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1 Introduction

In [1, 6], it has been defined a generator and a relator
set for semidirect and the Schiitzenberger products of arbitrary
monoids. Moreover, in [8], it has been given regularity of the
semidirect product and, in [7], it has been proved some ba-
sic theorems for subgroup separability of HNN-extensions with
abelian base group. By using similar methods as in these above
papers, we propose to define a semidirect product version of
the Schiitzenberger product and to give a related standard pre-
sentation of it. Besides that we give necessary and sufficient
conditions for this product to be regular. We also propose to
construct a new two-sided semidirect product and to give a re-
lated presentation of this new product. Then we will investigate
its subgroup separability.

Let A and B be monoids with associated presentations P4 =
[X; R) and Pg = [Y; 5], respectively. Let M = A x4 B be the
corresponding semidirect product of these two monoids, where
0 is a monoid homomorphism from B to End(A) such that, for
every a € A, by, b; € B,

(@)0,6, = ((a)0s, )0, - (1)

We recall that the elements of M can be regarded as ordered
pairs (a,b), where a € A, b € B with the multiplication given
by

(@1, by)(az, b2) = (a1(az)bh,, bibs),

and the monoids A and B are identified with the submonoids
of M having elements (a,1g) and (14,b). For every z € X
and y € Y, choose a word, denoted by (z)6,, on X such that
[(z)8,] = [z]6}, as an element of A. To establish notation, let
us denote the relation yz = (z)f,y on X UY by T, and write
T for the set of relations T};. Then, for any choice of the words
(x)eya
Py = [ny) R,S,T]
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is a standard monoid presentation for the semidirect product
M.
Now for a subset P of A x B and a € A, b € B, we define

Pb = {(c,db) ; (c,d) € P} and aP = {(ac,d); (c,d) € P}.

Then the Schiitzenberger product of A and B, denoted by A0 B,
is the set A x P(A x B) x B with the multiplication

(a1, P1,by)(az, Py, b)) = (a1a9, Pibo U a1 Py, by o).

Clearly AQB is a monoid with the identity (14,0, 15).
We note that definitions of the above two products will be
needed to construct Section 2 and 3 below.

2 A semidirect product version of the
Schiitzenberger product

Let A and B be monoids. For P C A x B and b € B, we
define
Pb = {(a,dbd) ; (a,d) € P}.

The semidirect product version of the Schiitzenberger product
of A by B, denoted by AQ,,B, is the set A x P(A x B) x B
with the multiplication

(a1, P, b)(ag, Ps, b)) = (@1(a2)bs,, Piba U Py, byby).

Then A, B is a monoid with the identity (14,0, 15) where 8
is defined as in (1). Let us show the associative property:

Let (a1, P, b1), (a2, Py, bo) and (ag, Ps, b3) be the elements of
AQ,B. Thus we get

((0.1, Pla bl)(a2s P21 b2))(a37 P31 b3)
= (a1(@2)0p,, Pib2 U Py, b1bs)(as, Ps, bs)
= (a1(a2)0b, (a3)0b,5,, Prbabs U Pabs U Ps, bybabs)
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and

(a1, P, b1)((a2, P2, b2)(as, Ps, b3))

= (al, P, bl)(ag(a3)9b2, Pbs U P, bzbg)

= (al(ag(aa)Obz)Ob,, P1b2b3 U P2b3 U P3, b1b2b3)
= (al(a,g)ebl (aa)eblbz, P1b2b3 U P2b3 U P3, b]bzba).

In the following lemma and theorem, we give a generating
set and a presentation of this product, as a first main result of
this paper.

Lemma 2.1 Let us suppose that the monoids A and B are
generated by the sets X and Y, respectively. Then the prod-
uct AQq B is generated by the union of the sets {(z,0,1p);z €
X},{(14,9,%);y € Y} and {(14,{(a,b)},15);a € A,b€ B}.

Proof. For z € X, a,a;,a; € A, b,b,bo € B, P,,P, C A X B,

we can easily show that the proof follows from

(al,((),lg)(ag,(b, 13) = (ala,g,?), 13), (2)

(14,0,8:)(14,0,b2) = (14,0,b182), 3)

(lA,Pl,].B)(].A,Pg, 13) = (IA,P1UP2, 13), (4)
(a,@, 13)(1,1,@,())(1,4,13, 13) = (a, P,b),

as required. O

Theorem 2.2 Let us suppose that the monoids A and B are
defined by presentations [X; R] and [Y; S|, respectively. Then
the semidirect product version of the Schiitzenberger product of
A by B is defined by generators

Z=XUYU{2,; ac A bec B}

and the relations
R, S, (5)
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yz=((z)0)y (z€ X, yeY), (6)

zib = Zo,by Zap%cd = Zcd%ap (G, € A, b,d € B), (7

ZapY = YZapys TZap = 2ZapT (T € X, y€Y, a€ A, be B). (8)

Proof. Let us denote the set of all words in Z by Z*. Also let
Wi Z* — AQ.B

be a homomorphism defined by (z)¥ = (z,0,15),(¥)¥ = (14,0,v)
and (2z5)¥ = (14,{(a,b)},15) wherez € X, y€Y,a € A and
b € B. Then, by Lemma 2.1, we say that 6 is onto. Now let us
check whether A{;,, B satisfies relations (5)-(8). In fact relations
(5) and (7) follow from (2), (3) and (4). For relations (8), we
have

(14, {(a,0)},18)(14,0,3) = (1, {(a;bv)},¥)
(14,0,9)(14, {(a, b9)}, L),
(1‘,0,13)(1_4,{(0.,1))},13) = (x’{(a’b)}’lB)

= (14,{(a,b)},15)(z,0,15).

Now let us show that relations (6) hold.

(1A’ @, y)(-’t, 0, 1B) = ((x)aya 07 y) = ((x)ey’ Q’ 13)(1A’ 0, y)7

forallz € X,y € Y,a € A, b € B. Therefore ¥ induces
an epimorphism 1 from the monoid M defined by (5)-(8) onto
AQB.

Let w € Z* be any non-empty word. By using relations (6)
and (8), there exist words w, in X*, w, € Y* and wyp € {245 :
a € A,b € B}* such that w = wywyw,p in M. Moreover it can
be noted that relations (7) can be used to prove there exists a

set P(w) C A x B such that wyp = []z:p . Therefore, for any
(a,b)eP(w)

word w € Z*, we have

(W)Y = (Waw,wep)¥ = (wz ) (wy ) (wap)d
= (w,0,15)(14,0,w,)(14, P(w),15)
= (ws, P(w), wy)'
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Now, if (w')¢Y = (w")y for some w,w” € Z* then, by the
equality of these components, we deduce that w), = w”; in A,
w, = w", in B and P(w') = P(w"). Relations (5) imply that
w, = w"; and wj = w”, hold in M. So that v’ = w" holds.
Thus ¥ is injective. J

As an application of Theorem 2.2, we can give the following
corollary while A and B are finite cyclic monoids. We note

that some of the fundamental facts about cyclic monoids can be
found in [1, 5}.

Corollary 2.3 Let A and B be finite cyclic monoids with pre-
sentations

pa = [z;2* = 2 (k > 1)] and pp = [1;5° = ¥'(s > ¢)),

N : it .
respectively. Suppose 2 = z* (0 < i < k) holds. Then the
product AQgB has a presentation
o = [z,y, 2 ; 2F =1l zz = Zygm o
AOsyB = L1 Y, Zzmyrn — 4, g™ yn = Lgmynd,
yz = 7'y, zf,,,.y,, = Zgm yn,
Zgmyn 2Pyt = ZgPyrZgmyn

ys = yt s ZgmgnlY = yzx’",y"“]
where 0 <m,p<k-1,0<nm,g<s-—1.

Proof. Let §; (0 < i < k) be an endomorphism of A. Then we
have a mapping

y — End(A), y—6;.
By [4], this induces a homomorphism
0: B — End(A), y—;

if and only if
HERS

1
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Since 6; and 6} are equal if and only if they agree on the
generator = of A then we must have z%° = z%. This implies that
yz = T'y. The rest of the relations can be easily seen by using
relations (5), (7) and (8). Hence the result. O

By the following note, one can explain the reason why this
semidirect product version of the Schiitzenberger product has
been defined in this paper.

Remark 2.4 1) In (2, 4], it has been investigated the p-Cockcroft
property of some extensions with finite generating sets.
Besides, in literature, we have not reached any study about
the p-Cockcroft property of Schiitzenberger products of monoids.
So one can examine whether this property holds under this
new version. Because this new version can be thought as a
homomorphic image of the semidirect product. So one can
give some new efficient (equivalently, p-Cockcroft) presen-
tation examples of monoids by using this type of homo-
morphic image of the semidirect product.

2) One can easily see that if A (or B) is infinite, then the
product AQs,B has infinite generating set. So we can
transfer some other algebraic properties from the semidi-
rect product with finite generating set to this new version
with infinite (or finite) generating set. For instance, in
the following subsection, we give necessary and sufficient
conditions for this new version to be regular by using ho-
momorphic image of the semidirect product.

2.1 Regularity of A, B

In this section we aim to give the necessary and sufficient
conditions for AQ,,B to be regular while both A and B are
arbitrary monoids. To do that, as depicted in Remark 2.4-2, we
will work on not only finite generating set. In fact the generating
set of AQ;, B can be infinite while A and B have finite generating
set.
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For an element a in a monoid M, let us take a~! for the set
of inverses of a in M, that is, a™! = {b € B : aba = a and
bab = b}. Hence M is regular if and only if, for all a € M, the
set a~! is not equal to the emptyset.

Theorem 2.5 Let A and B be any monoids. The product A, B
is reqular if and only if

(i) A and B are regular,

(i) for every a € A and b € B, there exists an idempotent
e2 = e € B such that bB = eB and a € A(a)f., where
6 : B — End(A) is homomorphism as in (1).

(¢i3) for every (a, P,b) € AQ4,B, either
P=pPb= |J {(a1,b:b)}

(a1,b1)eP;
or

P = Pbd = U {(al’blbd)}’

(a1,01)eP,
where P, C A x B and d € b~1.

Proof. Let us suppose that AQ,, B is regular. Thus, for (a,0,15) €
AQ,, B, there exists (c, P,d) such that

(a, 0, 13) = (a, 0, ].B)(C, P, d)(a, 0, 13) = (ac(a)Od, P, d),
(¢, P,d) = (c,P,d)(a, 0,15)(c, P,d) = (c(a)84(c)b4, P, dd).

Therefore d = 15. This shows that a = aca and ¢ = cac. By
using the similar argument, we can show that b = bdb and d =
dbd. This implies that bd = e = €? satisfies bB = eB and a €
A(a)f.. Hence both () and (i) hold. By the assumption on the
regularity of AQ,, B, for (a, P,b) € AQ;,B, we have (c, P;,d) €
AQ,, B such that

(a, P,b) = (a,P,b)(c, P2,d)(a,P,b),
(¢, P,d) = (¢, P,d)(a, P b)(c, P, d).
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3 A new two-sided semidirect prod-
uct construction for monoids

Let A and B be arbitrary monoids. For P, = (a1,b,), P> =
(az,b3) € A X B, we define P, P, = (ayas, b1b;). A new two-sided
semidirect product of A and B, denoted by A M, B, is the set
A x (A x B) x B with the multiplication

(a, P, b)(c, P, d) = (a(c)aw,, P Ps, (b)B,,d), 9)

where o, : B — End(A) and §, : A — End(B) for alla € A
and b € B are monoid homomorphisms such that, for every
z,a1,03 € A? y1b17b2 € Ba

(x)alubz = ((x)alu)abl and (y)ﬁalaz = ((9)Ba1)Ba,-  (10)

Then Ag X, B is a monoid with the identity element (14, P, 1),
where P, = (14,1p). Let us show the associative property:

Let (a, P, b), (¢, P2, d) and (e, P;, f) be the elements of Ag M4
B where P, = (a;,b,), P, = (ag, bs) and P; = (as, bs). Therefore
we have

((a, Py, b)(c, P, d))(e, Ps, f) = (a(c)ow,, PLPs, (b)B,,d)(e, P, f)
= (a’(c)abl (8)&5152, P PP, ((b)ﬁazd)ﬂasf)
= (a(c)ah (e)alnbzv P P,P;, (b)ﬂazas (d)ﬁasf)
(a’ Pl’ b)((c7 P2» d)(e’ P3, f)) = (a’ Pla b)(c(e)abz’ P2P3, (d)ﬂasf)
= (a(c(e)aw, ), , P PaPs, (6)Bazas () Bas f)
= (a(c)abx (e)ablbz’ P PP, (b)ﬁazas (d)ﬁasf)'

Now, in the following lemma and theorem, we give a generat-

ing set and a presentation of this two-sided semidirect product,
as a main result of this section.

Lemma 3.1 Let us suppose that the monoids A and B are
generated by the sets X and Y, respectively. Then the union
of the sets {(z1, P.,18);z1 € X},{(1a,(22,15),1B);22 € X},
{(Qa, Pe,y1); 11 € Y}, and {(14,(14,72),18); %2 € Y} generates
A 8 Ya B.
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Proof. For a,a;,as,¢c € A, b,by,bs,d € B, P,,P, € A X B, we
can easily show that the proof follows from

(alr Pea]-B)(aZrPealB) = (ala%Pe’ ]-B)a (11)
(]-AaPe‘) bl)(1A7Pe1 b2) = (1A1}3e,b1b2)$ (12)
(14, P1,15)(1a, P2, 1B) = (14, PR, 13) (13)

and

(aa Pe’ ]-B)(]-Aa (C, 13)1 13)(1A: (]-A, d)’ 1B)(lA1 Pes b) = (aa (ca d)a b)
as required. (0

Theorem 3.2 Let us suppose that the monoids A and B are de-

fined by presentations [X; R] and [Y'; S], respectively. Then the
two-sided semidirect product of A and B is defined by generators

Z=XUYU{zx:keXorkeY}

and relations

R, S, (14)

zy = Yz, (15)

2y 2y = Zkykn = 2y %y (16)
2 T = T2k, (17)

Y2k, = 2k2Y,s (18)

2, T = (T)tkp 2k, (19)
Y2k, = 2k, (Y) Bry (20)

where z,k1 € X and y,k, €Y.

Before giving the proof, for a set Z, let us denote the set of
all words in Z by Z*.
Proof. Let
Y:2*— Agx, B

213



be a homomophism defined by (z)¢ = (z, Pe,14), (¥)¥ = (14, Pe, v),
(zkl)'lf) = (lAa (kla ]-B)a ]-B) and (zkz)"p = (1Aa (1A$ k‘2)7 1B) where
z,k; € X and y,k; € Y. Then, by Lemma 3.1, we say that ¢

is onto. Now we need to check that whether A g 4, B satisfies
relations (14)-(20). In fact the relations (14) follow from (11),
(12) and (13). For relations (15), (16), (17) and (18) we have

(.’L', Fe,1p)(14, P, y) = (z,F, y)

(lAs Pe! y)(x: Pe, 13)1

(]-A’ (klr kZ)a 1B)

(14, (14, k2),18)(14, (K1, 1B),
(z, (k1,18),1B)

(IB, Pe, 13)(1,4, (kl, 1]3), 13),
(14, (14, k2), %)

= (1a,(14,k2),18)(14, Pe, )

Now let us show that relations (19) and (20) hold. To do
that we need to use equalities

(1Aw (1-4’ k2)’ 13)(1” P, lB) = ((x)akza (1.41 k‘2)$ lB)

= ((%)aky, Fey18)(14: (14, k2), 18),
(14, Pe,y)(1a, (k1 18),18) = (14, (k1,18), (¥)6k:)

= (1A’ (kh 13)’ 13)(1A! Fe, (y)ﬂh)

for all z,k; € X and y, k; € Y. Therefore % induces an epimor-
phism 9 from the monoid M defined by (14)-(20) onto Ag M, B.

Let w € Z* be any non-empty word. By using relations
(15)-(20), we can write that there exist words w, € X*, w, €
Y* w, € {2, : k1 € X}* and wy, € {2, : k2 € X}* such
that w = wywk, wi,wy in M. Here, let us suppose that wi, =
25,2, " " 2oy A0d Wk, = 2y, 2y, * * 2y, Where z1,T2,++ Ty, € X
and ¥1,¥2, - ,Yn € Y. Therefore, for any word w € Z*, we

(1A1 (kh lB), lB)(lAs (1A7 k2)7 ]-B)

(14, (k1,18),18)(z, P., 1)

(1Aa R, y)(lAs (1A1 kZ)’ lB)
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have

(W)Y = (wewkWowy)Y = (W) ¥(wr, )P (Wi, )1 (wy )Y
(wza 01 lB)(1A7 (x1x2 Ty NY2 e yn)a 13)(1.43 wa wy)
= (wz, P(w), wy)

where P(w) = (2122 * T, Y1¥2 * - - Yn). Now, if (w')y = (w")e,
for some w', w” € Z* then, by the equality of these components,
we deduce that w}, = wy in A, wj, = wj in B and P(w') = P(w").
Relations (14) imply that w; = w; and wj = wj, hold in M, so
that w' = w” holds as well, and ¥ is injective. O

The following corollary guaranted that this two-sided semi-
direct product construction is a group.

Corollary 3.3 Let A and B be groups. Then the product Ag Mo
B is a group under the multiplication in (9), where a : B —
Aut(A) and B: A — Aut(B) are homomorphism as in (10).

Proof. For all (a,(c,d),b) € A x (A x B) x B, we have
(@™ Hag-1, (¢, d™), (b 1)B-1) € Ax (Ax B) x B
such that
(a, (e, d),B)((a Mg, (€, d™), (5™)Boms) = (L, Por 1)
((a™eg-1, (¢!, d™), (71)Be-1)(a, (¢,d), b) = (14, Pey 1B).
Hence the result. O

3.1 Subgroup separability

Let F and K be free groups presented by Pr = [£1, 22, * , Tn;]
and Pk = [y; ]. In this section, by using the following lemma,
we will investigate the subgroup separability of F'g 1, K. First
let us recall the definition of the subgroup separability. The
group G is said to be subgroup separable if, for every finitely
generated subgroup H of G, H is the intersection of finite index
subgroup of G.
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Lemma 3.4 ([7]) Let K be a finitely generated abelian group
and let A and B be subgroups of K such that G is the HNN-
extension

G=[tK:t'At=B].

Then G is subgroup separable if and only if AN B is a subgroup
of finite index in both A and B, and there is a finitely generated
normal subgroup of G, say H, such that H has finite index in
ANB.

Now, before giving our theorem, let us define the notion
of the right layered basis which will be needed in our proof.
Suppose that a is an automorphism of the free group F with
base X = {x1,%2, - ,Z,}. Then X is a right layered basis for
a if

a(z;) =2z and ofz;) = 2wy, (21)
where w; € {z1,--- ,2;—1}* for 2 < i < n. For all the words
w;, the existence of a right layered basis for an automorphism
of free groups with rank of Fix(f)=n has been shown by Collins
and Turner (3].

Let G = F g X, K where « is an automorphism of the free
group F with base X (such that n > 1) defined as in (21). We
then have following theorem.

Theorem 3.5 G is not subgroup separable.

Proof. Let us suppose that 1 # o € Aut(F). Then, by (21),
one can easily show that G has a presentation

. _ — -1 _
PG = [xia Y, 2z 2y 3 TiY = Y4y 23,2y = Zy2g;y 2oy Tj2p, = Zj,
zyxlzy‘l =15, zya:,-z;1 =zw; (2<i<n)
_1 _ -
Y2Y " = 2y, Y2, = 22,(Y) s, |,

where w; are words as above and 1 < 4,5 < n. Since a # 1, at
least one element of the w;’s is a non-trivial word. Now assume
that w, is the first such a word. Also let H; be a subgroup of
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G generated by {z,, ws, z,}. Then H, has a presentation of the
form

—_ . -1 _ -1 _
Pu, = [xs,wsazy y ZyWs2y = = Wsy ZyTs2, = xs'ws]

since zyzkzy‘l = 1y, for all z; (k < s). In fact the above sub-
group presentation can be rewritten as follows:

. -1 __ -1 _
PH& = [$37w3? zy ) zywszy - u)a) ms Zyxs = Zyws ].

So H, is an HNN-extension with base, say T, a free abelian
group of rank two generated by {w;,2,} and stable letter z,.
Now assume that the isomorphic subgroups of T are generated
by {2,} and {2,w;}, say C and D, respectively. It is obvious that
CND = {1} and by Lemma 3.4, H, is not subgroup separable.
Therefore G cannot be subgroup separable since it contains H;.

Let us suppose that & = 1. Then the presentation of G
becomes, for 1 <i,7 < n,

(2, ¥y 22,0 2y 5 TiY = YTi, 222y = 22,5
-1 __ -1 __
inszfti =Zj, zyx,-zy =2;

Y2y = 2y, Y2e, = 25,(Y) B |-

Thus, for 1 < 4,j < n, if we consider the generators z;, z;,
and the relations z,,z;2;' = z;, then we see that G contains
a subgroup with finite index which is isomorphic to F' x F. In
[9], Michailova showed that F' x F, where F is a free group of
rank at least 2, is not subgroup separable. Thus, in our case,
since the group G contains a subgroup as the form of F' x F,
this gives us that G is not subgroup separable.
These all above procedure finish the proof, as required. O

Remark 3.6 Let us take the rank of F is 1. Then, by consid-
ering the second part of the proof of Theorem 3.5, we see that G
has a finite index subgroup which is isomorphic to K*. In fact
K* is subgroup separable. Therefore G is subgroup separable.
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