ON FAMILIES OF BIPARTITE GRAPHS ASSOCIATED
WITH SUMS OF FIBONACCI AND LUCAS NUMBERS

EMRAH KILIC! AND DURSUN TASCI?

ABSTRACT. In this paper, we consider the relationships between the
sums of the Fibonacci and Lucas numbers and 1-factors of bipartite
graphs.

1. INTRODUCTION

The Fibonacci sequence, {F,}, is defined by the recurrence relation, for
n>2

Fn=Fn—1 +Fn—2

where F1 = Fp =1.
The Lucas Sequence, {L,}, is defined by the recurrence relation, for
n>2

L,= Ln—l + Ln—2

where L) =1, L, = 3.
The permanent of an n-square matrix A = (a;;) is defined by

n
perA = Z Haia(i)

o€S, i=1

where the summation extends over all permutations ¢ of the symmetric
group S,. A matrix is said to be a (0,1) — matriz if each of its entries is
either O or 1.

In [4], Minc constructed the nxn (0, 1)—matriz F (n, k) where, k < n+1,
with 1 in the (¢, §) position for i — 1 < § < i+4k — 1 and 0 otherwise. Then
he showed that perF (n, k) = gk ,where g£ is the nth generalized order—k
Fibonacci number. When k = 2, perF (n,2) = F, o.
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Also Lee defined the matrix £, as follows [3):

1 0 1 0 ... 07
1 1 1 0
0 1 1 1
L,=|0 0 1 1 0
0
1
| 0 0 0 1 1]
and showed that
perLy, = Lp_)

where L,, is the nth Lucas number.

In this paper, we find families of square matrices such that (i) each
matrix is the adjacency matrix of a bipartite graph; and (ii) the permanent
of the matrix is a sum of consecutive Fibonacci or Lucas numbers.

A bipartite graph G is a graph whose vertex set V can be partitioned
into two subsets V; and V; such that every edge of G joins a vertex in V;
and a vertex in Vo. A 1 — factor (or perfect matching) of a graph with
2n vertices is a spanning subgraph of G in which every vertex has degree
1. The enumeration or actual construction of 1-factors of a bipartite graph
has many applications. Let A(G) be the adjacency matrix of the bipartite
graph G, and let 1 (G) denote the number of 1-factors of G. Then, one can
find the following fact in [5]: 4 (G) < /perA(G). Also, one can find more
applications of permanents in [5].

Let G be a bipartite graph whose vertex set V is partitioned into two
subsets V; and V5 such that |V;| = |V2| = n. We construct the bipartite
adjacent matiz B (G) = [bi;] of G as following: b;; = 1 if and only if G
contains an edge from v; € V; to v; € V3, and 0 otherwise. Then, in [2] and
(5], the number of 1-factors of bipartite graph G equals the permanent of
its bipartite adjacency matrix.

Let A = [a;;] be an m x n real matrix row vectors &, g, ..., Q. We
say A is contractible on column (resp. row.) k if column (resp. row.) k
contains exactly two nonzero entries. Suppose A is contractible on column
k with a;x # 0 # a;jx and i # j. Then the (m — 1) x (n — 1) matrix A;j.
obtained from A by replacing row ¢ with ajra; + aira; and deleting row
J and column k is called the contraction of A on column k relative to
rows i and j. If A is contractible on row k with ax; # 0 # ax; and 7 # j,

T
then the matrix Ag.ij; = [Ag;:k is called the contraction of A on row
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k relative to columns i and j. Every contraction used in this paper will
be on the first column using the first and second rows. We say that A
can be contracted to a matrix B if either B = A or if there exist matrices
Ao, Ay, ... Ay (t 2 1) such that Ag = A, A; = B, and A, is a contraction
of A,y for r =1,2,...,¢t. One can find the following fact in [1]: let A be
a nonnegative integral matrix of order n > 1 and let B be a contraction of
A. Then

perA = perB. (1.1)

2. THE SUMS OF THE FIBONACCI NUMBERS

In this section, we determine a class of bipartite graphs whose number
of 1-factors is the summation of the Fibonacci numbers, ). Fi.

Let n be positive integer and n > 3. Let P, = [p;;] be the n x n
(0,1) —tridiagonal matrix with p;; = 1 if and only if i — j| < 1. Let R, =
[ri;] be the n x n (0,1) —matrix with 71; = 1 if and only if 3 < j < n. Now
we consider the sum of these matrices and denote by V,, = [s;;] = P, + Rn..
Clearly

1 1 1 1 1 1
11 1 0 0 0
01 1 1 O 0
Vn= E
0
. 1
| 0 0 0 1 1

Theorem 1. Let G(V,,) be the bipartite graph with bipartite adjacency mao-
trix Vo, = P, + Rn, n 2 3. Then the number of I-factors of G(V,) is
o ;= F n+2 — L.

1=0

Proof. If n =3, then we have

O ==
e
Ll o ]

perV3=per|: ]=F0+F1+F2+F3=4.
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Let V,{‘ be the kth contraction of V;,, 1 < k < n — 2. Since the definition
of the matrix V,,, the matrix V,, can be contracted on column 1 so that

2 2 1 1 1 1
11 1 0 0 0
01 1 1 0
Vo=
0
.
| 0 0 1 1|

Since the matrix V;! can be contracted on column 1 and Y"b_ F; = 4
and F4 = 3,

4 3 1 1 1 17
11 1 0 0 0
01 1 1
Vi = .
.
| 0 0 1 1]
(Y3 LFE R 1 1 1 1]
1 1 1 0 0 0
0 1 1 1 0
- 0
)
.0 e 01 1]

Furthermore, the matrix V;? can be contracted on column 1 so that

-

(YioF Fs 1 1 1 .. 1
1 1 1 0 0 0
0 1 1 1 0 :
Vi=
0
.. 1
|0 0 1 1]
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Continuing this process, we have

Efjc)lF Frpo 11 1 .01
1 1 0 0 0
0 1 1 1 0 :
V=
0
: U D T |
[ 0 . 01 1]

for 3 < k <n — 4. Hence,

o | Zi% B Far 1
V{3 = 1 1 1,
1

0 1

which, by contraction of V;i" ™ on column 1, gives

Y2 - [ Z,‘o F;n ]

By applying (1.1), we obtain perV, = perV(n D= o Fi d

3. ON THE Lucas NUMBERS AND THEIR SUMS

In this section, we determine two classes of bipartite graphs whose num-
ber of 1-factors are the the Lucas numbers and their sums, Z;:oz L;. Now
we note that our result on the Lucas numbers is different from the result
of Lee.

Firstly, let be positive integer such that n > 4 and let C, = [¢;;] be the
n x n (0,1) —matrix with ¢;j3 = ¢j4 = 1 and ¢;; = 1 for [i = j| < 1 and
0 otherwise. Clearly

1 1 1 1 0 0
1 1 1 0 O 0
0 1 1 1 0 0
Cp = :
0
: 1
| 0 ... ... 0 1 1]

Theorem 2. Let G(C,) be the bipartite graph with bipartite adjacency
matriz Cp, n > 4. Then the number of 1-factors of G(Cy,) is L, where L;
18 the ith Lucas number.
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Proof. If n = 4, then we have

perCy = per =T7=Ly.

OO -
O
e
O

Let C* be the kth contraction of C,, 1 < k < n — 2. Since the definition
of the matrix C,, the matrix C, can be contracted on column 1 so that

2 2 1 0 0 0

11 1 0 0 0

01 1 1 0 :
Cl=10 1 1 1 1

0

: 1

o e 01 1

4 3 0 0 07
11 1 0 0
01 1 1
c2 = .
1
0 . 01 1]
"Ly L, 0 0 07
1 1 1 0 0
0 1 1
= . .
1
| 0 0 1 1
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Furthermore, the matrix C? can be contracted on column 1 so that

[ Ly Ly 0 O ... 0]
1 1 1 0 0
0 1 1 1 :
C:=
0
: 1
| 0 e 01 1]

Continuing this process, we reach

" Liyy Ly 0 0 0
1 1 1 0 0
0 1 1 1 :
Ck =
0
: 1
o . 01 1]

for 3 < k < n — 4. Hence,

Lp2 Lp3z O
chd =1 1 1 1,
0 1 1

which, by contraction of C"~* on column 1, gives

C(n—-2)= Lp3+Ln2 Lp-2 = Loy Lp-2
" 1 1 1 1 )

By applying (1.1), we obtain perC, = pe‘rC’,(."“z) =L,.
So the proof is complete. O

Secondly, let n be positive integer such that n > 4 and let K, = [k;;] be
the n x n (0, 1) —tridiagonal matrix with entries k;; = 1 for |[{ — j| < 1 and
2<1i,j <n, k1;y =1 and 0 otherwise. Let D, be the n x n (0,1) — matrix
with dy; =1 for 3 £ j < n, dog = 1 and 0 otherwise. Now we consider the
sum of these matrices, K, and D,, and denote by W, = [w;;] = Ky + Dn.
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Clearly

10 1 1 1 1. 1
11 1 1 0 0. 0
01 1 1 0 0. 0
00 1 1 1 0 0

W, = :

0
1
| 0 0 11,

Theorem 3. Let G(W,) be the bipartite graph with bipartite adjacency
matrizc W, = [w;;] = Kn + Dy, n 2> 4. Then the number of 1-factors of
G(W,) is N1l Li=Ln - 1.

Proof. If n = 4, then we have

1011
1111

perW, = per 0111 =6=Lo+ L+ L.
0 011

Let W¥ be the kth contraction of W,,, 1 < k < n—2. Since the definition
of the matrix W,,, the matrix W,, can be contracted on column 1 so that

1 2 2 1 1 17
11 1 0 0 0
0 1 1 1 o0 0
W,i: .. .
1
| 0 0 1 1]
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Since the matrix W,! can be contracted on column 1 and Z:=o L;=3
and Ly = 3,

3 3 1 1 1 17
11 1 0 0 0
01 1 1 0
wZ =
0
1
| 0 0 1 1|
[ SioLi Ly 1 1 1 1]
1 1 1 0 0 0
0 1 1 1
- 0
: .. . w1
0 ... 0 1 1|
Furthermore, the matrix W?2 can be contracted on column 1 so that
(Y2 ,Li Ly 11 1 ... 1]
1 1 1 0 O 0
0 1 1 1 0 :
w3 =
0
: PO |
) .. 0 1 1
Continuing this process, we reach
(Y¢S L Ly 101 1 ... 1]
1 1 1 0 0 0
0 1 1 1 0 :
W = :
' 0
: . .. w1
. 0 .. 0 1 1|

for 4 < k < n — 4. Hence,

T Li Lns 1
w3 = 1 1 1],

0 1 1
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(n—4)

which, by contraction of Wy on column 1, gives

Wir2) = [ Yoy Li Loz ]

1 1
. (n=2) n—2
By applying (1.1), we have perW,, = perWy =30 Li. 0
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