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Abstract
This note calculates the essential norm of a recently introduced integral-
type operator from the Hilbert-Bergman weighted space A2(B), a > ~1
to a Bloch-type space on the unit ball B in C".

1. INTRODUCTION AND PRELIMINARIES

Let B be the open unit ball in C*, S = 9B its boundary, dV (z) the Lebesguc
measure on B, dV,(2) = ca,n(1 — |2|?)*dV(2), @ > —1 and where the constant
€a,n is chosen such that V,(B) = 1, do the normalized rotation invariant measure
on S and H(B) the class of all holomorphic functions on the unit ball. Let
z2=(z1,...,2n) and w = (wy, ..., w,) be points in C*, (z,w) = 3"¢_, zxbx and
|zl = \/(z,z). For f € H(B) with the Taylor expansion f(z) = 3" 450 ag2®, let
Rf(z) = Zlmzo |Blag2? be the radial derivative of f, where 8 = (81,82,...,8n)
is a multi-index, |8] = By + -+ + B, and 28 = zf‘ A

For p > 0 the Hardy space HP = HP(B) consists of all f € H(B) such that

171 = sup /S F(r¢)IPdo(¢) < oo.

Recall that for f € H? the radial limit f*(¢) = lim,_,; f(r() exists a. e. on S.
The weighted Bergman space AP, = AR(B), p > 0, a > —1 consists of all
f € H(B) such that

Il = [ 1FGIPAVas) < oo

Since for every f € HP, lima—_140||fllaz = ||fllp, we will also use the
notation A” ; for the Hardy space H?.

A positive continuous function ¢ on [0,1) is called normal ([14]) if there is
4 €10,1) and a and b, 0 < a < b such that

é(r)/(1 = 7)* is decreasing on [6,1) and lim ¢(r)/(1 - 7)* =0;
$(r)/(1=7)" is increasing on [§,1) and lim ¢(r)/(1 - r)? = cc.
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From now on if we say that a function p : B — [0, 00) is normal we will also
assume that it is radial, that is, u(z) = p(|2]), z € B.

The class of all f € H(B) such that B,(f) = sup,cp £(2)|Rf(2)| < oo, where
p is normal, is called the Bloch-type space and is denoted by B, = B,(B). With
the norm || f||s, = |f(0) + B.(f), B, becomes a Banach space.

In (18] (see also [19]) we extended a recently introduced product of integral
and composition operators on H (D) (see [11] and [12]} in the unit ball settings,
by introducing the following operator on H(B)

1
PUNG = [ flottNataT. e HB), zeB, 1)

where g € H(B), g(0) = 0 and ¢ is a holomorphic self-map of B. For some
results on related integral operators on spaces of holomorphic functions in C*,
see [1]-[10}, [13, 15, 16, 17, 20] and the references therein.

In this note we calculate the essential norm of the operator PJ : AZ(B) —
B, (B). The result partially solve an open problem posed in [18].

In the proof of the main result we need the following known lemmas.

Lemma 1. ([21]) Suppose p € (0,00) and a > —1. Then for all f € AZ(B) and
z € B, the following inequality holds

I £ll.az
I ntlta * (2)

If(z) < (—I‘W

Lemma 2. ([21]) Suppose 0'< p < 00, a > —1, then
% < 1F(O)IP + /;lVf(l)P’(l — |z]?)P*reaV (2),

for every f € AP.
Lemma 3. ([18]) Let f.g € H(B) and g(0) = 0. Then R P(f)(2) = f(p(2))g(2).

Throughout the paper C denotes a positive constant not necessarily the same
at each occurrence. The notation A < B means that there is a positive constant
C such that A/C < B < CA.

2. ESSENTIAL NORM OF Pg: A2 — B,
Let X and Y be Banach spaces, and L : X — Y be a bounded linear
operator. The essential norm of the operator, ||Lll.,x—v, is defined as follows

[Llle.x ~y = inf{||L + K| x—y : K is compact from X to Y},

where || - [|x—y denote the operator norm.
From this and since the set of compact operators is a closed subset of the set
of bounded operators it follows that L is compact if and only if || L]le,x—y = 0.
In [18], among others, we proved the following result.
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Theorem A. Assumep € (1,00), a > -1, g € H(B), g(0) =0, u is normal, ¢
is a holomorphic self-map of B and P§ : AL, — B, is bounded. Then

u(2)lg(=)| "p_t}ue A28, < 2limsup l‘(z)lg(z)l . @)

ntita —

(=1 (1 = |p(2)|2) ™5 (a1 (1 - |p(2)[2) =5

Motivated by Theorem A, in [18] we posed the following open problem.

Open problem. Find the ezact value of the essential norm of P§ : AL — B,,.

Here we partially solve the open problem by calculating the essential norm
of the operator Pg: A2 — B,.

Theorem 1. Assume o > -1, g € H(B), ¢g(0) = 0, p is normal, ¢ is a
holomorphic self-map of B and P : A2 — B, is bounded. Then

#(2)lg(2)]
POl ey o lim A— 4
1Felleaz—s, = e o) !

Proof. We follow the lines of the proof of Theorem 7.1 in [18]. A complete
proof is given for the benefit of the reader. Assume that (p(zx))ken is a sequence
in B such that |p(zx)] — 1 as k — oo (if such a sequence does not exist then
Pg : A2 — B, is compact and (4) is vacuously satisfied).

For w € B fixed, set

(1- |w|2)”'fﬂ
(1 = (z,w)) =52

It is known that || f[laz = 1, foreachw € B. Note that the sequence (f,(z,))keN
is such that || fo(z,)llaz = 1, for each k € N, and it converges to zero uniformly on
compacts of B. From this and by Theorems 2.12 in (21] it follows that f‘,(,k) -0
weakly in A2, as k — co. Hence, for every compact operator K : A2 - B, we
have that [|K fy(.,)lls, — 0 as k — co. Thus, for every such sequence and for
every compact operator K : A2 — B, we have that

fu(z2) = zeB. (5)

"P(gf‘P(zk)"Bu - ||Kf¢(z;¢)"3,.

[|P2+ K||la2 .5, = limsup
[ a™Bu k—o00 "fnp(zk)”/‘?.
= lim sup "ngw(zk)"Bp
k—oo
2

li,l;risolip #(26)|9(2k) fio(zi) (2 (26))]

i #lzellg(z)l 6
e (1= [p(a)?) =T o

Taking the infimum in (6) over the set of all compact operators K : A2 — B,
we obtain

i(2x)lg(2e)l
P, az B > llm up S el
" q)"L.Af. B, e (1 _ {‘P(Zk)P) F1t

from which one inequality in (4) follows.
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In the sequel we prove the reverse inequality. Assume that (r;)ien is a
sequence which increasingly converges to 1. Consider the operators defined by

1
(PRoh)(2) = /g(tz)f(mp(tz))% leN.

It is easy to see that these operators are compact (see Theorem 5.1 in [18]).
Since Pg : A2 — B, is bounded then for f(z) = 1 € A2, we have that
lgllzree := sup,ep p(2)lg(2)} < 0o. Let p € (0, 1) be fixed. By Lemma 3, we have

WPE — Piyllaz—s, = pnd SupH(Z)|g(Z)||f(‘P(Z))—f(Tl‘P(Z))l

f“,g2 <1z

< sup sup p(2)|g()If(e(2) ~ flre(2))]
Ifllaz 1 le(2)I<p

+ sup sup u(2)|g(2)llf(p(2)) ~ frip(2))|
1£llaz <110(2)|>p

< lglluge sup  sup [f(p(2)) = Flrnp(2))l  (7)
1714z S1 le(2)I<p

+ sup - sup p(2)|g(2)lIf(e(2)) — frip(2))I(8)

17114z S11e()I>p

By ﬁsing the polar coordinates and Parseval formula, we have

If—fl%: = Ca.n/i;lia:aﬂzﬂ(l—rlﬁl)lz(l—|z|2)°dV(z)

1
camV(B) /0 S lagl?pP142n-1 (1 = 1Y2(1 — p?)dp
B8

IA

1

oV (B) [ ¥ laalPa 211 - )7 = 1. (9
B

Lemma 1 along with (9) and the fact that f(z) — f(rz) € A2, implies that

£l a2
[£(p(2)) = frip(2))] < TIETE (10)
(1= lip(2)2) =5
Let I, := SUP|\ 1}l o3 <1 SUPl(2)I<p | f(p(2)) = f(rp(2))]- If @ > -1, then by
using the mean value theorem, the subharmonicity of the partial derivatives of
f and Lemma 2, we have

I, £ sup sup (l—rz)lw(z’lsup |V f(w) (11)
171l az <1 le(2)i<p lw|<p

172
< Cll-n) sup ( [ VSR - |w|2>2+°dV(w))
Iflhaz S\ Jjwlg 142
1/2
< Gla=r) s (/lf(w)l dv, (w)) 0, as l—oo. (12)



If a = —1, then applying in (11) the known fact that for each compact X C
B, there is a positive constant C independent of f such that sup,¢x |V f(w)| <
C|If|l2 (see [21]), we obtain that (12) also holds in this case.

Using (10) in (8), letting { — oo in (7), using (12}, and then letting p — 1
the reverse inequality follows, finishing the proof of the theorem. 0O
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