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Abstract

Let G be a graph with vertex set V(G) and let f be a nonnegative
integer-valued function defined on V(G). A spanning subgraph F of
G is called an f-factor if dr(z) = f(z) for every z € V(F). In
this paper we present some sufficient conditions for the existence of
f-factors and connected (f — 2, f)-factors in K n-free graphs. The
conditions involve the minimum degree, the stability number and the
connectivity of graph G.
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1 Introduction

The graphs considered in this paper will be simple graphs. Let G be a graph
with vertex set V(G) and edge set E(G). Denote by dg(z) the degree of
a vertex z in G. Let g and f be two integer-valued functions defined on
V(G) such that 0 < g(z) < f(z) for all £ € V(G). Then a (g,f)-factor of
G is a spanning subgraph F of G satisfying g(z) < dr(z) < f(z) for all
z € V(G). If g(z) = f(z) for all z € V(G), then a (g,f)-factor is called
an f-factor. Let a and b be two integers such that 0 < a < b. If g(z) = a
and f(z) = b for all z € V(G), then a (g,f)-factor is called an [a,b]-factor.
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If a = b = k, then an [a,b]-factor is called a k-factor. Denote by a(G)
the stability number of a graph G, by 6(G) and A(G) the minimum and
maximum degree of a vertex in G, respectively. For A C V(G), denote
by Ng(A) the set of neighbors in G of vertices in A and denote by &(G)
the connectivity of graph G. If A and B are disjoint subsets of V(G), then
ec(A, B) denotes the number of edges that join a vertex in A and a vertex
in B. If A = {z}, then eg(z, B) denotes the number of edges that join z
and a vertex in B. The number of connected components of G is denoted by
w(G). Let S,T C V(G) and SNT = 0. If C is a component of G- (SUT)
such that Y. f(z) +ec(C,T) =1 (mod 2), then we say that C is
zeV(C)
an odd component of G — (S|JT) and we denote by h(S,T) the number
of odd components of G — (S|JT). For a subset S of V(G), we denote
by G — S the subgraph obtained from G by deleting the vertices in S
together with edges incident with vertices in S. In the following we write
fw) = 2 f(z) and f(@) = 0 for any W C V(G). In particular, we

set dg— S(T) Z dg-s(z) for S,T C V(G) and ST = 0. We also

set Ng[A] = Nc;(A) [JA. Notations and definitions not given here can be
found in [1].

Many authors have investigated (g, f)- factors and f- factors [4,6]. There
is a well-known necessary and sufficient condition for a graph G to have an
f-factor which was given by Tutte.

Theorem A. [6] (1) A graph G has an f-factor if and only if

8(8,T) = £(S) +dg-s(T) - f(T) —h(5,T) 20

for any disjoint subsets S and T of V(G), where h(S,T) denotes the number
of odd components C of G — (SUT).

(2) 6(S,T) = f(V(G)) (mod 2).

Mekkia Kouider and Zbigniew Lonc investigated the relationship be-
tween stability number and the existence of an [a,b]-factor. In the following
we always assume that a and b are integers and a < b.

Theorem B. (3] Letb>a+1 and let G be a graph with the minimum
degree 6, if

4b(6—a+1
o(G) < { o for a odd,

4b(8—-a+1
olay3) ~ for a even,

Then G has an [a,b]-factor.

Studying connected factors was initiated by M.Kano [3}. This topic
is related to the Hamiltonian cycle problem because a connected 2-factor
is obviously a Hamiltonian cycle. The following result is also essential to
the proof of our main theorem.
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Theorem C. (2] Let G be a simple graph with | V(G) |> 3, if k(G) >
a(G), then G has a Hamiltonian cycle. In particular, G has a 2-factor.

In this paper, we will give a sufficient condition for the existence of an
f-factor in a K ,-free graph in terms of its stability number and minimum
degree 4, where a < f(x) < b for every vertex z € V(G). The following
theorems are our main results.

Theorem 1. Let G be a connected K, ,-free graph and let f be a
nonnegative integer- valued function defined on V(G) such that1 <n-1<
a < f(z) < b for every x € V(G). If f(V(G)) is even, §(G) > b+n ~1,
and o(G) < m%"_ill)z, then G has an f-factor.

This Theorem can be regarded as a partial generalization of Theorem
1 of [5] in K n-free graphs.

Theorem 2. Let G be a connected K, ,,-free graph with | V(G) |> 3
and let f be a nonnegative integer-valued function defined on V(G) such
that 1 <n-1<a< f(z)-2<b for every z € V(G). If f(V(G)) is
even, §(G) 2 b+n -1, and a(G) < min{(G), {LHT2tN}, then G has
a connected (f — 2, f)-factor.

2 Proof of Theorem 1

Let G be a graph satisfying the hypothesis of Theorem 1, we prove the the-
orem by contradiction. Suppose that G has no f-factors. Then §(S5,T) < 0
for some disjoint subsets S and T of V(G) by Theorem A. We take S and
T such that §(S,T) is minimum and | S|UT | is as large as possible. Then
we know that §(S,T) < 0. At first, we prove the following lemmna.

Lemma 1. Choose S and T as the above. Then the order of each
component C of G — (S|JT) is greater than 1.

Proof. We suppose that there exists a component C satisfying | C |= 1.
Let V(C) = {v} . If eg(v, T) > f(v), then set S = S(J{v}. We obtain

88", T) f(8) +dg-s/(T) - f(T) - h(S',T)
f(8)+ f(v) +dg-s(T) — ec(v,T) — f(T) - (h(S,T) - 1)
(S, T)+ f(v) +1 — ec(v,T)

5(S,T).

IA 1IN

This is a contradiction to the maximality of | SUT |. If eg(v,T) <
f(v), then set T/ = T | J{v}. We get

§(5,T) = f(8)+ds-s(T') - f(T') - (S, T")
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f(S) +de-s(T) + ec(v,T) - f(T) - f(v) — (R(S,T) - 1)
= 6S,T)+ec(v,T) - f(v)+1
< 88, T)+1.

Since 4(S,T') = 6(S,T) (mod 2), we have §(S,T") < 6(S,T). Again
this is a contradiction to the maximality of | S|JT |. Therefore, the order
of each component C of G — (S|JT) is greater than 1. 1

For convenience, we set U = G — (S|JT) and denote by w(U) the
number of components of G — (SUT)

Since §(5,T) = f(S) +dg-s(T) - f(T) - h(S,T) 2 a| S| -b|T|
+dg-s(T) — h(S,T), to prove Theorem 1, we need only to prove that
a|S|-b|T|+da-s(T) — h(S,T) > 0. Then we get a contradiction.

For A C T, let y(A) denote the number of components C of G—(SUT)
satisfying eg(C, A) > 0. If A = {z}, denote y(A) by ¥(z).

First we claim that 7 # 0. Otherwise T = 0. If T = S = 0, since
G is connected and §(S,T) < 0, we know that hA(S,T) = 1. Therefore
f(V(@)) is odd according to Theorem A. This contradicts the assumption
that f(V(G)) is even. If S # 0, since G is a connected K ,-free graph,
h(S,T) <(n—-1)| S|. Then 6(S,T) 2 a | S| —h(S,T) > 0, which
is a contradiction to our assumption that G has no f-factor. Therefore
T # 0. We take z; € T such that z;is the vertex with the least degree in
T.Let Ny = Ng[z;)(NT and Ty =T. Fori > 2,if T — U N; # 0, let

i<i
T; =T — |J Nj. Then take z; € T; such that z; is the vertex with the least
j<i
degree in T; , and set N; = Ng[z;] () T;. We continue this procedures until
we reach the situation in which T; = 0 for some %, say for i = k + 1. Then
from the above definition we know that z,, x5, - - -, Tx is an independent set
of G. Since T # @, we have k > 1.

At first we prove that the following two claims hold.

Claim 1. dg-s(z) <b+n-—-1lforanyzeT.

For any zo € T, let T = T — {z0}. From the minimum of §(S,T) we
can see that 6(S,T') > §(S,T). Since G is K ,-free graph, zo connects at
most n — 1 components of G — (SUT). Then h(S,T') > h(S,T) — (n —1).
Therefore

8(S,T) < &S,T')=f(S)- f(T')+dg-s(T') - (S, T")
< f(S) - f(T)+ dg-s(T) — dg-s(xo) + f(zo) — R(S,T)+n -1
= 6(5,T) — dg-s(xo0) + f(zo) +n — 1.

Thus

do-s(zo) <b+n-—1.
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Claim 2. |S|> 5 i e(zi, S) + L(w(U) = v(T)).

i=1
Let I = w(U) — y(T), then there exist ! components C,Cs,- - -,C; of
G - (SUT) such that eg(C;,T) =0 (1 <j<I).
If S = 0, since G is connected, { = 0. Then the claim clearly holds.
If S # 0, since G is connected, eg(Cj;,S) > 0,(1 < j < l). Therefore
for any j, we can choose a vertex z; € C; such that eg(z;,S) > 0. Let
Z = {z1,z2 - -, Tk, 21, 22, - , 21}. Since Z is an independent set of G and
G is a K n-free graph, For any vertex v € S there exist at most (n — 1)
vertices in Z adjacent to v. Thus,
k ! k
n=-1)|S|>e(2,8) =) e(z:,8)+ 3 e(z;,8) = ¥ e(z:,5) +1,
i=1 i=1 i=1

and a > n — 1, we have
1 & 1
1812 —= > e(z:,8) + ~(w(U) — 1(T)).
=1

Let | N; |= n;. From the definition of N;, we can get the following
properties.

o(G[T)) > &,
ITI= Y n 1)
1<i<k
Yo dn@) =2 D (n-n). (2)
1<i<k TEN; 1<i<k

It is easy to see that
de-s(T) = Y (nI-n)+ > ec(NyNj)+ec(T,U). (3)
1<i<k 1<i<j<k
Let k(G — S) = t, we have
ec(Ni, | Ny) + e(Ni,U) > t
J#i

for each NV;(1 <14 < k). Summing up these inequalities for all i(1 < i < k),
we have

D (ea(Ni, | Nj) +ec(Ni, U) =2 D eq(Ni, Nj) +ec(T,U) > kt.

1<i<k i 1<i<j<k
(4)
By the results of (3) and (4), the following inequality can be obtained.
do-s(T) 2 Y (ni(ni — 1)) + (kt + e (T, U))/2. (5)
1<i<k
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From (1), (5) and obvious inequalities n;(n; —b—1) > —(b+1)2/4 and
h(S,T) <w(U), we get
0>4(5,T) 2 a|S|+ds-s(T)-b|T|-h(S,T)

al S|+ Y (i~ b~ 1)+ (kt + ec(T,U))/2 - w(U)
1<i<k

a| S| —(b+1)%k/4+ (kt + ec(T,U))/2 -~ w(U).

vV

Vv

We now estimate eq(T,U). First note that T # @. This implies that
eg(C;, T) >t for all components C; of U. Moreover, by Lemma 1, for C;
that satisfy the condition C; C Ng({z1,z2, - -, Zx}), we have eg(C;,T) >
2. Let us denote by ¢ the number of C; that satisfy the condition C; C
Ng({z1,z2,- - -,zx}) and by d the number of C; that satisfy the condition
C; € Ng({z1,z2," - -,z }), then we have

ec(T,U) > 2¢ + td.

So
w(U) =c+d >~(T), (6)
oG) > k+d. (M
Since e(z;, S) = dg(x;) — dg-s(z:), thus according to Claim 1,
e(zi,S) 2 0(G)-b—-n+1. (8)

From (6), (7), (8) and Claim 2, we get

0>488,7T) > a|S|—(b+1)2k/4+(kt+ec(T U))/2 - w(U)

— Z e(zi,S) — (b+1)%k/4 — v(T) + (k + d)t/2 + ¢
1—1
k
> elzi,S) - (b+1)%k/4 — d+ (k + d)t/2
i=1
k
> e(z:,5) - (b+1)*(k +d)/4 + (k +d)t/2.

i=1

A\

a
- n-1

- n-1

Since (S, T) < 0, (k+d)t/2 — (b+1)?(k + d)/4 is negative. We replace
(k+ d) by GEPEER(2 a(G)), to get

ak(6—-b-n+1) a(6-b-n+1) 2¢(6-b-n+1)
n—

0>4(5T) 2 1 n-1 b+ 1)2(n - 1)

t2>0.
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Thus we get a contradiction and complete the proof. ]

In Theorem 1 if a = b, then we obtain the following result.

Corollary 1. Let G be a connected K ,-free graph and let a be a
nonnegative integer such that 1 < n -1 < a. Ifa | V(G) | is even,

3G)2a+n-1 and a(G) < %%l, then G has an a-factor.

3 Proof of Theorem 2

By our assumptions a(G) < min{x(G), %_'%'Eﬁl}, then according to
Theorem 1 and Theorem C, we know that graph G has an (f — 2)-factor
Fy as well as a connected 2-factor F». Clearly, the union of F; and F; is a
connected (f — 2, f)-factor. So the proof of Theorem 2 is completed. 1

Remark. The condition that f(V(G)) is even in Theorem 1 is neces-
sary. If f(V(G)) is odd, then when S = @ and T = 0, we have §(S,T) =
—h(0,0) = —1. Thus graph G has no f-factors. Similarly, the condition
that f(V(G)) is even is also necessary in Theorem 2. But we do not know
whether the condition a(G) < 4(‘,', _fl_ b_:j'll can be improved.

We conjecture that for general graph the result similar to Theorem 1
also holds, so we made the following conjecture.

Conjecture Let G be a connected graph and let f be a nonnegative
integer-valued function defined on V(G) such that a < f(x) < b for every
z € V(G). If 6(G) 2 b, f(V(G)) is even and a(G) < %:T)b}, then G has
an f-factor.
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