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Abstract

We denote by (p, q)-graph G a graph with p vertices and g edges. An
edge-magic total (EMT) labeling on a (p,q)-graph G is a bijection
A:V(G)U E(G) — {1,2,...,p + q} with the property that, for each
edge zy of G, A(z) + M(zy) + My) = k, for a fixed positive integer
k. Moreover, ) is a super edge-magic total labeling (SEMT) if it has
the property that A(V(G)) = {1,2,...,p}. A (p,q)-graph G is called
EMT (SEMT) if there exists an EMT (SEMT) labeling of G. In this
paper, we propose further properties of the SEMT graph. Based on
these conditions, we will give the new theorems how to construct
new SEMT (bigger) graphs from old (smaller) ones. We also give
the SEMT labeling of P, U Pp4+m for possible magic constants k and
m=1,2or 3.

Key words and phrases: Labeling, EMT, SEMT, Dual Labeling,
Magic Constant, Magic Graph.

1 INTRODUCTION

‘We consider finite undirected graphs without loops and multiple edges.
The notation V(G) and E(G) stand for the vertex set and edge set of graph
G, respectively. We denote by T,, a tree on n vertices, K; ,_1 a star on
n vertices, and P, a path on n vertices. The general references for graph-
theoretic ideas can be found in [12] and [17].
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We denote by (p,q)-graph G a graph with p vertices and g edges. An
edge-magic total labeling (EMT) on a (p, q)-graph G is a bijection A : V(G)U
E(G) — {1,2,...,p + q} with the property that, for each edge zy of G,
Mz)+A(zy)+X(y) = k, for a fixed positive integer k. Moreover, A is a super
edge-magic totel (SEMT) labeling if it has the property that A(V(G)) =
{1,2,...,p}. We shall follow [16] to call A(z) + A(zy) + A(y) the edge sum
of zy, and k the magic constant of the graph G.

A (p,q)-graph G is called EMT (resp. SEMT) if there exists an EMT
(SEMT) labeling on G. EMT graphs were first discussed by Kotzig and
Rosa [1] (under the name of graph with magic valuation). The term of a
SEMT graph was introduced by Enomoto et al. [6].

A number of classification studies on EMT (resp. SEMT) graphs has
been intensively investigated. In (1] and [13] it is proved that every cycle
C,, and caterpillar are EMT. Kotzig and Rosa (3] showed that no complete
graph K, with n > 6 is EMT and gave some EMT labelings for K,,
3 <n<6,n#4. Wallis et al. {16] showed that all paths P, and all n-suns
are EMT. In [14] and [11], the relation between SEMT labelings and other
labelings such as harmonious, cordial, graceful, and anti-magic was studied.
Recently, Baéa et al. [10] have shown that the friendship graph F), has a
super (a,0)-edge-antimagic total labeling (SEMT in our terminology) for
n € {1,3,4,5,7}.

Some conjectures are still open, namely that all trees are EMT by [1]
and SEMT [6]. Enomoto et al. [6] have checked, by a computer, that all
trees with less than or equal to 16 vertices are SEMT.

For disconnected graphs, in [1] it was proved that nP, is SEMT if and
only if n is odd. Kotzig [2] showed that if G is a trichromatic graph and G
is EMT then a disjoint union of n (n odd) identical copies of G is also EMT.
In particular, if G = P3 then graph nPs, for n odd, is EMT. Furthermore,
Baskoro and Ngurah [4] proved that nPs is also SEMT for n even, n > 4.

Figueroa-Centeno et al. [15] showed that Pz UnP; is SEMT for every
n > 1; P,UP, is SEMT for every n > 3; mK ,, is SEMT for m odd and for
every n > 1; and graph mP, is SEMT for any m and for any odd n. The
SEMT characterization of the nP; U kP2 and K, U K1, can be found in
9]

People also consider how to construct a new (bigger) SEMT graphs from
some known (smaller) SEMT graphs. These constructions are proposed by
inserting some new pendant edges and points, see for instance (5] and [7].
For other results concerning SEMT graphs can be seen in (8].

232



In this paper, we also propose new constructions of SEMT (bigger)
graphs from old (smaller) ones. By using this construction, we can have
more classes of SEMT graphs. We also give SEMT labelings for graph
PoUP,4m, with n > 2 and m = 1,2, or 3, for all possible magic constants.

2 Necessary Conditions and Duality

Figueroa-Centeno et al. [15] gave some necessary conditions for a graphs
being SEMT as in the following lemma.

Lemma 1 A (p,q)-graph G is SEMT if and only if there exists a bijective
function f : V(G) — {1,2,...,p} such that the set S = {f(v) + f(v) :
uv € E(G)} consists of q consecutive integers. In such a case, f extends
to a SEMT labeling of G with the magic constant k = p + q + s, where
s=min(S) end S ={k - (p+1),k—(p+2), -, k— (p+q)}.

Further properties of SEMT graph proposed in the next lemmas will be
useful in the next section.

Lemma 2 Let X\ be an EMT labeling on a (p,q)-graph G with the magic
constant k. Then, the labeling A\, defined:

Ai(z) = AMz) +n, Vz € V(G), and
M(zy) = Mzy) + n, Yoy € E(G), forn > 0.

has the magic constant ky = k + 3n.

Let wv € E(G). Then,
k1 = M(u) + Ar(uv) + M (v)

=Au) +n+A(w) +n+ Av)+n

= AMu) + Muv) + A(v) + 3n
=k+3n. 0O

Lemma 3 [5] Let A be a SEM T labeling of a (p, q)-graph G with the magic
constant k. Then, the labeling X' defined:

XN(@)=p+1-A), V2 € V(G), and
Azy) =2p+q+1 - Aazy), Vzy € E(G)
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18 a SEMT labeling with the magic constant k'=4p+q+3—k.

The labeling A’ is called a dual super labeling of A on G.

3 Expansion Technique on SEMT Graphs

The theorems proposed in this section are expansion techniques on SEMT
graphs.

Theorem 1 Let G be a (p,q)-graph having a SEMT labeling A with the
magic constant k > 2p + 2, p > 2. Let Gy be a graph constructed from G
by joining h new vertices z; to z; and z;4y (1 < i < h), where z; € V(G)
with AM(z;) =k —2p—2+1. If h < 3p+1—k then Gy is SEMT with magic
constant k; = k + 3h.

Proof: Define a vertex labeling A\; on G, in the following way:

A1 (u) = M(u), for u € V(G);
)\1(.'3-,') =p+i,forl1 <i<h.

Consider the set S; = {A1(u) + A\ (v) : wv € E(G1)}. £ S = {A(u) + A(v) :
uww € E(G)}, then S; = SU{Mi(z:) + M(2:) : 1 < i < AU {Mi(z:) +
M(zig1) : 1 €14 < h}, where z;2; and z;2;4; are the new edges. Lemma 1
guarantees that the set S={k—-(p+q),k—(p+q—-1),...k—(p+1)}
consists of g consecutive integers. Thus, S; = {k—(p+¢q),...k—(p+1)}U
{k-(@P+1)+2i-1,k—-(p+1)+2i:1 <7< h} contains g + 2h con-
secutive integers. This implies that G; is SEMT with the magic constant
k1 = k + 3h, provided the highest label of z; adjacent to z, is less then or
equal to p, namely k—2p—2+(h+1) < p. So, h < 3p+1-k. O

If the magic constant k of a (p, g)-graph G is exactly 2p+2, then h <p—1
(by Theorem 1). In particular for h = p—1 the resulting graph of Theorem
1 has the magic constant k + 3p — 3. Thus, the following corollary holds.

Corollary 1 Let G be a (p,q)-graph having ¢ SEMT labeling A with the
magic constant k > 2p+2, p > 2. Let G, be a graph constructed from G by
joining p—1 new vertices z; to z; and z;41 (1 < i < p—1), where z; € V(G)
with A(2;) =i. Then, Gy is SEMT with magic constant k; = k + 3p — 3.

By the duality in Lemma 3, we have
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Corollary 2 The graph of Theorem 1 has a SEMT labeling with the magic
constant 4p+ q+3h +3 - k.

Theorem 2 Let G, be a (p1,q1)-graph having o SEMT labeling A\, with
magic constant k; > 2p; + 2, ;1 = 2. Let Gy be a (p2, q2)-graph having a
SEMT labeling Ao with magic constant k2. Let G* be a graph constructed by
joining all vertices of G2 to one vertex up of Gy with Ay (up) = k1 —2p, — 1.
If ko = 2ps + q + k1 — 3py then G* is SEMT with the magic constant
k* =k + 2p2 + q2.

Proof: Define a vertex labeling A* on G* in the following way:

A" (u) = A (u), for u € V(Gy)
A*(v) = A2(v) + p1, for v € V(Gy).

Consider the set S* = {A\*(z) + A\*(y) : zy € E(G*)}. Clearly, S* =
S1U{ A1 {ug) +A*(v;) : 1 < i < pa}US,, where ugv; are the new edges in G*,
S1={M(w)+M(z):uz € E(G1)} and S; = {M*(v)+2*(y) : vy € E(G2)}.
Lemma 1 gives $1 = {ky — (01 + 1), ki —(m» + @1 = 1),--- , ks = (; + 1) }.
Since A1(ug) = k1 — 2p1 — 1 then {M(uo) + M (v;) : 1 < i < p} =
{ky - (1 +1)+1,--- kg — (p1 +1) + p2}. Next, consider S2 = {M*(v) +
A (y) : vy € E(G2)}. Since A*(v) = A(v) + py, for v € V(G2) then
S2 = {A2(v) + A2(y) + 2p1 : vy € E(G2)}. Again, by using Lemma 1 we
have S; = {ko+2p1—(p2+42), k2+2p1 — (P2 +g2—1), - , k2+2p1 —(p2+1)}.
Since kg = 2pa + g2+ k1 — 3p; then Sz = {k1 — (p1 +1) +p2+ 1,k — (1 +
1) +p2+2,--- k1 —(p1 + 1) + p2 + g2}. Therefore, the set S* consists of
q1 + 2¢2 consecutive integers. This implies that the A* extends to a SEMT
labeling of G* with the magic constant k£* = k; +2p2-+qa. ]

Again, by the duality in Lemma 3 we have the following corollary.

A Corollary 3 The graph of Theorem 2 has a SEMT labeling with the magic
constant 4py +3p2 +q1 + 3 — k1.

4 Construction of SEMT Labelings for P, U
P, n+m

Consider the graph P, U Ppym With V(P U Pptyn) = {u1,4]1 <4 <n}u
{u2511 < j < n+m}and E(PoUPoim) = {e14l < ¢ <n-1}U
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Figure 2: The graph G* is formed from the graph G1 and G2 by applying
Theorem 2.
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{ez,jll <j<n+m-— 1}, where €1,i = U1,iU1,i+1, forl1<i<n-1and

ez, =uUgjUgjt, forl<j<n+m-—1.

Clearly, p=2n+m,q=2n+m—-2,p+qg=4n+2m — 2. Let A be a

SEMT labeling of P, U P, with the magic constant k. Then,
10n+5m+5 6-B

k= 2 R Fap— 1)

where B is a summation of the labels of all vertices of graph P, U P,y
with degree one, and hence 10 < B < 8n+4m — 6.

In the next section, we will give the construction of a SEMT labeling of
P, UP, i, with m =1,2 or 3 for all possible values of k.

4.1 P,UF4,

In 2005, Sudarsana et al. [7] showed that P, U P, is SEMT with the
magic constants 5n + 2 and 5n + 4 for every odd n. Now, we can complete
these results by showing the following theorem.

Theorem 3 Let n be odd. Graph P, U P,., is SEMT with the magic
constant k if and only ifk =5n+2, 5n+3 or 5Sn+ 4.

Proof: Eq. (1) gives k-—5n+5+ 5=B  where 10 < B <8n—2 Now,
we will prove that -3 < 5 B < —1. By a contrary, assume 2 T =2 0or

26n B] < —4. This implies that B < 6 or B > 8n + 2, respectively. Thls is a
contradiction. Therefore, 5n+2 < &k < 5n+4.

On the other hand, consider a vertex labeling f; : V(FP, U Pay1) —
{1,2,...,2n + 1} defined as follows:

—"ﬂﬂ‘— for odd ¢,
for even 1.

fiw) = {

304342 for odd j,
fl(u2,J) = 1, . for j=n+1,
2441 otherwise.

Let S = {fi(u) + fi(v)|uv € E(P, U Ppry1)}, it can be easily verified that
theset S = {n+2+i|]l <i<n-1}U{2n+2+;|0 < j < n—1} consists of
2n — 1 consecutive integers. By Lemma 1, f; extends to a SEMT labeling
of P, U P,;; with the magic constant ¥ = 5n + 3. The proof is now
complete. O
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4.2 P,UP.s

Theorem 4 For n > 2, if graph P, U P, s is SEMT with the magic con-
stant k, thenn+4<k<bn+7.

Proof: Eq. (1) gives k = 5n+ 7 + %, where 10 < B < 8n 4 2.
By similar argument with the proof of Theorem 3, we can show that —3 <
26=B < 0 and hence 5n+4 < k < 5n+7. 0

Theorem 5 Forn > 2, the graph P, UPp 2 has a SEMT labeling with the
magic constant k = 5n + 6.

Proof: Define a vertex labeling fo of P, U P42 for odd n in the following

way: _
faluns) = =l for odd i,
215, n+2+2, for even i.

w, for odd j < n+2,
fa(uz,;) = n+2, for j =n+2,
ﬁzﬁ, otherwise.

Next, consider the labeling f3; of the vertices of P, U P,» for even n as
follows:

Folurs) = ﬁ'—l-, for odd 1,
3\01 n+2+2, for even i.

ﬁz-L, for odd j,
fa(uzj) =4 n+2 forj=n+2,
w, otherwise.

By this definition, it can be verified that fo and f; are SEMT labeling of
P,UP, 2 with the magic constant k£ = 5n+6 for both cases. O

By Lemma 3, we have the following corollary.

Corollary 4 For n > 2, graph P, U P12 has a SEMT labeling with the
magic constent k = 5n + 5.

Note that it is still not known whether a P, U P, 2 has or not a SEMT
labeling with magic constant 5n + 4 or 5n + 7.
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4.3 P,UP,.3

Theorem 6 For n > 2, the graph P, U P,,3 is SEMT with the magic
constant k =5n+7, 5n+8 or 5n+ 9.

Proof: Eq. (1) gives k = 5n + 10 + %, where 10 < B < 8n+ 6. Now,
we will prove that —3 < $=B < —1. By a contrary, assume =B >0
or g—;_% < —4. This implies that B < 6 or B > 8n + 10, respectively, a
contradiction. Therefore, k =6n+7,5n+8 or 5n+ 9.

Now, we will give the construction of SEMT labelings of P, U P,43 for
k=5n+4+8,5n+9or 5n+ 7.

For odd n, consider a vertex labeling g1 : V(P U Ppy3) — {1,2,...,2n+ 3}
defined as follows:

g1(u1,:) = {

"—’gg, for odd ¢,
n+1+ 3, for even i.

24l 41, forj=3,5,7,..,n

nts 1, forj=1,

91(u25) = 1, for j =n+2,
3@ADH3 | for j =2,4,..,n+3.

For even n, consider a vertex labeling g2 : V(P, UP,43) — {1,2,...,2n+3}
defined as follows:

(u14) = #1,  foroddi,
92\ =\ oy %, for even i.
ﬁ%i, for even j <n+3,
g2(uzj) = n+2,  forj=n+3,
gn—ﬂz)i&z, otherwise.

By Lemma 1, it is easy to show that g; (n odd) or g, (n even) extends to a
SEMT labeling of P, U P, ;3 with the magic constant 5n + 8. Furthermore,
by Lemma 3 g; and g are each self-dual.

Next, define the labeling g3 of the vertices of P, U P,43 for odd n in the
following way:

©3 for odd 1,
n+2+ 3, foreveni.

g3(u1,i) = {
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1, for j =n+3,

ﬁ—éﬁ , foreven j,
93(u2,5) = _
3""'%1 , otherwise.

and consider labeling g4 of the vertices of P, U P, 3 for even n as follows.

52'—3, for odd i,
n+2+ 3, for eveni.

ga(ur ) = {

L, for j=n+3,
B3 otherwise.

Again, it is a routine procedure to verify that gz (n odd) or g4 (n even) is
a SEMT labeling of P, U P43 with the magic constant 5n + 9. Now, by
the duality in Lemma 3 the graph P, U P43 has a SEMT labeling with
the magic constant 57+ 7. The proof is now complete. 0

§.§"_+_12)_"iﬂ, for even j,
94(u2,;) =
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