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Abstract

A connected graph G = (V, E) is said to be (a,d)- antimagic, for
some positive integers a and d, if its edges admit a labeling by all
the integers in the set {1,2,...,|E(G)|} such that the induced vertex
labels, obtained by adding all the labels of the edges adjacent to each
vertex, consist of an arithmetic progression with the first term a and
the common difference d. Mirka Miller and Martin Bada proved
that the generalized Petersen graph P(n,2) is (23f2, 3)-antimagic
for n = 0 (mod 4), n > 8 and conjectured that P(n, k) is (820, 3)-
antimagic for even n and 2 < k < % — 1. The first author of this
paper proved that P(n,3) is (322, 3)-antimagic for even n > 6. In
this paper, we show that the generalized Petersen graph P(n,2) is
(32£8 3)-antimagic for n = 2 (mod 4), n > 10.
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1 Introduction

Hartsfield and Ringel [2] introduced the concept of arithmetic graphs.
An arithmetic graph G is a graph whose edges can be labeled with the
integers 1,2,...,|E(G)| so that the sum of the labels at any given vertex
is different from the sum of the labels at any other vertex. Hartsfield and
Ringel conjectured that every tree other than K is antimagic and, more
strongly, every connected graph other than K, is antimagic.

Bodendiek and Walther(3] defined the concept of an (a, d)-antimagic
graph as a special case of an antimagic graph. Let G = (V, E) be a finite,
undirected and simple graph with vertex set V(G) and edge set E(G), and
let p = |V(G)| and g = |E(G)| be the number of vertices and edges of G, re-
spectively. A connected graph G = (V, E) is called (a, d)- antimagic if there
exist positive integers a,d and a bijection f : E — {1,2,...,q} such that
the induced mapping gs : V — N, defined by g¢(v) = ¥ f(wv), wv € E(G),
is injective and g#(V') = {a,a+d,...,a+ (p—1)d}. In this case f is called
an (a, d)-antimagic labeling of G.

Bodendiek and Walther(4] proved that some graphs (including even cy-
cles, paths of even order, stars, C:gk), C;k), K33 and a tree with odd order
n 2 5 and having a vertex adjacent to at least three end vertices) are not
(a,d)-antimagic. They also proved that Pa+, is (k, 1)-antimagic; Cag. is
(k+2,1)-antimagic; if a tree of odd order 2k + 1(k > 1) is (a, d)-antimagic,
then d = 1 and a = k; if K4 (k > 2) is (a,d)-antimagic, then d is odd
and d < (2k +1)(4k — 1) + 1; if Kox41 (k > 2) is (a,d)-antimagic, then
d < (2k+1)(k—1)+1. For special graphs called parachutes, (a, d)-antimagic
labelings are described in (5, 6].

Let n and k be integers such that n > 3, 1 < k¥ < n and n # 2k. For
such n, k, the generalized Petersen graph P(n, k) is defined by

V(P(n,k)) = {us,vi|]l <i<n},
E(P(n,k)) = {uittit1, uivs, vivipx|l <i < n}

where and in the sequel the subscript of a vertex is computed modulo n
and taken the least positive residue of n, in other words, we take w, and
v, instead of up and vy, respectively.

Since P(n, k)’s form an important class of 3-regular graphs with 2n ver-
tices and 3n edges, it is desirable to determine which P(n, k)’s are (a,d)-
antimagic.

Bodendiek and Walther[7] conjectured that P(n, 1) is (%4, 1)-antimagic
for even n and P(n,1) is (322, 2)-antimagic for odd n. These conjec-
tures were proved in (9, where it was also shown that P(n,1) is ( QZ‘ZLG, 3)-
antimagic for even n. Mirka Miller and Martin Baca [9] proved that P(n, 2)
is (2%#€, 3)-antimagic for n = 0 (mod 4),n > 8 and conjectured that
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P(n,k) is (32£8,3)-antimagic for even 7 and 2 < k < § — 1. The first
author [10] of this paper proved that P(n,3) is (3248, 3)-antimagic for
even n > 6. In this paper, we show that the generalized Petersen graph
P(n,2) is (3&£8, 3)-antimagic for n = 2 (mod 4), n 2 10.

2 Statement of the Main Result

Theorem 2.1 P(n,2) is (321¢, 3)-antimagic for n = 2 (mod 4), n > 10.
Proof. We consider three cases:

Case 1: n = 10 (mod 12), n > 10.
For n > 10, we define the edge labeling f of P(n,2) as follows:

SntSoi ifl<i<n-3andi=1 (mod2),
flui—iu) = {2n—% if2<i<n-2andi=0 (mod2),
3n+1—-¢ fn-1<i<n,

( Sn-loi ifl<i<n-3andi=1 (mod 2),
n+1-% if2<i<n-4andi=0(mod?2),
fluvi) = ¢ -3+14+i fi=n-2,
n+4+1¢ ifi=n-1,
| 3+ ifi =mn.
K ifl<i<n-1landi=1 (mod 2),
n+1-% if2<i< 232 and i =2 (mod 4),
n-% if 282 <i<n-2andi=0(mod 4),
fwiovs) = ﬁ 2_1-4 if4<i<230 and i =0 (mod 4)
and n > 10,
2% if 238 <i<n -4 and i =2 (mod 4),
| 2n ifi=n.

For two integers a and b with a < b, by [a, b] we denote the set of consecutive
integers from a to b. Set

A= {f(ui-1w)|l <i<n},
B = {f(uw) [L <i<n},
C={fvi2ui)[1 <i < n}.

Then we have A = A; U Az U A3, where

A1 {f(ui_lui)ll <t< n—3andi=1 (mod 2)}
{int5=i|1<i<n-3andi=1 (mod 2)}
{2 +2,5+1,...,2n+5,2n + 4}
{2n+4,2n+5,..., 582 +1,% + 2},
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Az

A3

{f(ui- 1u.)|2<z<n—1andz—0(mod 2)}

{2n-3 |2<z<n landz_O(mod2)}

{2n—1 2n —-2,.. +2,3;+1}

{3"+13n+2 -1},
{f(u,_lu,)ln—1<z<n} {3n+1-in-1<i<n}
{2n+2,2n+1} = {2n + 1,2n 4 2},

B=31U32UB;3UB4UB5, where

B

By

= {f(u,v,)|1<z<n 3 and i =1 (mod 2)}

= {&l=1<i<n- 3 and i =1 (mod 2)}

= {3" 1,3 -2 ,n+2n+1}

= {n+1 n+2 82 -1},

= {f(u,v,)|2<z<n 4 and i =0 (mod 2)}

= {3n+1-%2<i<n-—4andi=0 (mod 2)}

= {3n,3n—1 B +4,82 43}

= {5"+35"+4 .»3n - 1,3n},

= {f(u,v,)lz—n 2} {-2+1+ili=n-2}={% -1},

= {fluw)li=n-1}= {n+4+z|z-n—1} {2n+3}

= {fluw)li=n}={}+ili=n}= {3n}

US_, Ci, where

Ci = {f(vic2w)]1<i<n-1landi=1 (mod 2)}
= {il<i<n-1landi=1 (mod 2)}
= {1,3,5,...,n—1},

Co = {f(u- gv,)l2<z< andz_2(mod4)}
= {n+1-% |2<z< =4 and i = 2 (mod 4)}
= {nn 2 N R
= {n-20 n_22 n-2n)

Cs = {f(vi- 2v,)|"3¢2<z<n 2 and ¢ =0 (mod 4)}
= {n—-—l—}—<z<n 2andc—0(mod4)}
— {n n-no 14
= {"+1,’2‘+3 ,n—ﬁn ni2},

Cy = {f(vi- 2v,)|4<z< 2-10 andz—O(mod 4)}
= ——1—-|4<z<"31°andz—O(mod4)}
= {2 _3n_ n n=4
CHIM T L

277612 6 '

Cs = {f(vi_gv,-)ﬁsﬁg'gn 4andz_. 2 (mod 4)}
= {2-3™8 <i<n-4andi=2(mod4)}
= g_ﬁsﬁv%_ﬂéﬂ!v-- ’4?2}
= a0 F o ah E

Ce = {f(vi—aui)li =n}={2n}.
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It is easy to see that

CLUCsUC4UB3UC3UC,
={1,3,...,n-1}U{2,4,..., s
u{g-u 2 n-l8 ...,!‘-—3 u{z -1

U{n_n—fo,n_n—zz’ ,n_z’n}

—{L3...n - 1}U{24,.., 2 -1}U{2+1,2+3,...,n}
—{1.2.3,...,n} = [1,n],

31U35UA2U06

={n+ln+2,.., 82 -1}u{Fru{+1,32+2,...,2n -1} U{2n}
={n+1,n+2,...,2n}=[n+1,2n]

A3UB4UA; UBs
={2n+1,2n+2}U{2n+3}U{2n+4,2n+5,...,52 + 1,3 + 2}
U{+3%+4,...,32-1,3n}
={2n+1,2n+2...,3n}= [2n +1,3n).

So, we can prove that f(E(G)) = [1,3n].

Recall that for a vertex v € V(G), g5(v) = X_,.¢ E(G) f(uv). We now
prove that gs(V) = {gs(v)lv € V} = {a +3i|i = 0,1,...,2n — 1}, where
a= J'_

For convenience, define hs(v) = 3[gs(v) — o] and write
W = (b0l € V(G)}.

Then, in order to prove gs(V) = {a + 3i|i = 0,1,...,2n — 1} it suffices to
show W = [0,2n — 1] or equivalently [0,2n — 1] C W.

By definition we see that

he(ui) = 3 [f(ui-rwi) + f(uinivr) + f(wivi) —a], 1 <i<n,
hy(vi) = 3 [f(vi—awi) + f(vivite) + f(uivi) —a], 1 <i<n.

(1) For1<i<n-3andi=1(mod 2) we have

hf(vi) ? [f(vl—2vl + f(’U,'UH_g) + f(‘llq a.]

Lli+i+2+(322=) - ]=.§l,

(2) For i = n — 2 we have that

hf(vn—z) = :i;[f(vn —4Un-— 2)+f(vn 2'Un)+f(un 2Un- 2)—0']
= {{n-22+n-2)+2n+ (-2 +1+n-2) -a] =252
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which and (1) imply [0, 252) C W.

(3) For i =n — 1 we have that

hf(vn—l) i [f(vn~3vn—1) + f('Un—l'Ul) + f(un—l'Un-l) - a]

= %[(n—1)+1+(n+4+n—1)—a]=%.
which and (2) imply [0, 2] C W.

(4) For 232 < i <n -4 and i = 0 (mod 2) we have

he(vi) = %[(n—§)+(§—‘—“22)+(3n+1—%)—a]=n—1—%,
which and (3) imply [0,n — 28] C W.

(5) For i = n — 2 we have

h(tn-2) %(f("i—lyi) + f(uitigr) + f(uivi) - a)
3[@2n- HHIM+1-(+1)-2+1+i-a] =n- 22

which and (4) imply [0,n - 2£2] C W.

(6) For 2 <i < 2310 and i = 0 (mod 2) we have

hi(vi) = 3[n+1-5)+(% - —L‘zﬂ)+(3n+1—%)—a]=n—1—%,
which and (5) imply [0,n — 2] C W.
(7) For i = n, 23 we have

% Zn+n+¥—al=n-1, ifi=n
G D =)

hy(v;) =
) {+—[(3n+1-"—'4)—-a]=n ifi=234
3 6 ’ =73

which and (6) imply [0,n] C W.
(8) For1<i<n-3andi=1 (mod 2) we have

hf(ui) —_ % [5n;t25—i + (271, — _1_:‘2-_1) + 3n—21—z' _a] = 3n _ ﬁi’

which and (7) imply [0, % - 1) C W.
{(9) For n — 1 <i < n we have
3@Cn+2)+@n+1)+(2n+3) -4

hp(u;) = =341, o ifi=n-1
5[+ D)+ (P +2)+32 -a]=2, ifi=n
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which and (8) imply [0, 32 + 1] C W.
(10) For 2 <4 <n—4 and i =0 (mod 2) we have

he(u) = %[(2n—;4)+(5"—“;4ﬂ—11)+(3n+1—§)-a] =24

which and (9) imply [0,2n - 1] C W.
We complete the proof of Case 1.
In Figure 2.1, we give ("&zﬁ, 3)-antimagic labeling for P(18, 2).

Figure 2.1 : The (328, 3)-antimagic labeling of the graph P(18,2).

Case 2: n =6 (mod 12) and n > 18.
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For n 2> 18, we define the edge labeling f of P(n,2) as follows:

(%’n—% fl<i<n-3andi=1 (mod 2),
n i ; -
Fluiciw) = ¢ 22+1 5 igff;fi 2 and i =0 (mod 2),
| n-2 ifi=mn.
( 8ndboi f1<i<n-3andi=1 (mod 2),
3n+1-4% if2<i<n-4andi=0 (mod 2),
fluivy) = ¢ n—-4 ifi=n-2,
F+3 fi=n-1,
( n+1 ifi=n.
(i fl<i<n-3andi=1 (mod 2),
n—-1 ifi=2,
4 if i =4,
6 if i =6,
3+1+4% if8<i<n-22andi=8 (mod12),
5+2+5 if10<i<n-20andi=10 (mod 12),
3+3+3 if12<i<n-18 and i =0 (mod 12),
1+3 if14 <i<n-16 and i = 2 (mod 12),
foiegw) = { 241 if 16 <i<n-14andi =4 (mod 12),
3+3 if18 <i<n-12and i =6 (mod 12),
Z2- ifi=n-10,
Z+1 ifi=n-8,
n ifi=n-86,
n+2 ifi=n-4,
241 ifi=n-2,
%+2 ifi=n-1,
(| n+3 if i =n.
In a similar way in Case 1, we can prove that f(E(G)) = [1,3n] and

95(V) ={a+3i[i=0,1,...,2n — 1}. We omit the proof for short.
Case 3: n =2 (mod 12) and n > 14.
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For n > 14, we define the edge labeling f of P(n,2) as follows:

SniS—i if1<i<n-3andi=1 (mod 2),
fluiw) = 2n — % if2<i<n-2andi=0 (mod 2),
3n+1-7 ifn-1<i<n,
$nl-t ifl1<i<n-3andi=1 (mod2),
3n+1-4% if2<i<n-4andi=0 (mod 2),
fluvi) = 2+1 ifi=n-2
2n+3 ifi=n-1,
& ifi=n.
(i if1<i<n—1andz—1(mod2)
i o if2<i< 23 2 and i = 0 (mod 2),
n+l-4% if 22 <i<n-4andi=2(mod4),
ntbii (1f—*—<z<n 6 and i = 0 (mod 8)
and n = 14 (mod 24) )
foiaw) = or (if 252 <i<n-6andi=4 (mod8)
e ﬁ andnE2(mod24)),

n—2+4i (if 242 <i<n-2andi=4(mod 8)
and n = 14 (mod 24)),
or (if 2422 <i <n—2and i =0 (mod 8)
and n = 2 (mod 24)),

2n if i = n.

In a similar way in Case 1, we can prove that f(E(G)) = [1,3n] and
gr(V) ={a+3ili=0,1,...,2n ~ 1}. We omit the proof for short.

According to the proof of Case 1, Case 2 and Case3, we thus conclude
that P(n,2) is a (32£6, 3)-antimagic for n = 2(mod 4),n 2 10. The proof
is complete. O

In Figure 2.2 and Figure 2.3, we give (33#%, 3)-antimagic labeling for
P(22,2) and P(26,2).
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