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Abstract: In this paper, we construct a new infinite family of balanced binary
sequences of length N = 4p, p = 5 (mod 8) with optimal autocorrelation
magnitude {N, 0, +4}.
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1 Introduction

Let N be a natural number. Given a binary (0 and 1) sequence s =
{s(t)|0 < t < N}, the periodic autocorrelation function (PACF) of s at
shift w is defined by

N-1
<P3(W) - Z (_l)s((t+w) mod N)—s(t) w=0,1,2,---,N—-1. (1)
t=0

It is implies that ps(w) = N occurs the only at w = 0. If its autocorrelation
ps(w)=0forw=1,2,---, N—1, then s is called a perfect binary sequence.
For binary sequences, only known perfect sequence is s = {0,0,0,1} of
length 4 [10]. s is called balanced if |{t|s(t) = 1,0 < t < N}| = |{t|s(¢) =
0,0 <t < N}|.

Binary sequences with good autocorrelation play important roles in
communication systems employing phase-reversal modulation techniques
and cryptography. For binary sequences of even length N, Lempel,Cohn
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and Eastman (6] showed that i) the autocorrelation must have at least
two distinct out-of-phase values and i7) any two autocorrelation valued is
divisible by 4. If N = 2 (mod 4), therefore, optimal autocorrelation is
{N,2,-2} and if N = 0 (mod 4), it is {N,0,4} or {N,0,—4}.

Several classes of binary sequences of even length with optimal auto-
correlation are known. First, Lempel, Cohn and Eastman [6] presented a
class of the balanced binary sequences of length N = p® — 1, where p is an
odd prime. In (3], Ding, Helleseth and Martinsen presented several families
of binary sequences of length N = 2p for odd prime p = 5 (mod 8) which
correspond to almost difference sets. Using known cyclic difference sets,
Arasu, Ding, Helleseth, Kumer and Martinsen [1] construct four classes of
almost difference sets which give inequivalent classes of binary sequences
of length N = 0 (mod 4). These sequences generally contain the binary
sequences of length N = 0 (mod 4) constructed from the product method
in (7).

For N = 0 (mod 4), the PACF of {N, 0,4} or {N,0,—4} is optimal from
the Lempel, Cohn and Eastman’s assertion in sense that it has two out-of-
phase values with the smallest magnitude. In [11], if p,(w) € {N,0,+4}
for N = 0 (mod 4), N.Y. Yu and G Gong consider that it is also opti-
mal in the sense that its autocorrelation magnitude is identical to that of
{N,0,4} or {N,0,—4}. If the out-of-phase values with the smallest mag-
nitudes are allowed, the optimal autocorrelation should be {N,0,—4,4},
where the autocorrelation is optimal with respect to its magnitude. In
practical applications, it should be the same meaning as conventional op-
timal autocorrelation.

When N = 0 (mod 4) , there are several classes of known optimal binary
sequences with ¢;(w) € {N,0,+4} are : the first class is the generalized
Sidelnikov sequences S; of length ¢* — 1 = 0 (mod 4), where ¢ is an odd
prime and a = 1,2, -, constructed by H.D. Liike, H.D. Schotten and H.
Hadinejad-Mahram [8]. The other two classes of the sequences resulting
from the periodic product of the L; of length p3 and the m-sequences
M of length 2% — 1 [5] with the perfect binary sequence s’ = (1,1,1,-1)
are denoted by I1(L;,4) = {L1, L1, L1,—L1} of length 4ps and II(m,4) =
{M, M, M, —M} of length 4(2* — 1), respectively, where L, is gotten from a
Legendre sequence L of length p3 by replacing the leading zero by 1, p3 =3
(mod 4) anda=1,2,--- .

N.Y.Yu and G.Gong [11] gave new binary sequences of length 4(2% — 1)
for even a > 4 is optimal with respect to autocorrelation magnitude .

In this paper, we give a new family of the balanced binary sequences s
of length N = 4p with optimal autocorrelation magnitude ¢,(w) € {0, £4}
forw=1,2,---,N -1, where p is always a prime of form 4f + 1, f is odd
and has a quadratic partition of form z2 + 4.

Let C be a subset of Zy, we define the characteristic sequence s of C
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1 ifteC
s(t) = { 0 otherwise
C is also called the support of s. The difference function of C at shift
w is defined as

do(w) = |[(w+C)NC| w€ Zn

The relationship between the PACF of s at shift w and the difference
function of C at shift w is

Lemma 1 (2] Let s be a binary sequence of length N, then

ps(w) = N —4(|C| - dc(w)) we€ZN.

Let GF(p) be the finite field of order p. The cyclotomic classes of
order 4 in GF(p) are D{*P = {ai*¥]0 < j < f—1},0<i < 3, where
o is a primitive element of GF(p). To simplify notation, we define D; =
D,“"’ ). The cyclotomic numbers of order 4 are defined as (z,5) = |(D; +
1)ND;| 0<ij<3.

When p =4f + 1 = 2% + 4 be a prime, where f is odd and z = 1 (mod
4). There are at most five distinct cyclotomic numbers of order 4 [2] which
are
Dt e

’ - ) - 16
(0,2) = BE3z0=
(1,2) = (0,3) = (3, 1) = BEATes0
(1,0)=(1,1) = (2,1) = (2,3) = (3,0) = (3,3) = 2=z
Here y = 1 or —1, depending on the choice of the primitive element o
employed to define the cyclotomic classes of order 4 [4].

2 New binary sequences with optimal auto-
correlation magnitude

Our construction over Zy is based on the Chinese Remainder Theorem
(CRT) and the cyclotomic classes.

Since (4,p) = 1, by the CRT we have Zy = Z; x Z, w +— (wi,w2),
where w) = w mod 4, we = w mod p. The construction over Zy is equiva-
lent to the construction over Z4 x Zj,.

We are going to construct the balanced binary sequences of length N =
4p with optimal autocorrelation magnitude now.

Let C; be the union of two different cyclotomic classes of order 4, 0 <
i<3.GC Zy |Gl =2.C= ({0} x Co) U ({1} x Ch) U ({2} x C2) U ({8} x
C3)U (G x {0}).

257



When wp = 0, w = (w1,0) € Z4 x Z,, the difference function of C at

shift w is )
|Col + |C1| + |Ca| + |C5| + 2
w1 =0
|CoNCy| + |C] NCs| + |Co ﬂc:;l + lCa ﬂCol
wy=1lor3 G={0,2}or{1,3}

[ConCy|+|C1NCo| + |CgﬂCs|+lCaﬁCo|+1
_ wi=1lor3 G={1,2}or {2,3} or
do(w1,0) = {3,0} or {0,1}

2|Co N Ca| + 2|C1 NC3| + 2

wy =2 G ={0,2} or {1,3}
2|Co N Ca] + 2|C1 N C3
wy =2 G ={1,2}or {2,3} or

\ {3,0} or {0,1}
where |C| = dc(0,0) = |Co| + |C1| + |C2| + |C3| + 2.
From Lemma 1 and ¢s(w) € {0,+4}, w =1,2,---, N — 1, we have

de(w1,0)e{p—-1,p,p+1} (2)
Since the sequence s of length 4p is balanced, then |C| = 2p,
|Col + |C1| + |Ca| + |Ca| =2p— 2 3)

From (2) and (3), there are four possible cases for
(Co, C1,Ca,C3) and G as below:
L ({Dh Dm}, {Dh Dk}y {Dmv Dn}y {Dl, Dm}),
G ={0,2}or {1,3}.
2: ({Dl) Dm}a {Dl, Dm}y {Dl’ Dn}, {Dnn Dk})a
G ={0,2} or {1,3}.
3: ({D[, Dn}, {Dth}’ {Dla Dm}v {Dmy Dk})a
G ={0,2}or {1,3}.
4 ({Dla Dn}, {D‘Hl’ Dk}a {Dl> Dm}v {Dla Dm})a
G ={0,2} or {1,3}.
where (I, m,n, k) is an arrangement of 0,1,2,3. (I,m,n, k) is usually called
the defining set of the binary sequence s.
We only consider Case 1 . The other cases are similar to it.
Let Co =DuD,, C;=D,uD, Co=D,,uD, C3=D;UD,,.
When ws =0, we have

2p wr =0 and G = {0,2} or {1, 3}
de(w1,0)=¢ p—1 wy=1lor3 and G={0,2}or{1,3} (4)
p+1l w =2 and G = {0,2} or {1,3}

When wp # 0, we have |(C; +w2) NCj| = |(w5 'Ci + 1) Nwy; ;).
Let Lc(wl,wg) =

S2(1G x {0} 1 (i + w1, G + wa)] + (6, C2) N (C x {0} + (wr, w2))])

=0
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3
Me(wr,w2) = Z%) |Ci N (Cimwy + w2)]

3
= ;) w3 'Ci N (w5 ' Cicwy + 1)

then dc(wl,wg) =Lc(w1,w2)+.Mc(w1,w2).
If wy 1€ Dy, 0< h <3, then Mc (w1, ws) equals a sum of cyclotomic
numbers of order 4 as below

Mc(O,wp) = 3(I+hI+h)+2(l+h,m+h)
+(+hk+h)+2(m+hl+h)
+3(m+h,m+h)+(m+h,n+h)
+(n+h,m+h)+(n+hn+h)
+k+hl+h)+(k+hk+h)

Mc(l,we) = 2(0+hI+h)+2(l+h,m+h)
+{+hn+h)+(+hk+h)
+3(m + h,l+h)+2(m+h,m+h)
+(m+hk+h)+(n+hl+h)
+(n+h,m+h)+ (k+h,m+h)
+(k+ h,n+h)

Mc(2,w2) = 2(l+h,l+h)+2(l+h,m+h)
+(l+hn+h)+(l+hk+h)
+2(m+ h, I+ h)+2(m+ h,m+h)
+(m+hk+h)+(m+hn+h)
+(n+h,l+h)+ (n+h,m+h)
+k+hm+h)+(k+hl+h)

McB,w2) = 2(l+h,I+h)+3(+h,m+h)
+2(m+h,l+h)+({+h,n+h)
+2(m+h,m+h)+ (m+hn+h)
+(m+hk+h)+(n+h1l+h)
+(n+hk+h)+(k+hI1+h)
+(k+h,m+h)

Therefore, we have
Lemma 2 For (I, m,n.k) = (0.1.2,3), G = {0,2} or {1, 3}
and wy le Dy, we have

Lc(wl,ng)=2 0§w1§3,h=0,1,2,3

p—3 wy =0,h=0,1,2,3
) p-2—-y wi=1lor3,h=00r2
Me(wr, wp) = p—2 wy =2,h=0,1,2,3
p—2+4+y wi=1lor3,h=1lor3
then
de(wr,we) = Le(wr,we) + Mo (wi,w2)

259



p—-1 w=0h=0,1,2,3

_J)pr-y wiy=1lor3, h=0o0r2 (5)
P w1 =2,h=0,1,2,3
p+y wi=1lor3,h=1lor3

Since the evaluation of dg(w;,ws) is straightforward but tedious, we
omit the results which are similar to Lemma, 2.

Now we have the main result from (4} and (5)

Theorem 1 Letp=4f+ 1=z 4y? be a prime, where
fisodd andy=1 or 1. If (I,m,n,k) € A= {(0,1,2,3),
(0,3,2,1),(2,3,0,1),(1,0,3,2),(1,2,3,0),(2,1,0,3), (3,0,1,2),
(3,2,1,0)} and G € {{0,2},{1,3}}, then balanced binary sequence s of

length N = 4p has optimal autocorrelation magnitude " ( |<ps( )N =
4.

Proof: For (I,m,n,k) € A and G = {0,2} or {1,3}. From Lemma 2,
wheny = lor -1, ifw = (w1,w2) # (0,0), then dc(w1,w2) € {p-1, p, p+
1}.

From Lemma 1, we have

ps(w) = N —4(C| - dc(w))
= —4p+4dc(w)
€ {-4,0,4}
then max |os(w)| = 4. O

w#0(modN)

Ezample : Let p = 5 = 1 +4 x 12, and N = 4p = 20. We use the
primitive element 2 in GF(5) to define the cyclotomic classes,and y=1.
Then Dy = {1}, D, = {2}, D2 = {4}, D3 = {3}. Let (I, m,n,k)=(0,1,2,3)
and G = {0,2}. Then Cp = {1,2}, C; = {1,3}, C> = {2,4}, C3 = {1,2}.
The corresponding balanced binary sequence is

s = 11100001001111101000

The autocorrelation functions are
ps(0) =20 ps(1) =4 ¢s(2) =0 ps(3) = -4 ps(4) = —4
Ps(5) = —4 ps(6) =0 pu(7) = —4 ps(8) = —4 ,(9) =4
ps(10) =4 @s(11) =4 ¢s(12) = =4 ¢5(13) = —4 ¢4(14) =0
ps(15) = —4 @5(16) = —4 4(17) = —4 ¢4(18) =0
ps(19) =

Therefore, we h s(w)| = 4.
erefore, we have ¢( dN)|<p( w)|

At last, we consider the asymptotic merit factor MF, which is defined
in [9] as
MF
MF. =N llrn ~

N—oc

It is easy to prove
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Theorem 2  The asymptotic merit factor of balanced binary sequences
constructed in Theorem 1 is

N
I\/IFOO = ﬁ

3 The Concluding Remark

In this paper, we constructed a new family of balanced binary sequences

of length N = 4p with ;ég?axm) lps(w)| = 4 , where p = 5(mod 8) is a

prime. It is important to note that the family of sequences constructed in
Theorem 1 are different from those described in the introduction, as some
integers 4p are not in form ¢® — 1 or 4p3 or 4(2% — 1), where ¢ is an odd
prime, p3 = 3 (mod 4) and a > 1 is an integer.

prime p=>5 (mod8) | 5 13 | 29 53 173 | 229
length N = 4p 20* | 52 | 116* | 212* | 692* [ 916*

There are some length N marked with * above are not form ¢% — 1.
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