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Abstract. Let u be an odd vertex of a bipartite graph B and suppose
that f : V(B) — N is a function such that f(u) = [dp(x)/2] and f(v) =
[dp(v)/2] +1 for v € V(B)\u, where dp(v) is the degree of v in B. In this
paper, we prove that B is f-choosable.
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1. Introduction

Let G = (V, E) be a simple graph. A list assignment L of G is a mapping
that assigns to each v € V a set L(v) of colors. An L-coloring of G is a
proper coloring ¢ of the vertices such that c(v) € L(v) for each v € V. Let
N denote the set of positive integers, and let f : V — N be a function. G
is f-choosable if, for any list assignment L of G such that |L(v)| > f(v) for
each v € V, G has an L-coloring. For a positive integer k, G is k-choosable
if G is f-choosable when f(v) =k foreach v e V.

Let B be a bipartite graph. N.Alon and M.Tarsi in [1] showed that B
is ([A(B)/2] + 1)-choosable, where A(B) is the maximum degree of B.
Let u € V(B) be a vertex of odd degree and suppose that f : V(B) — N
is the function such that f(u) = [dg(u)/2] and f(v) = [dp(v)/2] + 1 for
v € V(B)\u, where dp(v) is the degree of v in B. In this paper, we prove
that B is f-choosable.
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2. The main results

A kernelin a digraph D is a set K of nonadjacent vertices such that every
vertex in V(D)\K is joined by an arc to at least one vertex in K. The
following lemma is a special case of a result of Galvin [2).

Lemma 1. Let D be an orientation of a graph G and suppose that f :
V(G) — N is a function such that f(v) > di(v) +1 (v € V(G)), where
d}(v) denotes the outdegree of v in D. If every induced subdigraph of D
has a kernel, then G is f-choosable.

Since an Eulerian cycle of an Eulerian graph G naturally gives one of
its orientations, G has an orientation D such that df(v) = d—ci(-ﬂ for each
v € V(G). It is also well known that any orientation of a bipartite graph
has a kernel. Hence, combining Lemma 1, we have

Lemma 2. Let B be an Eulerian bipartite graph and suppose that f:
V(B) — N is the function such that f(v) = dg(v)/2+1 for eachv € V(B).
Then B is f-choosable.

A vertex u of a graph G is odd if dg(u) is odd and even otherwise. For
a bipartite graph B = (X, Y, we denote by O(X) and O(Y) the sets of the
odd vertices in X and Y, respectively. Since Y ., d(z) = 2yey dy) =
|E(B)|, |O(X)| and |O(Y')| have the same parity. If both |[O(X)| and |O(Y))|
are even, then we add two new vertices zy and yp and let X = X U {zo}
and Yo = Y U {yo}. Construct a new bipartite graph By = (X, Yp) from
B by adding new edges (zo,y) for every y € O(Y) and (yo,z) for every
x € O(X). B is Eulerian since each vertex of By has even degree. If
|O(X)| and |O(Y)| are both odd, then the same construction works if we
add a further edge (zo,v0).

Theorem 3. Let B = (X,Y) be a bipartite graph and suppose that f :
V(B) — N is the function such that f(v) = [dp(v)/2] + 1 for each v €
V(B). Then B is f-choosable.

Proof If B is Eulerian, then the result is clear by Lemma 2. Otherwise
we first construct the Eulerian bipartite graph By from B as above. Let
fo : V(By) — N be the function such that fo(v) = dp,(v)/2 + 1 for each
v € V(Bp). By Lemma 2, By is fo-choosable. Noting that B is a subgraph
of By and dp,(v)/2 = [dp(v)/2] for each v € V(B), we claim that B is
f-choosable. (]
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u; (1 < i < m) are overlapped on u*

Figure 1: Oy,..un[G1-.-Gm)

For each i (1 < i <m), let u; be a vertex of a graph G;. We denote by
Ou,...u,,[G1 . ..Gm)] the new graph obtained by overlapping u1, u2,. .., um
at a new vertex u*, as in Fig. 1.

If H is a subgraph of a graph G, and L is a list assignment of G, let
L|H denote L restricted to the vertices of H.

Lemma 4. Foreachi€ {1,...,m}, let G; be a graph and suppose that f; :
V(G;) — N is a function. Let O}, = Ou,...u.[G1...Gm] and suppose that
f*:V(0:,) — N is the function such that f*(u*) = Zycigm(fi(ui) —1)+1
and f*(v) = fi(v) forv € V(Gi)\u; (1 £ i < m). Then O}, is f*-choosable
if G; is fi-choosable (1 < i <m).

Proof Suppose that L is a list assignment of O}, such that |L(v)| = f*(v)
for each v € V(0O%,). We will prove that O}, has an L-coloring. For each
ie{1,...,m—1}, let T; be the set of colors ¢ € L(u*) such that G; has an
(L|G;)-coloring in which wu; is colored with ¢, and let S; = L(u*)\T;. Since
G; is fi-choosable, |S;| € fi(ui)—1 (1 < i < m—1). Define a list assignment
L., of G by setting L (um) = L(u*)\ Uicicm—1 Si and Ly (v) = L(v)
for v € V(Gm)\ttm. Noting that |Lm(um)| = |L(u*)| — | U1gicm-1 Si| 2
fm(tm) and Gy, is fm-choosable, we can obtain that G, has an L,,-coloring
Cm. Since um = u* is given a color ¢, (us,) that is not in any set S;, and
hence is in every set T; (1 < i < m—1), it follows from the definition of T;
that this coloring can be extended to an L-coloring of Oy,. o

Let G be a graph, and let f, gu : V(G) — N be such that gu(u) =
f(u) —1 and g, (v) = f(v) for v € V(G)\u. Suppose that G is f-choosable.
Then G is f-critical at u € V(G) if G is not g,-choosable. G is f-critical if
G is f-critical at each vertex of G. For a positive integer k, G is k-critical
if G is f-critical when f(v) = k for each v € V(G). It is easy to see that
an even cycle is 2-critical.
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Lemma 5. Let Gy, fi, 0}, and f* be as in Lemma 4. Suppose that G; is
fi-critical at u; for eachi € {1,...,m —1}. Then G,, is f,-critical at
u € V(Gnm) if and only if O}, is f*-critical at u.

Proof “If” We will prove that if G, is not fy,-critical at u € V(Gp,)
then Oy, is not f*-critical at u. Let L be a list assignment of O, such that
|L(u)| = f*(u) -1 and |L(v)| = f*(v) for each v € V(O},)\u. Then we can
obtain that O}, has an L-coloring as in the proof of Lemma 4.

“Only if” We now prove that if G, is fm,-critical at u € V(G,,) then
O* is f*-critical at u. Since G; is fi-choosable (1 < i < m), OF, is f*-
choosable by Lemma 4. Suppose first that v = u,,. Then for each i €
{1,...,m} we choose a set S; of colors such that |S;| = fi(u;) — 1 and
SiNnS; =0ifi# j. Since G; is fi-critical at u;, there exists a list
assignment L; of G; with L;(u;) = S; and |L;(v)| = fi(v) for v € V(Gi)\u;
such that G; has no L;-coloring (1 < 7 < m). Define a list assignment L
of Oy, by setting L(u*) = Ui<i<mSi and L(v) = L;(v) for v € V(Gi)\w;
(1 £ i < m). Clearly O;, has no L-coloring. This shows that OZ is
f*-critical at u*(= u).

Suppose now that u € V(G,,)\tm. Then we choose two sets S; and S,
of colors such that [S1| = fm(um) and [S2| = ¥ ¢,y (fi(u:) — 1) and
51 NS,y = 0. Since Gy, is fm-cntlcal at u, we can make a list assignment
Ly of G With Li(um) = 51 and |Lp(u)] = fin(u) = 1 and |Ln(v)| =
Jm(v) for v € V(Grm)\{u, um} such that G,, has no L,,-coloring. Let g*
V(0;,_;) — N be the function such that g*(u*) = 215i5m-1(fi(ui)—1)+1
and g*(v) = fi(v) for v € V(G;)\u; (1 < i < m —1). By the above
argument, Oy, _, is g*-critical at u*, and so we can make a list assignment
L' of O},_, with L'(u*) = 8 and |L'(v)| = fi(v) for v € V(G:)\u; (1 <
i <m —1) such that O},_; has no L’-coloring. Deﬁne a list assignment L

of O}, by setting L(u*) = §; US; and L(v) = Ly (v) for v € V(G Nttm
and L(v) = L'(v) for v € V(0},_,)\u*. Clearly, O}, has no L-coloring, and
so Oy, is f*-critical at u. O

For each i (1 < ¢ < m), let C; be an even cycle and u; be a ver-
tex on C;. Suppose that f : V(Oy,..u.[C1---Crn]) — N is a function
such that f(u*) = m + 1 and f(v) = 2 for v # u*. Then, by Lemma 5,
Ou,...u, [C1 - C] is f-critical.

Lemma 6. Let B be a bipartite graph, and let f : V(B) — N be a function
such that f(v) = [dp(v)/2] +1 for v € V(B). Suppose that B is f-critical
at u € V(B). Then dg(u) is even.

Proof Let B = O,.(BB] and suppose that f* : V(B3) — N is the
function such that f*(u*) = 2f(u) — 1 and f*(v) = f(v) for v # u*. B
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Lemma 5, B3 is f*-critical at u*. This implies that B3 is not g-choosable,
where g : V(B3) — N is the function such that g(u*) = 2(f(u) — 1)
and g(v) = f(v) for v # u*. If dp(u) is odd then g(u*) = 2(f(u) —
1) = 2[dp(u)/2] = dp(u) + 1 = dpy(u*)/2 + 1. Noting that B is still a
bipartite graph, we can obtain that Bj is g-choosable by Theorem 3. This
contradiction shows that dp(u) is even. o

As one consequence of Lemma 6, we have

Theorem 7. Let u be an odd vertez of a bipartite graph B and suppose
that f : V(B) — N is the function such that f(u) = [dp(u)/2] and f(v) =
[dB(v)/2] + 1 for each v € V(B)\u. Then B is f-choosable.
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