) = WekB)Q 8B — (Wyrt1) — Weka") B2 =R+
_ o 8" l—lQrk 1 hm 6lr(t+l-k)
T W+ —WnB) \ W T Do er(1+1)

(ar_ﬁr)l—lQrk
Wv‘-k(Wr(k+l)_ kB7)"

Since
|5|>1 for P >0,

and

. L grie=n\ !

Jim 77, = Jim (%72-)

_gr r(t—k) —a* -
= Jm [____w, e Wer ()7 - Beeen oS er] = 0. (24)

The proof is complete. a
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If we take ! = 1 in Theorem 2, we get
0

QT _ ﬁ_L
nz=:k WenWitnisa) Wek (We(kp1)—Wrn 87)

Theorem 3. For P> 0 and m > o,

r(n+p) ~ _
Z Wi +fp — Z {[(Wrik41) — WriB7)Qr(ntP=k) gr(m—p)

r(n+p) r(n+m)

_("Vr(k+1) — Wi ar)ﬁz"(“—k)+r(m+p)]l—l—-i

x[(“’r(k+l) — Wy B7)Qrin+p—k) grim=p) _ (Wiiks1) — erar)62r(n—k)+r(m+P)]i}

U'Qrk mz—l ﬁrli ﬁrt(¢+;+‘_k) (2 5)
(Wr(nu)—erﬂ Wr(n-py 5 20 Wl | .

Proof. By (2.3), we write

L _Tt
Tr(n+P) Tr(n+m) Woin+p) Wr(ntm)

(ﬂf‘(n-’-r-k) Wr("+m)) _(Br(n+m ~k) Wr(n+p))
w'("+?) Wf‘(n+m)
Wrges1) -erﬁ')Qr(n+p-k)Ur(m_p)

1 T
Wr(»-l-p) Wr(n+m) u;

i~1

X & {[(Wrik+1) — WrB1)QT(¥P=F) grim=r)
i=0

_(Wr(k+1) - erar)ﬂzr("_k)+f(m+p)]l-l-i

x[(Wr(k+1) - er,@r)Q"(n—k)ﬁr(m—p)
—(Werks1) — W,-ka")ﬁzr("—k)+r(m+p)]i}_

(ﬂ‘”(""""“ )' g"(ﬂ+m—k))l

Thus
T} -7 — W) =Wnbn)Qrinte-biy
r(n+p) r(n+m) = W nim W‘f(”+m)u'lr

-1
x 2 AlWrger) - Wi, 7Y QT (HP—H) gr(m—p)

~(Wik1) — Weka") g2 (n—R)Hr(mep))i=1—i
[(Wrrg1) — Wik BT)QT(n—H) gr(m—r)
—(We(k41) — Wrpa")gEr(n=k)+r(m+p)yiy
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Hence we have

¢ r(n+p)

7% W, E {[{(Wrs1) — Wik BT)QT(nHP=R) gr(m=p)

n=k r(n+p)  r(ni+m) j

~(Wrik41) — Wma’)ﬁ’""‘k)+r(m+p)]l —1-i
X[(Wrks1) — WeB7)Q"+P—F) grim=r)
~(Wr(k+1) — erar)ﬁzr(n_k)'*"(mﬂ’)]i}

= Uit . e
T Wrteay =Wk BT)Ur(om—p) n;k (Trnap) — Trnam)
Ut Qrk mz—l grii 5,((..“.“ k)
T e )Wk B W (m—p) = Wi Won )

So we have the conclusion.
As an example, when ! = 1 in Theorem 3, one can obtain

z r(n+P) U,.Q™* m—l( g ﬂ"(t+i+l—k)
nek (,.+,,)W,(,,+",) = Weter)=WerB Wr(m—py Wek+1) Weletirn)

Theorem 4. For P >0 and m > p,

x r(n+p) -1
> w! 2 Wi Z {[(Wr(k+1) — Wi 7)QT(m+p—F) or(m=p)
n=k "Wr(n+p)" r(n+m) i=0

—(Wp(ks1) = Wega)gEr(nmk)trimtp)yi=1=4
X[(Wek+1) — Wi B")Q"(n+p—k) ﬂr(m_p)
—(Wek1) — Wexa")gEr{n—irtr(mie)fiy
UtQ* mz_:l gt
(Wetk+1) = WekB Wrim—-p) imp Wiessy

Proof. Considering (2.4) and (2.5), we have
r{n+p) _ _

Zk Wl +,,)w;’( .y Z {[(Wegk41) — WerB7)QT(RHP=R) gr(m=p)
n= r(n r(n+m) j—0
~(Wr(p1) — Wyga")g2rin—k)rimep))i=1-i
X [(Wi(k+1) — WeiB7)QTm+P—F) grim=)
_(Wr(k+1) _ erar)ﬂ2r(n—k)+r(m+p)li}

_ UlQrk m~—1 prli T ﬁrl(¢+.‘+!_k)

= (Wr(k+l)_ ricB" )Uf(m—p) igp W:(k-l-i) tllr& W|‘r(¢+.'+1)

U' Qrk m=1 Brh‘
(Wrixt1) =Wri B )Ur(m—p)

T M
i=p Wkt
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Thus the proof is complete. O

For example, by W, (0,1,1, —1) = F,,, from Theorem 4, we get

Eco 1 — 8=3v5
n=1 Fpn Fon44 9

Also for W, (2,1,1,-1) = L,, we have
354215
i (ot (2 - (0-16v8) 5) ) = i - 5

L27-+2L2n+6
and
Zt 1 _ L_/5 _ 16125092335
n=1 Lynts)Lain+e) 480 3461453534 098

) gi(t+3) ﬁ4(¢+4) gi(t+5)
(1440 (La(z+4) + Lae+s) + L4u+s))
Also choosing by appropriate parameter, many special cases can be ob-
tained.
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