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Abstract

Let C,, denote the cycle with n vertices, and C$? denote the graphs
consisting of ¢ coples of Cn with a vertex in common. Koh et al.
conjectured that C&Y is graceful if and only if nt = 0,3 (mod 4).
The conjecture has been shown true for n = 3,5,6,7,9,4k. In this
paper, the conjecture is shown to be true for n = 11.
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1 Introduction

Let C, denote the cycle with n vertices, and C,(.‘) denote the graphs
consisting of ¢ copies of C,, with a vertex in common. Koh et al. 4 con-
jectured that the graphs C,(f) are graceful if and only if nt = 0, 3 (mod 4),
and proved that the graphs 6’4( and 0(2 ) are graceful for L 2 1. Qian 7
proved that the graphs C k are graceful. Bermond et al. l, 21 proved that
the graphs C( (i.e, the friendship graph or Dutch t-windmill) are graceful
if and only if t = 0 or 1 (mod 4). The first author 6 8 9 of this paper
proved that the graphs C(l) and Cg are graceful for t =0, 3 (mod 4), and
C;‘) are graceful for ¢ = 0,1 (mod 4). So the conjecture has been shown
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true for n = 3,5,6,7,9,4k. In this paper, the conjecture is shown to be
true for n = 11.

For the literature on graceful graphs we refer to [3] and the relevant
references given in it.

2 The graphs C’{tl)

Now, we consider the graphs C{%. Let v, vi,vh, v, v3, vk, v, v$, v§, vé, vl
be the vertices of the i-th cycle, v§ = v for all <. Then we have

Theorem 2.1. The graphs Cﬁ) are graceful for ¢ =0, 1 (mod 4).

Proof. Casel. t =0 (mod 4), say t =4k, i.e. Cgk)

We define a vertex labeling f as follows.

flv) =0,

f@) = 44k +1 -4, 1 <i<4k,
J(@E) = 8k+1-2 1 <1< 4k,
f@Wi) = 40k+1 -4, 1 <1< 4k,

i 16k + i, 1<i<2k,
F@) = lgk-14i,  2%k+1<i<dk,
f¥i) = 36k+1-—1, 1< < 4k,
fl@d) = 8k+2-2i 1<i< 4k,
foh) = 22k +1—14, 1 <1< 2k,

L 14k +1—1, 2k +1 < i< 4k,
fod) = 18k + 1, 1<i<2k,

8 20k + 4, 2k +1 <1 < 4k,

[ 32k — i, 1<i<2k,
Pk—-1-i, 2k+1<i<3k-1,
fwd) = < 32k-2-i, 3k<i<4k-2,
16k, i=4k -1,
30k — 1, i = 4k,
( 24k +1, 1<i<k,
2k -1, i=k+1,
folg) = ¢ Uk—141, k+2<i<3k-1,
10 Ak + 1, 3k<i<dk-2,
32k, i=4dk-1,
| 28k -1, i=4k.

Now we prove that f is a graceful labeling of cﬂ“’ as follows.
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Denote by
S; = {f@})1<i<4k), 0<j<i0.
Then
So= {0},
S1= {44k,44k—1,...,40k + 1},

Sp= {8k—1,8k—3,...,1},
S3= {40k,40k —1,...,36k+ 1},

Si= 841U Sy
= {16k+1,16k+2,...,18k} U {14k, 14k +1,...,16k — 1},
Ss= {36k36k—1,...,32k+1},
Se= {8k,8k—2,...,2},
S7= S71US72
= {22k,22k—1,...,20k+1} U {12k, 12k —1,...,10k + 1},
Sg = Sg1USs2
= {18k+1,18k+2,...,20k} U {22k + 1,21k +2,..., 24k},
Sg= 89.1US892USy3US9g4USgs
= {32k—l,32k—2,...,30k}U{30k—2,30k--3,...29k}
U{29k — 2,29k — 3,..., 28k} U {16k} U {30k — 1},
S10=S510.1U S10.2U S10.3U S10.4 U S10.5 U S10.6
= {2k+1,24k+2,...,25k} U {27k — 1}
U{25k + 1,25k +2,...,27k — 2} U {27k, 27k + 1, ..., 28k — 2}
U{32k} U {28k — 1}.
Hence

Iti

SoUS1USUS3US,US;USgUS7US3USoU Sy
SoUS2USsUS72US32US804USs1USs1US71USg2U S0
US10.3 U S10.2U S10.4 U S10.6 U S9.3U Sg.2 U Sg.5 U Sg.1 U S10.5U S5
uSs U S

{0, 1,3,...,8k—1, 2,4,...,8k, 10k+1,10k+2,...,12k,
14k, 14k +1,...,16k— 1, 16k, 16k+1,16k+2,..., 18k,
18k+ 1,18k +2,...,20k, 20k+1,20k+2,...,22k,

22k + 1,22k +2,...,24k, 24k+ 1,24k +2,...,25k,

25k + 1,25k +2,...,2Tk -2, 27k -1, 27k, 27k +1,...,28k -2,
28k —1, 28k,28k+1,...,29k -2, 29k,29k +1,...,30k - 2,
30k -1, 30k,30k+1,...,32k—1, 32k, 32k+1,32k+2,...,36k,
36k+ 1,36k +2,...,40k, 40k+ 1,40k + 2,. ., 44k},

is clear that the labels of each vertex are different, and M az{ f(v} )|1 <

1 <4k, 0< 5 <10} =44k = |E|. We thus conclude that f is an mJectlve
mapping from the vertex set of G into { 0,1,...,|E]}.
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Denote by

9(%5:%41) mod 11) = (¥.1) mod )~ f@H1 i< 4k 0<5 <10

Then

Do = {|f(v}) — f(v§)| 1 <i <4k} = {44k +1 |1 < i <4k}
= {44k, 44k — 1,..., 40k + 1},
D1 = {36k +i[1 <i <4k} = {36k +1,36k+2,...,40k},
Do = {32k +4[1 <5 <4k} = {32k +1,32k+2,...,36k},
D3 = D31U D3,
— {24k +1— 2|1 <i<2k}U {28k +2—2i|2k+ 1 <i < 4k}
= {24k — 1,24k — 3,...,20k + 1} U {24k, 24k — 2, ..., 20k + 2},
Dy = D41V Dy
= {20k +1—2i]1 <i<2k}U{20k+2-2i2k+1< i<k}
— {20k — 1,20k — 3,...,16k + 1} U {20k, 20k — 2,...., 16k + 2},
Ds = {28k —1+i[1 <i <4k} = {28k, 28k +1,...,32k — 1},
D¢ = Dg.1 U De.2
= {14k~ 1+i[1 <i<2k}U{6k—1+il2k+1 <i <4k}
= {14k, 14k +1,...,16k — 1} U {8k, 8k + 1,..., 10k — 1},
D7 =D7,UD72UDz3
= {(dk+1-2i1 <i<k}U{dk+1-2ik+1<i< 2k}
U{6k — 1 + 2i|2k + 1 < i < 4k}
= {dk—1,4k-3,...,2k+1}U{2k—1,2k-3,...,1}
U{10k + 1,10k +3, ..., 14k — 1},
Dg = Dg1UDgyU Dg3U DgqU Dgs
= {14k - 2i1 <i < 2k}U{12k—1-2i|2k+1<i <3k -1}
U{12k — 2 — 2i[3k < i < 4k —2} U {4k +ili = 4k — 1}
U{2k = 1 + i|i = 4k}
= {14k - 2,14k — 4, ..., 10k} U {8k — 3,8k — 5,...,6k + 1}
U{6k — 2,6k —4,..., 4k + 2} U {8k — 1} U {6k — 1},
Dg = Dg.1 U Dg2U Dg3VU Dg.aU Dg5U Dg gV g7
={8k-2i]l <i<k}U{Sk+1-ili=k+1}
U{Bk+1—2i[k+2 < <2k}U {8k —2i2k+1<i<3k—1}
U{8k — 2 — 2i[3k < i < 4k — 2} U {12k +1 + ili = 4k — 1}
U{6k — ili = 4k}
= {8k —2,8k —4,...,6k} U {4k} U {6k — 3,6k — 5,...,4k + 1}
U{dk — 2,4k —4,...,2k+2} U {2k - 2,2k - 4,...,2}
U{16k} U {2k},
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Dyo = D101 U Dyp.2U Dyp3U Dyo.s U D1os U Dyos
= {24k +i|1 <i<k}U {26k —2+ili = k+1}
U{24k — 1 +ilk +2 < i < 3k — 1} U {24k + 1|3k < i < 4k — 2}
U{28k + 1+ i)t =4k — 1} U {24k — 1 +i]i = 4k}
= {24k + 1,24k +2,...,25k} U {27k — 1}
U{25k + 1,25k +2,...,27k — 2} U {27k, 27k + 1, ..., 28k — 2}
U{32k} U {28k — 1}.

Let D be the set of labels of all edges, then we have

D = DgUDiUDyUD3sUDsU D5U DU D7U Dg U DgU Dy
= D72UDgsUDg7UD71UDgqUDgoUDg3UDg3UDgs
UDg U DgoUDgqgUDg2aUDgyUDz3UDgyUDggVU Dy,
UD42U D31 U D3 2U Doy U Dyo3U Dio.2U Dyo.qU Dyos
UDs U Dygs U Dy U Dy U Dy
={1,3,...,2k-1,2,4,...,2k - 2,2k, 2k+ 1,2k +3,...,4k -1,
2k +2,2k+4,...,4k -2, 4k, 4k+1,4k+3,...,6k-3,
4k + 2,4k +4,...,6k -2, 6k -1, 6k+1,6k+3,...,8k -3,
6k, 6k+2,... 8c—2, 8k—1, 8k8k+1,... 10k—1,
10k,10k +2,...,14k -2, 10k+1,10k+3,...,1dk -1,
14k, 14k +1,...,16k = 1, 16k, 16k + 1,16k + 3,...,20k - 1,
16k + 2,16k +4,...,20k, 20k+1,20k+3,...,21k -1,
20k + 2,20k +4,...,24k, 24k + 1,24k +2,...,25k,
25k +1,25k+2,...,27Tk — 2,27k - 1,27k, 27k + 1,...,28k - 2,
28k — 1,28k, 28k +1,...,32k - 1,32k,32k +1,32k + 2,..., 36k,
36k + 1,36k + 2,...,40k, 40k + 1,40k +2,...,44k}
={1,2,...,44k}.

It is clear that the labels of each edge are different. So, ¢ maps [Z onto
{1,2,...,]£]}. By the definition of graceful graph, we thus conclude that
Cl(‘}") is graceful.

Case 2. t=1(mod4), say t =41k +1, ie CY]“”'I)

We define a vertex labeling f as follows.

J@) =0,
f() = 44k +12-4, 1<i<dk+1,
SW8) = 40k+11 -4, 1<i<4k+1,

i _ J 20k+6+1,  1<i<2k,
J@D = \ Tek+5+i  2%k+1<i<dk+1,
S(@Wi) = 36k+10-74, 1<i<dk+1,
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10k 4+ 3 +1, 1 <1< 2k,

1 —_—

Jwe) =\ 6k+2+i, 2%k +1<i<4k+1,
o J18k+6-i, 1<i<2k,

F) = 9 16k+6-i 2%k+1<i<dk+]l,
o J k4544, 1<i<2k,

FW8) = \ o0k+6+i 2%k+1<i<dk+l,
o f 2%6k+8—d, 1<i<Zk,

Jw8) = 9\ 9i_ a4k, 2% 4+1<i<dk+]1,

[ 30k + 8, i=1,

%k+6+1i, 2<i<k+1,
30k+8+4i, k+2<i<2k,

fi) = { 2Tk+8+i, 2k+1<i<3k—1,
29k + 8, i = 3k,
Mk+9+14, 3k+1<i<dk,
| 30k +9, i=dk+1.

Similar to the proof in Case 1, it can be shown that this assignment
provides a graceful labeling of Cf':k“) . Hence Cﬁ) is graceful for t = 0,1
(mod 4). O

In Figure 1, we illustrate our graceful labeling for CSZ) and Cf}s).
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}.4325 130 67 117 34 59 48 85 98
'_4223 120 68 116 35 58 49 84 86
14121 128 69 115 36 57 50 83 87
14019127 70 114 37 56 51 82 88
’1’:3917 126 71 113 38 55 52 8'1_193

13815125 72 112 39 54 53 80 104
13713124 60 111 27 47 73 2 96

13223120 49 108 24 66 55 95 73
3121 119 50 107 22 65 56 94 74
:3019 1)8 51 106 20 64 57 93 75
12017117 52 105 18 63 58 92 80
12815 116 53 104 16 62 59 91 76

12713 115 54 103 14 61 60 90 77
12611114 42 102 12 36 67 88 78

? 13611123 61 110 28 46 74 4 97
125 9 11343 101 10 35 68 87 79 o—9
=2 1359 122 6210929 45 75 6 95
124 7 11244 100 8 34 69 85 8] 9
e < 34 7 121 6310830 44 76 8 100
235 11145 99 6 33 70 84 82 > 4
= ° 33 5 120 64 107 31 43 77 10 101
22 3 11046 98 4 32 71 48 96 9
e ? 32 3 119 65 106 32 42 78 12 102
21 110947 97 2 31 72 89 83 — ?
= 311 118 6610533 41 79 14 99
12) o o025 23
C(
11 (13)
Ch

Figure 1: Graceful labelings of CHQ) and C,(ia).
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