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Abstract

Let C,, denote the cycle with n vertices, and C? denote the graphs
consisting of ¢ copies of C,, with a vertex in common. Koh et al.
conjectured that Ct is graceful if and only if nt = 0,3 (mod 4).
The conjecture has been shown true for n = 3,5,6,7,9,11,4k. In
this paper, the conjecture is shown to be true for n = 13.
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1 Introduction

Let C,, denote the cycle with n vertices, and C(t) denote the graphs con-
sisting of ¢ copies of C,, with a vertex in common. Koh et al. 4] conjectured
that the graphs ct are graceful if and only if nt = 0,3 (mod 4), and proved
that the graphs C( and C(zt) are graceful for ¢ > 1. Qian M proved that
the graphs C{2) are graceful. Bermond et al. (1 21 proved that the graphs
C(t) (i.e, the frlendshxp graph or Dutch t-windmill) are graceful if and only
ift = 0 or 1 (mod 4). The first author 6. 8,9, 10} of this paper proved that
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the graphs Cét) and Cg(,‘) are graceful for ¢t = 0,3 (mod 4), and C’;t) and
C® are graceful for t = 0,1 (mod 4). So the conjecture has been shown
true for n = 3,5,6,7,9, 11, 4k. In this paper, the conjecture is shown to be
true for n = 13. For the literature on graceful graphs we refer to [3] and
the relevant references given in it.

(t)
2 The graphs Ci4
Now, we consider the graphs CY). Let vh, vi, v3, vk, v, v, v, v}, v, vh, vio,
v}, v}, be the vertices of the i-th cycle, vy = v for all i. Then we have

Theorem 2.1. The graphs Cg) are graceful for ¢t = 0,3 (mod 4).
Proof. Casel. t =0 (mod 4), say t = 4k, ie. C{gk)

We define a vertex labeling f as follows.

flv) =0,
Ff¥i) = 52k+1-i, 1< <4k,
fi) = 8k+1-2i, 1<i < 4k,
fi) = 48k+1-i, 1<i < 4k,
Fi) = {12k+1+i, 1<i< 2k,
47 Bk +i, 2k +1 <1< 4k,
flot) = 44k+1-4, 1<1i <4k,
f§) = 8k+2-2i, 1<i <4k,
Fi) = 28k + 1 — i, 1 <i<2k,
7T | 32%+1-4, 2k +1<1i <4k,
Flh) = 8k + i, 1<i<2k,
8 T | 34k -1+i, 2k +1 <i < 4k,
o 22k -1, 1 <i <2k,
F6) =\ 38k-q, 2% +1<i<dk,
floi) = 32k — 1 +1, 1 <i<2k,
1/ = 14k + i, 2k +1<i < 4k,
40k ~ 4, 1<i <2k,
18k — 1, 2k+1<i<4k-3 A i=1mod 2,
fvi) = 22k - i, 2k+2<i<4k-2 A i=0mod 2,
12k + 1, i=4k -1,
14k + 2, i = 4k,
26k +1-2i, 1<i<2k,
fvi) = 30k -2-2i, 2k+1<i<4k-1,
40k, i = 4k.
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Now we prove that f is a graceful labeling of Cl(gk) as follows.

Denote by

S; = {fWh)N<i<4k}, 0<j<12
Then

So = {0},
Sy= {52k,52k—1,...,48k+1},
Sy= {8k—1,8k-3,...,1},
Ss= {48k 48k —1,...,44k + 1},
Sa= 841US;2

= {12k+2,12k +3,...,14k + 1} U {10k + 1,10k + 2,..., 12k},
Ss= {44k,44k—1,...,40k +1},
Se= {8k,8k—2,...,2},
S7= S71US72

= {28k,28k—1,...,26k + 1} U {30k, 30k — 1,...,28k + 1},
Sg= Sg1USs2

= {8k+1,8k+2,...,10k} U {36k, 36k +1,...,38% — 1},
So= Sp.1USy2

= {22k -1,22k - 2,...,20k} U {36k — 1,36k — 2,...,34k},
S10 = 8101 U S10.2

= {32k,32k+1,...,34k — 1} U {16k + 1,16k + 2, .., 18k},
Snu= S11US812US13US1.4US s

= {40k - 1,40k - 2,...,38k} U {16k — 1,16k - 3,..., 14k + 3}

U{20k - 2,20k — 4,...,18k + 2} U {12k + 1} U {14k + 2},

Si2 = 8121 US122US123

= {26k~ 1,26k - 3,...,22k + 1} U {26k — 4,26k — 6, ..., 22k} U {40k}

Hence

SoUS1USzUS3USqUSsUSsUS7U33U59USmUS11 U S

= SoUS2USsU 8.1 US12US811.4US41US11.5US11.2US102U 85113
US9.1 US122U 8121 US7.1US72US10.1 U Se2U Sg2US11.1 USh23
USs US3U S

= {0, 1,3,...,8k—-1, 2,4,...,8k, 8k+1,8k-+2,..., 10k,
10k + 1,10k +2,...,12k, 12k+1, 12k+2,12k+3,...,14k+1,
14k +2, 14k+3,14k+5,...,16k -1, 16k+1,16k+2,...,18k,
18k +2,18k +4,...,20k — 2, 20k,20k+1,...,22k — 1,
22k,22k +2,...,26k — 4, 22k+1,22k+3,...,26k 1,
26k +1,26k +2,...,28%k, 28k+1,28k+2,...,30k,
32k,32k+1,...,34k — 1, 34k,34k+1,...,36k — 1,
36k,36k +1,...,38k — 1, 38k,38k+1,...,40k —1, 40k,
40k + 1,40k +2,...,44k, 44k+1,44k+2,..., 48k,
48k + 1,48k +2,...,52k}.
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It is clear that the labels of each vertex are different, and Maz{f (v;'.)|1 <
i < 4k} = 52k = |E|.

Denote by

D; = {g(v;,v:jﬂ) mod 13)] 1 S <4k}, 05 <12,

g(v_;."v:j_*,l) mod 13) = If(sz_*_l) mod 13) - f(v;)l? 1 Si S 4k9 0 S j S 12'
Then

Do = {|f(v}) — F(0i)| 1 < i < 4k} = {52k +1 — i1 < < 4k}
= {52k,52k — 1,...,48k + 1},
D = {44k + 4|1 < i < 4k} = {44k + 1,44k +2, .., 48k},
D = {40k +i|1 <i < 4k} = {40k + 1,40k +2,..., 44k},
D3 = D31 UDj32
— {36k — 261 < i < 2k} U {40k +1 — 2i[2k+ 1 < i < 4k}
= {36k—2,36k—4,...,32k}U{36k-1,36k—3,...,32k+ 1},
Dy=D41UDy>
= {32k - 24]1 <i < 2k}U{36k+1—2i[2k+1 <i < 4k}
— {32k — 2,32k — 4,...,28k} U {32k — 1,32k — 3,...,28k + 1},
Ds = {36k — 1 +4|1 <i < 4k} = {36k, 36k + 1,...,40k — 1},
Dg = Dg.1 U Dsg.2
= {20k — 1+l <i <2k} U {24k —1+i[2k +1 < i < 4k}
— {20k, 20k + 1,..., 22k — 1} U {26k, 26k + 1,...,28k — 1},
D7=D7,UD72UDz3
— {20k +1-2i|1 < i < 2k}U {2k —2+2i[2k +1 <i < 3k}
U{2k — 2+ 2i|3k + 1 <i < 4k}
= {20k — 1,20k - 3,...,16k + 1} U {6k,6k + 2,...,8k — 2}
U{8k,8k +2,...,10k — 2},
Dg= Dg;UDg2
= {14k — 2|1 <i < 2k} U {20 - 4k — 1|2k + 1 < < 4k}
{14k — 2,14k — 4,...,10k} U{L,3,...,4k — 1},
Dy 1 U Dg2
{10k — 1+ 2i|1 < i < 2k} U {24k — 2i[2k + 1 < i < 4k}
= {10k + 1,10k +3,..., 14k — 1} U {20k — 2,20k — 4,.. ., 16k},

Dy

o
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Dyp = D191 UDyp.2U D13 U DigsUDigsUDigeVUDygr
={8k+1-2i1<i<k}U{8k+1—2fi=k+1)
UfSKk+1 - 2ilk +2 <i < 2k}
U{2i — 4k|2k+1 <i <4k -3 A i=1mod 2}
U{8k — 2i[2k+2 <i<4k—2 A i=0mod 2}
U{6k — 2|i = 4k — 1} O {4k — 2i = 4k}
={8k—-1,8t—3,...,6k+1} U {6k -1}
U{6k — 3,6k - 5,...,4k + 1} U {2,6,..., 4k — 6}
U{4k — 4,4k - 8,...,4} U {6k — 2} U {4k - 2},
D1y = D1aUD»2UD3UDy4UD s
= {14k ~ 1 +4]1 < i < 2k}
U{12k -2 - 4|2k +1<i<4k—-3 A i=1mod 2}
U{8k—2 —i|2k+2<i<4k—2 A i=0mod 2}
U{10k — 1]i = 4k — 1} U {26k — 2|i = 4k}
= {14k, 14k +1,...,16k — 1} U {10k — 3,10k — 5, ..., 8k + 1}
U{6k — 4,6k —6, ..., 4k} U {10k — 1} U {26k — 2},
D12 = Dy2.,UDy22UD153U Dyp 4
= {26k — 1]i = 1} U {26k + 1 — 2i[2 < i < 2k}
U{30k — 2 — 242k + 1 < i < 4k — 1} U {40kli = 4k}
= {26k — 1} U {26k — 3,26k — 5,...,22k + 1}
U{26k — 4,26k — 6, ..., 22k} U {40K}.

Let D be the set of labels of all edges, then we have

D = D()UD1UD2UD3UD4UD5UD5

UD; UDg U DgU D1gU Dy, U Dyo

= Dg2UD10.4 U Di.5 U D1o.7U Di11.3U Dyg3U Dipg U Dio2
UD7.2U Dyp.1 UD73UD132UDy14UDgUDg; UDy
UDg2 U D71UDgyUDy23UDi22UDy15U Dygy UDgo
UDg.1 UDy2UD3,UD32UDsUDip4UDyUDyUDg

={1,3,...,4k-1, 2,6,...,4k — 6, 4,8,...,4dk -4, 4k -2,
4k,4k +2,...,6k -4, 4k+1,4k+3,...,6k -3, 6k—2,
6k -1, 6k,6k+2,...,8t-2, 6k+1,6k+3,...,8k -1,
8k,8k+2,...,10k — 2, 8k+1,8c+3,...,10k -3, 10k -1,
10k,10k + 2,...,14k - 2, 10k + 1,10k +3,...,14k - 1,
14k, 14k +1,...,16k — 1, 16k, 16k+2,...,20k — 2,
16k + 1,16k + 3,...,20k — 1, 20k,20k +1,...,22k - 1,
22k, 22k +2,...,26k — 4, 22k + 1,22k +3,...,26k - 3,
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26k — 2,
28k, 28k + 2,...,32k — 2,
32k, 32k +2,...,36k — 2,
36k, 36k +1,...,40k — 1,
44k + 1,44k +2,... 48k,

={1,2,...,52k}.

26k — 1,

26k, 26k +1,...,28k — 1,

28k +1,28k +3,...,32k — 1,
32k +1,32k+3,...,36k — 1,
40k, 40k +1,40k+2,...,44k,
48k +1,48k +2,...,52k}

It is clear that the labels of each cdge are different. According to the
definition of graceful graph, we thus conclude that C{gk) is graceful.

Case2. t =3 (mod 4), sayt =4k —1, ie. C4k=1)
We define a vertex labeling f as follows.

f(v)

f(v)
F(v3)
f(v3)

f(v3)
f(v8)
F(vg)

fh)
f(v3)
f(vd)
F(vlo)

f(vil)

f(viz)

nnon

It

52k —12 i,
8k —1-2i,
48k — 11 — 4,

10k =3 +1,
6k —2+1,

44k ~- 10 — 14,

14k — 4 +14,
10k -3 +14,
18k — 4 — 14,
40k -9 — 4,
30k — 7 +1,
24k -5 +14,
30k -6 ~1,
36k -8 -1,
34k -8 +1,
20k -5 +1,
22k -6 —1,
6k — 2,

2t — 4k,

38k —9+1,
16k — 4 42,
22k —6+1,

13

1<i<4k -1,
1<i<4k -1,
1<i<4k -1,
1<i<2% -1,

2k <i<4k -1,
1<i<4k -1,
1<i<2k-1,

2k <i<4k -1,
1<i<2k-1,

2k <i <4k -1,
1<i<2k-1,
2k<i<4k -1.
1<i<2k-1,

2k <i<4k -1,
1<i<2k-1,

2k <i<4k -1
1<i<2k-1,

i =2k,
2k+1<i<4k - 1.
1<i<2k-1,

2k < i <4k —2Ai=0(mod 2),
2k+1<i<4k-1Ai=1(mod 2).

Similar to the proof in Case 1, it can be shown that this assignment

provides a graceful labeling of C;3~ '. Hence C’%g) is graceful for t = 0,3

(mod 4).

(dk—1)

]

In Figure 1, we illustrate our graceful labeling for C{éz) and Cgl).
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AT T T T T U Y

1556 21 143 39 131 22 83 26 64 97 118 75

154 19 142 40 130 20 82 27 63 98 117 73

153 17 141 41 129 18 81 28 62 99 116 71

O O O O O O O O O O O O

152 15 140 42 128 16 80 29 61 100 115 69

/ O O O O O O O O O O O O
1/ 151 13 139 43 127 14 79 30 60 101 114 67

/, O O O O O O O O o O O O
0= 150 11 138 31 126 12 90 108 107 49 47 74

N O O O O O O O O O O O O
W 149 9 137 32 125 10 89 109 106 50 58 72

\ O O O O O O O O O O O O
148 7 136 33 124 8 88 110 105 51 45 70

O O O O O O O O O O O O

147 5 135 34 123 6 87 111 104 52 56 68

O O O O O O O O O O O o

146 3 134 35 122 4 8 112 103 53 37 66

O O O O O O O O O O O O
145 1 133 36 121 2 85 113 102 54 44 120

O O O O O O O O O O O O

(12)
C].

143 21 132 28 121 39 49 84 83 95 59 106
142 19 131 29 120 40 48 85 82 96 58 107
141 17 130 30 119 41 47 86 81 97 57 108

O 0 O O O O O O O O O O
140 15 129 31 118 42 46 87 80 98 56 109

O O O O O O O O O O O O
139 13 128 32 117 43 45 88 79 99 55 110

/ O O O O O O O O O O O O

’ 138 11 127 22 116 33 105 73 94 61 16 S0

0 i,_‘__——!-'_._.—,—!_!—_”_!_,_.
N 137 9 126 23 115 34 104 74 93 62 2 67

\ O O O O O O O O O O O O
‘\‘\ 136 7 125 24 114 35 103 75 92 63 4 52

O O O O O O O O O O O O
135 5 124 25 113 36 102 76 91 64 6 69

O O O O O O O O O O O O

134 3 123 26 112 37 101 77 90 65 8 54

O O O O O O O O O O O o)

133 1 122 27 111 38 100 78 89 66 1 71

O O O O O O O O O O O O

(11)
Cl3
. . : (12) (11)
Figure 1: Graceful labelings of C)3" and C}y .
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