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Abstract

Let AK, be the complete multigraph with v vertices, where any
two distinct vertices x and y are joined by XA edges {z,y}. Let G
be a finite simple graph. A G-packingdesign (G-covering design) of
MK, denoted by (v, G, \)-PD ((v, G, A)-CD), is a pair (X, B), where
X is the vertex set of K, and B is a collection of subgraphs of K.,
called blocks, such that each block is isomorphic to G and any two
distinct vertices in K, are joined in at most (at least) A blocks of
B. A packing (covering) design is said to be maximum (minimum) if
no other such packing (covering) design has more (fewer) blocks. In
this paper, we have completely determined the packing number and
covering number for the graphs with seven points, seven edges and
an even circle.
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1 Introduction

A complete multigraph of order v and index ), denoted by AK,, is a graph
with v vertices, where any two distinct vertices z and y are joined by A
edges {z,y}. A t-partite graph is one whose vertex set can be partitioned
into ¢t subsets X, Xa2,---, and X, such that two ends of each edge lie in
distinct subsets, respectively. Such a partition (X7, X»,--, X;) is called a
t-partition of the graph. We denote the path of k vertices by P.
Let G be a finite simple graph. A G-packing design(G-covering design,
G-design) of AK,, denoted by (v,G, A\)-PD((v,G, ))-CD, (v,G,X)-GD), is
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a pair (X, B), where X is the vertex set of K, and B is a collection of sub-
graphs of K, called blocks, such that each block is isomorphic to G and any
two distinct vertices in K, are joined in at most (at least, exactly) A blocks
of B. A packing (covering) design is said to be mazimum (mimimum) if
no other such packing (covering) design has more (fewer) blocks. The num-
ber of blocks in a maximum packing design (mimimum covering design),
denoted by p(v, G, A) (c(v, G, A)), is called the packing (covering) number.
It is well known that

p(1,G,)) < [ 2820 | < [3020] <e(v,G,)), ()

where e(G) denotes the number of edges in G, and |z} ([z]) denotes the
greatest (least) integer y such thaty < z (y > z). A (v,G, \)-PD ((v,G, N)-
CD) is called optimal and denoted by (v,G,A)-OPD ((v,G,\)-OCD) if
the left (right) equality in (*) holds. Obviously, there exists a (v, G, \)-
GD if and only if p(v,G,A)=c(v,G, ). A (v,G,A)-GD can be regarded
as a (v,G,A)-OPD or a (v,G, A)-OCD. The leave-edge graph Ly(D) of a
packing design D is a subgraph of AK, and its edges are the supplement of
Din AK,. The number of edges in L (D) is denoted by |L»(D)|. Especially,
when D is optimal, |L(D)| is called leave-edge number and is denoted by
IA(v). Similarly, the repeat-edge graph R, (D) of a covering design D is a
subgraph of AK,, and its edges are the supplement of AK, in D. When D is
optimal, |Ry (D) is called the repeat-edge number and denoted by rx(v).
Generally, the symbols Lx(D), Ix(v), Ra(D) and r,(v) can be denoted by
Ly, lx, Ry and r), briefly. For some graphs, which have less vertices and
less edges, the problem of their graph designs, packing designs and covering
designs has already been researched (see [1]-[3] and [6]-[17]).

Let (X1, Xs,--+,X;) be the t-partition of AKy, n,,..- .n., and | X;|=n;.

¢

Denote ”=.Z n; and G={X;, Xs,--+,X;}. For any given graph G, if the

1=1

edges of AKy, 5,,...,n, Can be decomposed into edge-disjoint subgraphs A,
each of which is isomorphic to G and is called block, then the system
(X,G,.A) is called a holey G-design with index ), denoted by G-H D\ (T),
where T=nlnl---n} is the type of the holey G-design. Usually, the type
is denoted by exponential form, for example, the type 1¢273% ... denotes i
occurrences of 1, r» occurrences of 2, etc. For HD), the subscript can be
omitted when A =1.

In this paper, we have completely determined the packing number and
covering number for the graphs with seven points, seven edges and an even
circle. The ten graphs are as follows:

g
e e g—%
ch a 8 cb a chb a
f f f

G 1 Gz G3
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a d a
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G9 GIO

For convenience, we denoted the graphs as follows:
Gl : (a:bycsdre: f;g)) G2 . (a"ba ¢ d’ ¢, f;g), G3 : (arb:cyd: €, f; g))
G4 : (a,b,c,d,e,f;g), G5 : (a,b,c,d,e;f;g), GG : (g’asb»c)dae’f):
Gr: (aabac)daeaf;g), Gs: (a:b:cydve;.f;g)) Gy : (a,b,c,d,e; f;9)1
Gho : (a,b,¢,d,€; f; 9).
Lemma 1.8 There ezist G;-GD)(v) <= M(v —1) =0 mod 7,v > 7 and
(i,v,2) # (8,7,1),(8,8,1), (9,7,1),(9,8,1),(10,7,1).

2 General structures

Theorem 2.1 Let G be a simple graph. For positive integers n,e, A, s1,
.-, 81, nonnegative integer t, if there exists G-OPD(n),G-GD(et) and G-
l

HD(e's}),1 < k < l,then there erists G-OPD(et + n), where n=3_ 8Tk

and each x; is nonnegative integer. The conclusion still holds by :ep;acing
OPD with OCD. ,
Proof. Let n=Y spzx. Set P=Z, x I, Q= U (S x I,), where
k=1 1<k<i

|P|=et, |@Q|=n, |Sk|=s¢ and Si are pairwise disjoint, 1 < k < I. For
anyi€ly, je€I;,, 1<k <!, suppose there exist

G-OPD(n)=(Q,B),  G-GD(et) = (P, A),

G-HD(e's})=((Ze x {i}) U (Sk x {7}),{Ze x {i}, Sk x {i}},Cije),
then BJ A U( U Cijx) form a G-OPD(et + n) on the vertex

1<k<l i€l j€la,

set P|JQ. |
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Lemma 2.28] For G;, 1 < i < 10, there exist the following holey graphs
design: (1) G;-HD(4'7Y), (2) Gi-HD(7?).
Lemma 2.3 Fori € {4,5,7,8,9,10}, there ezist G;-HD(5'7").
Proof. Let V(Ks7) = XY, where X = Z5, Y = Z5J{z,y}. For the
graphs G;, give the base block D; as follows:
D4 =(,0,4,1,3,3;y) Ds = (=, 0,4,1,2;4;4) D7 =(2,0,4,1,3,3;p)
Dy = (z,0,4, 120,y) Dy = (1, 1402zy) Dm—(a:04124y)

Then {D; mod 5} are the blocks of G;-HD(5'7), i € {4,5,7,8,9,10}. =
Lemma 2.4 For 1 <i < 10 and i # 6, there exist G;-HD(6'7").

Proof. Let V(Ks7) = XY, where X = Zg, Y = Zg|J{z}. For the
graphs G;, give the base block E; as follows:

=(0,5,1,4,3,3;z) Ez=(a:,(:),5,i,4,3;§) E3 = (2,0,5,1,4,3;9)
—(:c,051430) =(2,0,5,1,3,0;) Er = (a:,,,1431)
By = (2,0,5,1,3:0:1) Ep=(z,0,5,1,3;1;2) Euo = (z,0,5,1,3;52)

Then {E; mod 6} are the blocks of Gi-HD(6'7'),1<i<10and i #6. &

By Theorems 2.1 and Lemmas 2.2, 2.3 and 2.4, for G;,G3,G3, there
exist G;-GD(Tt), Gi-HD(7?), G;-HD(6'7') and G;-HD(4*7*), forn > 9, if
there exist G;-OPD(n), n = 4z + 6y + 7z, there exist G;i-OPD(7t+n). For
the method, n € {9,10,11,12, 13,16}, we have to give direct constructions.
Similarly, we can give the desired small designs for other graphs. Now, let’s
list the following table:

Table 1
v = (mod 7) 2 3 4 5 6
G1,Gs,G3 9,16 10 11 12 13
G4,G5, G 9 10 11 12 13
G 9,16 | 10,17,24 11 12 13,20
v=(mod 14) | 2 |9 3 | 10 | 4 |11 [ 5 |12 6 | 13
Gs, Gy, G1o 169|171 10 | 1811191220 {13

In the following section, we shall construct the desired designs.

3 Packings and Coverings for A =1

Lemma 3.1 There ezist (w,G1,1)-OPD for w = 9,10,11,12,13 and 16.
Proof. Let (w,G1,1)-OPD = (X, B).

w=9: X=2U{A, B}
B =(5,2,0,1,6,3; 4), B2=(A$475)311’B;2)’
By =(4,2,1,5,6,4;0), Bs=(0 :
Bs = (4,6,B,3,4,0;1)
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L(B) = {(4, B)}.

w=10: X=ZsU{A,B,C,D}
Bl:(D,O’2)4aB)5;3): B; = 2
B;=(5,1,0,C, A,43), Bs=(4,C,1,A4,D,B;5),
B5=(D’2’C)3x075;4)’ Bﬁ=( »3,B,0,A
L(B) = {(4,B),(B,C),(C, D)}.

w=11: X =2ZyU{A,B} (By,B3, B;sare same asw =9)
B, = (4,6,B,3,8,0;1), Bs =(7,6,2,8,4, B; 5),
Bg=(8,1,7,3,4,0;6), Br=(B,A4,7,2,34;8),
L(B) = {(4,8),(8,5),(5,0),(0,6),(8,7),(7, B)}.

w=12: X =2Z3U{A,B,C,D} (B,Bs,B; are same as w = 10)
By = (41 C) 1,6, 7)B; 5)» Bs = (D,770)3a6’5;4)’
=(D1A$6701772;B)3 B7=(A311Da6a012;7))
Bs=(1,3,B,0,A4,2;7), By=(6,4,7,5,0,3;B)
L(B) = {(A’B)’ (B’ C)' (Ca D)}
w=13: X Z1U{A,B} (B1,::+,B4are sameasw=9)
=(10,4,7,1,8,6;9), Bg=(7,3,8,2,9,4;4),
(2,7,9,8,B,3;10), Bs=(8,7,10,6,9,1;5),
(4,6,B,10,A,0;1), By =(0,10,5,7,B,9;8),
Bu = (0,9, A,8,10,3;7)
L(B) = {(4,B)}.
w=16: X=24,U{A,B} (B1,,Bsare sameasw=29)
Bg = (91 13,7,1,8, B; 5)1 By = (9,4,7,3,8,533),
Bg = (13,0,7,8,11,9;6), By = (8,10,7,11, 5,12;0),
By = (11,6,7,A,13,2;12), By = (13,4,8,6,10,9;11)),
B2 = (13,8,12,9,4,10;1), B3 =(11,3,9,1,12,6;4),
By = (0,11,10,3,13,5;12), Bjs = (9,0,10,B,12,4;2),
Byg = (12,13,10,1,11,2;3), Bir =(B,11,4,12,2,8;13)
L(B) = {(A,B)}-
Lemma 8.2 There ezist (w,G2,1)-OPD for w = 9,10,11,12,13 and 16.
Proof. Let (w,G2,1)-OPD = (X, B).
w=29: X Z7 U {A,B}

=(5,2,0,B,3,4;1), By =(5,3,2B,1,4;6),
B3 = (B,5,1,3.4,2;6), By =(3,0,4,5,6,B;A),
BS = (1)41 6,0, 57A; 3)

L(B) = {(4,B)}.
w=10: X ZsU{A, B,C, D}
B =(B,D,0,A,C,1;4), By= ,A,D,1;
=(50243DA), B4=(5,2, ,B,0,3; A),
=(5,D,4,B,2,C;1), Bs= 5,4, A;
L(B) = {(4,B),(B,C),(C,D)}.
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w=1l: X=2y9U{A,B} (B1,B,B; are sameasw =9)
By = (31774,5’613;14)3 Bs = (1:41677)5"4;3)7
BB=(BrA,8$61015;7)3 BT=(7$B:874’0)3;1)
L(B) = {(7,1),(7, 4),(7,2),(7,0),(8,2),(8,0)}.

w=12: X =2Z3U{A,B,C,D} (B:,B,,B; are same as w = 10)
By=(6,2,1,B,0,3;7), Bs=(5,D,4,B,7,C;1),
Bs=(0,C,3,5,4,7;2), Br=(4,1,6,B,2,C;7),

BS = (5)2a 7) As 67 D;O)) B9 = (7) 5a6a 3: A14; 0)
L(B)={(4,B),(B,C),(C,D)}.

w=13: X=2Z1U{A,B} (B, --,B4aresameasw=29)
Bs = (7,4,6,0,10,A4;3), Bg=1(9,2,7,4,8,6;10),
B;=(9,1,8,7,B,10;2), Bs=(10,4,9,0,5, 4;6),
By =(7,1,10,5,9,3;6), By =(2,10,9,8,3,7; B),
Bu = (ly 4,8,5,7, 0; B)
L(B) = {(4,B)}.
w=16: X=2343U{A,B} (Bi,-::,Bsaresameasw=29)
Bg = (7a 1,9,2,8,3;0), B; = (13: 1,8,12,11, 4;5),
By = (11,5,9,12,7, A; B), By =(12,6,13,7,B,8; A),
By = (4,8,11,9,6,7;13), By = (13,3,10,1,11,6;12),
By = (61 8,7,4,10,5;3), Biz= (9’ 4,11,0,12,3; 2)3
B4 = (12,13,9,8,0,7;10), Bys = (12, B,10,0,13,2;8),
Bis =(7,2,12,4,13,5;1), Byr = (12,A4,10,13,B,11;7)
L(B) = {(A,B)}.
Lemma 3.3 There exist (w,G3,1)-OPD for w = 9,10,11,12,13 end 16.
Proof. Let (w,Gs,1)-OPD = (X, B).
w=9: X=2Z;U{A, B}

Bl=(6’3141A10a5;1)1 B2=(A95:23330)6;4)$

BS = (21 3, laA’ 6’4; 5)’ B, = (2: A,31671:5;B)7

Bs = (5, B,3,4,2,0;1)

L(B) = {(4, B)}.

w=10: X =ZsU{A,B,C,D)

B, = (4)3,2)A) ]-’B; C)v B; = (5)07‘470:2,1)14))
B3=(4,C,3,D,5,1;A), B4=(D)0)31A)413;1)s
BS=(D)B)0303512;3)1 BG=(Ba5141D:1:0;2)

L(B) = {(A,B)y(Bv C)a(Ca D)}
w=1l: X=2ZyU{A,B} (B1,--,Bsare sameasw=29)
By = (8,B,7,4,2,0;1), Bg = (B, A,8,3,7,2;6),
B, =(5,B,3,4,8,0;7)
L(B) = {(8’6)’ (8’ 5)’(8, 1):(5’7)’(1, 7)’(77 A)}'
w=12: X =2Z3U{A,B,C,D} (Bi,Bs,Bs are same as w = 10)
B4=(D’0:3:A,7:B;4)1 B5=(D)B’0!C1672;4)’
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Bﬁ = (7!5’ 6$D)1’0;2)’ B7 = (6 1 7 5’ 2;3)1
Bs=(71316,A14aB;1)1 By = (B, 5,4, ,7,0;6)
L(B) = {(4,B),(B, (), (C,D)}.
w=13: X=2,,U{A,B} (B, --,Bsare sameasw=29)
Bg = (Q,Ba8i41710; 1)1 B; = (10) 1,8,4,9,6; 0):
Bg = (6’ 10,7,3,9, 5; 2)1 By = (81 2,7,9,10, B; 0)1
Bio = (9,4,10,8,7, A;6), Bu = (1,9,8,3,10,5:2)
L(B) = {(4, B)}.
w=16: X =2Z4U{A,B} (Bi,-,Bsaresameasw=29)
Bs = (11,0,7,2,13,1;12), By = (10,1,8,4,7,5; 11),
Bg = (B,13,7,6,12,10;3), B, = (12,11,13,9.7, 4;3),
Bio=(9,B,7,8,0,12;13), By = (9,A,8,B,10,3;13),
Bis = (13,6,8,11, 4,12;10), Byg = (3, 13,8, 10,6,9;11),
Bl4 = (8) 2: 12, 4: 11: B; 1)7 Bls = (13, 5, 9, 0, 10, 2; 4),
Byg = (12,1,9,3,11,10;2), Byy =(13,4,9,11,5,12;10)
L(B) = {(4, B)}.
Lemma 3.4 There ezist (w,G4,1)-OPD for w =9,10,11,12 and 13.
Proof. Let (w,G4,1)-OPD = (X, B).
w=9: X=2Z;U{A, B}
B, = (4a516’0:1,B;A)3 By =(2,A a ,9 a 13;0)’
= (6:370737214; A): B, = (1: »B,3, ,G;A)1
B; = (3,5,2,0,6, 1!‘A)
L(B)={(4,B)}.

w=10: X =ZsU{A,B,C,D}

B, =(5,C,1,A,0,B;3), B,=(0,1,5,A,D,B;2),
Bs = (B,4,0,C,A,2:1), By=(D,5,2,B,3,4;0),
B5=(0’D,3’A74$5;1)1 Bg = (0 »2,D,4, al)
L(B) = {(4,B),(B,C),(C,D)}.
w=11: X = ZU{A, B}
B, =(2,B,0,4,1,3;7), B;=(1,0,2,A,B,6;4),
B; = (3sB,4,5181 7 1): By = (6781 1, 7a3a4;0)1
Bs = (37 2,1,5,A, 6;4)’ Bg = (8’3151 7,0,6; A)a
By =(B,5,2,7, A, 80)
L(B) = {(4,4),(4,6),(6,3),(6,7),(4,8),(8,B)}.
w=12: X =2Z3U{A,B,C,D}
B, = (3,B,0,4,C,46), B:=(57,20,3,46),
B; = (3,5,1,4,D,0;6), B, =(6,3,2,B,D,1;7),
Bs = (6$0) C,2,4,37), Bg = (3,D,2,5,4,6; 7):
B7=(CslsB’4,Aa5;3)v B8=(B)7’11A1Ds ;4),
By = (D,5,C.6,A,7:0)
L(B) = {(4, B),(B,C),(C, D)}.
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w

13: X=2,U{A,B}
B: ( 3,0,5,1,2; B) mod 11
L(B) = {(A, B)}-
Lemma 3.5 There ezist (w,Gs,1)-OPD for w =9,10,11,12 end 13.
Proof. Let (w,Gs5,1)-OPD = (X, B).
w=9: X=2Z;U{A, B}
By = (6a 5,4,4, B;0; 1)) B; = ( ,6,B,3,0; 1;2)’
B3=(A,0:4a1aB;2;3)1 B4—( 3 5 A;4)’
B5 = (31 211y5$ 4; A; 0)
L(B) ={(4,B)}.
w=10: X=2ZsU{A,B,C,D}

Bl = (3’01A’C71;B;D)) By = (A71)B’4a2;3;D))
B; = (4,C,2,3,5;0; B), By=(B,3,D,0,4;C;1),
Bs = (1,4,5,2,D;A; B, Bg=(1,5,4,2,0;D;3)

L(B) ={(4,B),(B,(C),(C,D)}.

B1 = (7,A,3,1, ;8;2), B2=(2,1,4,B,7;8;3),
B; = (7v2)5’3’8v014): By = (71316’&0:3;5 ’
B; = (234’A75’7;8;6 ’ Bg = (Bs 5, 1:6)0v8;A)s
B7—' (AaB,O s ’24

B, =(7,A,0,2,C;6;1), B, =(7,2,A,5,6;4;3),
B3 = (6: 1’A$D:2; Ca 4)’ By = (]-,7’4’3: B; 6; 5)’
BS=(410’3’D’B;6:1)) BG=(715v1’B)2;D74)1
B7=(5:C)0,D76;3171 B8=(B,4aD’ ) ;611))

L(B) = {(A4, B), ,C) (C,D)}.
w=13: X=Z11U{A,B}
B:(A,0,5,1,3;B;4) mod 11
L(B) = {(4, B)}.
Lemma 3.8 There exist (w,Gs,1)-OPD for w = 9,10,11,12,13,16, 17,
20 and 24.
Proof. Let (w,Gg,1)-OPD = (X, B).
w=9: X=2Z;U{A, B}
B, = (6; 0,5,4,1,4, 2)7 B;
B3 = (4a 5,1,B,2, 6’3) B,
Bs = (4,6, B,0,3,2,1
L(B) = {(4, B)}.
w=10: X=2Z3U{A,B,C,D}

(5,B,4,4,0,1,3),
0’ 4, 3’ A’ 2) 5) 6)7
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By = (5,2,4,4,0,C,3), Ba=(4,5,C,2,D,B,3),
B; = (5:l:2a A,3,4, 0): By = (B)0)51A’C’4) D):
B5 = (01113:2a0)3sD)r Be = (3) 1’4)335:D3A)
L(B) = {(4,B),(B,(),(C, D)}

X=2U{4,B

B, = (5)8141 ,0,7, 3)7 B; = (4’ 577:8,2a673):
Bs=(5,4,8,1,3,4,0, Bs=(3,4,6,8,0,B,7),
B5=(4:B:3)2’796)1)a BG=(8’B:A715 ’5’6):
B7 = (B151 11 7,43 210)

L(B) = {(( a0)1 (Oa )v (61 4)1 (43 A): (A1 2)’ (21 B)}
X = Z3 U{A, B,C, D}

B, =(3,0,C,7,1,A,6), B.=(3,1,0,B,D,5,4),
Bs=(C,3,4,0,D,1,B), By=(5216,30D,7),
B = (6’7: A14’ Cv 5, 0)7 Bg = (B$57Aa2’0)473)a
By = (6’2’C,A)D347B)’ By = (5v6sBa71312)D),
By = (2,4,6,C,1,5,7)

L(B) = {(AaB v(B:C)v(CsD)}

X=2,32U{A,B} (B:,-,Bs are same as w =9)
Bg = (10,7,0,8,1,9, 2), B; =(B,9,0,10, 1,7,6),

Bs =(9,8,4,7,5,10,6), By = (B,8,2,10,4,9,5),

By = (B’ 10, A:8a3’739)a By, = (Ba 7,A,9,3, 10’8)
L(B) = {(4,B)}.

X =2Z4U{A,B} (B, -+,Bs are same as w =9)
Be=(8,0,7,3,12,4,9), By =(10,2,12,7,B,11,13),
Bg = (12,10,0,11,3,8,4), By =(A,7,2,11,6,13,5),
Bio = (B,12,0,13,8,9,5), Bn = (7.6,12,11,8,2.9).
By =(7,1,10,5,11, A,13), B1s = (3,10,7,13,12,9,11),
By = (5187 1,12, 4,10, 6)a Bis = (11,4a 7,9, B, 10, 13)’
Big = (13! 9) A’ 8,7,11, 1)’ Bi7 = (12781 10,9,3,13, B)
L(B) ={(4,B)}.

X =2Z3U{A,B,C,D} (B, -+,Bg are same as w = 10)
B; = (8,0,6,10,11,9,7), Bs=(12,1,9,C,11,A,6),
By = (6, 3,11,D,8,A,12), By = (4,9,10,4,11,1,8),
By =(12,7,3,9,2,6,11), By = (12,11,B,9,0,10,2),
Bis = (Cw 7,1,10,5,8, 2)’ By = (7, 4,8,6,12, D,9),
By = (6,B,7,10,12,C,8), Bs =(2,12,0,11,5,6,4),
Bz = (11!81 7,6,C, 10)3)) Bis =(9,5,7,4,10, B, 12):
By =(7,D,6,9,12,8,10)

L(B) = {(A,B)a (B, C)s (Ca D)}

X =2,3U{A,B} (Bi,:-,Bs are same as w = 16)
Bir =(12,8,15,9,3,17,B), Bis = (3,14,0,16,12,15,1),
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By = (3,15,6,14,7,16,2), B9 = (15,11,17,9,10, 8, 14),
By, = (B,16,15,17,A,14,4), B,;; = (14,17,6,16, 4,15,5),
By = (B,14,2,17,1,16,5), B4 = (4,15,10,14,12,17,7),
Bas = (11,16,9, 14,13, 17, 10), Bag = (17,16,3,13, B, 15, 14),
By = (4,17,0,15,13,16,8)
L(B) ={(4,B)}.
w=24: X =27Z»U{AB,C,D} (B, ,Big are same asw = 17)
By = (15,0,13,6,17,7,14), Bo =(17,1,13,9,15,14,19),
Bay = (19, 4,16,C,15,D,17), Bas = (12,14,1,15,7,18, 10),
B,y =(C,19,1,14, A,15, 12), Bys = (18,3,14, B, 16, 8,13),
Byg = (19,4,17,11,13,C, 18), Bor = (17,14,4,16,19,15,13),
Bog = (14,5, 15,7,19,D,18), By =(17,18,14,16,5,19,3),
Bsg =(11,18,0,19,6,14,8), Bs; = (18,2,13,10,19,11,16),
B, = (6,16,0,17,8,19,9), B33 = (8,15,1,18,9,14,11),
B34 = (9.17.2.15.6.18.12), Bss = (18,15,3,16,13,17, B),
Bsg = (10,17,3,19, B, 18,16), B3 = (7,13,4,15,10,16,12)
Bss = (B, 13,5,17,19,18, A), Bsy = (13,D,14,C,17,15,16)
L(B) = {(A’B)’ (B, C)’ (Ca D)}
Lemma 3.7 There exist (w,G7,1)-OPD for w =9,10,11,12 and 13.
Proof. Let (w,G+,1)-OPD = (X, B).
w=9: X=2Z;U{A, B}
B, =(6,4,0,1,5,2; B), B;=( ;
B3 = (G’B’3321415;A)’ By = ( ,6,4,3,0, B;
Ba = (375)0)41 116;‘4)
L(B) = {(4, B)}.

B, = (C’4s0a2v ) ;5)’ By = (Da411’3’022;0);
BS=(B)D)21A,4)3;1)7 B4=(4:Bv315)D’A;C)v
B; =(3,D,0,A,5,B;C), Bg=((2,4,5,1,C,0;D)
L(B) = {(4, B),(B,C), (C, D)}

w=11: X =ZyU{A,B}
B, = (7) 1,0,3,B,2; A)a By = (AaBy 1,4,8,3; 7))
B; =(7,3,2,5,4,4;8), By = (8,7,6,3,5, B;4),
Bs = (7)514’ 0,A4,6; B)’ Bg = (7)2’1)51018;6)1
By = (7,0,6,2 A,1;8

, By=(2,5,6,7,C,0; A),
, By=(D,7,3,2,B,4;6),
, Bs = (4,2,7,5,3, B; D),
), Bs = (3,1,D,4,C,6;7),

b\lh""‘
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By =(7,1,B,6,A,5;4)
L(B) = {(4, B),(B,C),(C,D)}.
w=13: X = ZuU{A,B}
B:(4,3,0,5,1,2; B) mod 11
L(B) = {(4,B)}.
Theorem 3.8 There ezist (v,Gi,1)-OPD and (v,G;,1)-OCD forv > 7
and1<i<T7.
Proof. By Theorem 2.1 and Lemma 3.1, ---, 3.7, the above conclusion
holds. [ ]

Lemma 3.9 p(7,G3s,1)=1, ¢(7,Gs,1)=4; p(8,Gs,1)=3, ¢(8,Gs,1)=5
Proof. We know that there is no (v,Gs,1)-GD for v =7, 8(see [5]).
(1) Obviously, Gs is no subgraph of K7 \ Gs. Thus, p(7,Gs,1) = 1. How-
ever, there exists a (7,Gs, 1)-CD = (Gs, B) as follows:
B={(6,0,3,2,5;1;4), (2,1,3,6,4;5;0), (3,2,4,5,6;0;1), (0,6,4,3,5;1;2)}
R(B) = {(0,1),(0,6),(1,2),(2,3), (2,6), (4,6), (5,6)}.
(2) There exists a (8,Gs,1)-PD = (G, A) as follows:
A={(2,0,3,7,4;1;6), (3,1,4,6,7;5;2), (6,2,7,0,5;4;3)}
L(A) = {(1,6), (6,3), (3,4), (4,5),(5,6),(5,7),(3,5)}.
B=AU{(1,6,3,4,5;0;2), (0,7,5,3,1;2;4)}

R(B) = {(0,6),(2,6),(0,7),(2,7),(4,7),(1,7),(1,3)}. =
Lemma 3.10 There ezist (w,Gg,1)-OPD for w = 9,10,11,12,13,16,17,
18,19 and 20.

Proof. Let (w,Gs,1)-OPD = (X, B).

w=9: X=2
B, = (51 0,4,2,3; 116): ( »1,5,6,3;0; 8),
B3 = (7: 2,6,4,5;0; 8)1 ( »8,6,7,4;0; 5)’
Bs = (6)1’5,3’4; 218)

L(B) = {(1,3)}.
w=10: X =2Z9U{x1} (B, --,Bs are same as w =9)
Bs = (1,%1,5,3,4;0;7), Bs = (4,1,21,6;3;5)
L(B) = {(3) xl): (a:l,S), (8’ 1)}
w=1l: X= Zu
B, =(3,0,5,2,4;7;10), B
B; =(0,2,7,4,6;3;8), By
Bs = (10,4,9,6,8;5;1), Bs
B; =(1,9,5,10,7;2;8)
L(B) ={(1,8),(8,7),(7,6), (6,0),(6,5), (6,10)}.
w=12: X =27, U{z:} (Bi1,---,Bs are same as w = 11)
B7 = (liga 5,6,7;2; 8)7 Bg = (8’$1$0161 10;2; 3))
By = (6,%1,5,10,7;4;9)
L(B) = {(7» 8)) (8, 1): (11 zl)}'

(7,1,6,3,5;2;0),
(9,3,8,5,7;4;1),
(2,10,9,0,8; 1;3),
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w=13:
w=16:
w=17:
w=18:
w=19:
w=20:

X =23 U{zy,22} (Bi,--+, By are same as w = 11)

38 = (1,121, 0: 61 10; 2; 3)3 Bg = (2) T2, 1, 8) 7; 0; 3):

BlO = (szla 5) 101 7; 122;9), Bll = (6) 22,8,31,4; 5; 9)

L(B) = {(10, z2)}.

X =711V {z1,22, :+,25} (B1,--, B1o are same as w = 13)
Bu = (6,32,8,3‘1,4;5; Z5), Bm = (3, .'173,0,335,1; 2;4),

B13 = (1, $4,9,$3, 10; 0; 4)’ Bl4 = (5: s, 2: Z4, 3; 4; 6))

Bys = (6, 3,%4,25,8;5;7), Bie = (6,24, %2,%3,21;5; 7),
Bl’( = (.'53, T5, 10)"”25 9; 7; 21)

L(B) = {(8,z4)}.

X = Zy3 U {zy,x2, ,z6} (B, -, B1s are same as w = 16)
By = (%6, 5,10, %2,9; 7;23), Bi7 = (1,s,5, 74, 6;0; 23),
BlS = (41 36’73374:8; 3;9)1 BIQ = (1174,36,32,2:3,31;10; 2)s
L(B) = {(2'2, ‘54)7 (274, zl)’ (zl)mli)}'

X = Zy U {z1,%2,- -, 27} (B1, -, By are same as w = 13)
Byo = (6,21,5,10,7;74;9), Bu = (10,72,8,21,4;9; zs),
Bz = (3,23,0,25,1;2;4), Biz = (1,74,9,23,10;0;4),

Bl4 = (327, 585,2, 3’4)3;4; 5)) Bl5 = (4’3:7) 9, Ts, 10; 3; 5)1

Big = (4,76,7,24,8;3;9), Bir = (1,%s, %1, T3, T2; 0; 74),
Bis = (z2, x7, %6, T5, 6; 8; 4), B1o = (1,27, 7, 25,%1;0; 2),
B20 = (x3,$6,5,$4,6; 10; 2)1 B21 = (53x3s$4s 5, 8; x7; 7):
L(B) = {(z1,%2), (x2,6), (6,%3), (z3,2s), (%5, T2), (22, T4) }-
X =71V {z1,22, -,28} (B1,"--,Big are same as w = 18)
Bao = (6,73,%4,%5,8;5;25), Ba1 = (1,2s,6,22;0;2),

Bgy = (28, %s,5,74,6;10;2), Bas = (4,8, %1,%2,24;3;5),
Bz = (9,28, 7,23, 7; 8; 10)

L(B) = {(zs, %3), (z3, s), (28, T2) }-

X = Zy U {z1,22, ,Z9} (B1,: -, B2 are same as w = 19)
Bas = (23, %6, 5,%4,6;10;2), Baz = (4, 8,1, T2, 4; 3; Tg),
Bas = (1,24,8,28,9;0;2),  Bas = (4,29,10, 23, 73;3;5),
BZG = (.'171,279,277,323, 7; 6; x‘i)) B27 = (7)38132739’3:6;37;5))
L(B) = {(zs, z5)}-

Theorem 3.11 There ezist (v,Gs,1)-OPD and (v,Gs,1)-OCD forv > 9.
And, p(7,Gs,1) =1, ¢(7,Gs,1) = 4; p(8,Gs,1) =3, ¢(8,Gs,1) =5.
Proof. By Theorem 2.1 and Lemma 3.9, 3.10, we can give the above

conclusion.

Lemma 38.12 p(7,Gy,1)=2, ¢(7,Gy,1)=4; p(8,Gy,1)=3, ¢(8,G9,1)=5.
Proof. We know that there is no (v,Gy,1)-GD for v =7, 8 (see[5]).
(1) There exists a (7,Gy, 1)-PD = (Gy, A) as follows:
- A=1{(2,0,5,1,6;3;4), (1,2,4,3,5;6;0}.
L(A) = {(0,1),(0,4),(2,3),(2,6), (4,5), (4,6), (5,6) }.
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B=AJ{(0,1,3,6,4;5;2), (0,4,5,2,6;3;1)}

R(B) = {(1,2),(2,5),(1,3),(1,4),(3,6), (4,6), (5,6)}.

(2) There exists a (8,Gy,1)-PD = (Gy, .A) as follows:
A={(1,0,6,3,7;2;4), (2,1,6,4,7;5;0),

(07 2’ 6’ 5’ 7; 1; 3)}

L(A) = {(0’ 3)’ (01 5)’ (173)’ (1’4)7 (2’4)’ (2’ 5)’ (6’ 7)}'
B=Al{(2,5,0,3,1;4;6), (0,7,6,4,5;1;2)}

R(B) = {(1,5), (37 6)a (4: 6)v (31 4)’ (4:5)1 (5’7)a (0’ 7)}' .

Lemma 3.13 There exist (w,Gy,1)-OPD for w = 9,10,11,12,13,16,17,
18,19 and 20.
Proof. Let (w,Gy,1)-OPD = (X, B).
w=9: X =2
B = (3’0a6)112;4;8)’ B,
B3 = (8a7a3’5a4;0;6)’ B,
Bs = (0,4,2,6,3;7;8)
L(B) = {(4,6)}
w=10: X =2ZyU{z} (B, :-,B4 are same as w=19)
B5 = (1,3,'1,2, 673;7;8)) BG = (3)41 6)1;1) 01 5; 7)
L(B) = {(2’4)) (4) 31)’ (:21,8)}.
w=1l: X =ZyU{z1,22} (B1,*,Bs are same as w = 10)
Bs = (3,4,6,22,0;2;1), By = (4,71,5,%2,7;8;3)
L(B) = {(2’4)’ (4:32)$ (x2:$1): (31a0)s (ZB]_, 6): (zla 8)}
w=12: X = ZyU{z1,z2,23} (B1, -, Bs are same as w =11)
By = (7,21,6,23,4;2;1), Bs = (5,21,0,23,8;3;z2)
By = (xla$315, T3,7;3; 8)
L(B) = {(2)4)1 (4a x2)a (x21 wl)}
w=13: X = Z3U{z1,22,%3,24}
(Bh1,- -, Bs and By, Bg, By are same as w = 12)
Bs = (0,22,1,24,2;3;4), Bio=(3,4,0,24,6;5;7)
By = (2,4, 21, %4, T2; 8; T3)
L(B) = {(6,z2)}.
w=16: X = ZyU{z1,22, ,27} (B1,:-,B11 are same as w = 13)
Byz = (x2,27,0,%6,1;2;3), Bz = (7,27,4,76,5;8;21)
B4 = (x2, 75,8, 27, T1; T3; T4), B1s = (4, Ts, T7, 5, £3; 0; 1)
Bla = (6, 1.'7,2, $5,3; 2:4;:1:6), 317 = (a:g,:z:s,G, a:5,7; 4; 5)
L(B) = {(6,z2)}.
w=17: X =2 U{.’c1,.’l:2,- ",223} (B1,"',315 are same as w = 16)
Big = (3,5, T4, T3, Te; T1; T3), B17 = (7,25,4,78,5;8;21)
B18 = (6,.'67,2, $3,3; 372;1:5)’ BIQ = (332, Zg, 61 x817;0; 1)
L(B) = {(2r :1:5), (585,6), (6)3:2)}'

0,1,5,2,3;7;8),
1,7,5,8,0;3;4),

I
—~~
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w=18:
w=19:
w=20:

X =2ZyU{z1,22, -, %9}

(B1,---, B and By4,---, B¢ are same as w = 17)

Bl2 = (71 z7, Osx(is 1;3:2;3)’ B13 = (372)37»4,376) 5; 8; xl)
By7 = (6,75,4,2s,5;8;21), Bis = (3, s, T2, 9, T5; 6;27),
By = (6,27,2,29,3;4;5), Bao = (7,7s,0,29,1;23;24),
Bg) = (2,6, 3, T9, T6; 8; T1)

L(B) = {(7a 39)1 (79 zS)’ (7’ '7'6)’ (3512)a (3:6’ 2), (21 38)}-

X =290 {xl,wz,“ . ,:cm}

(B1,-++,B11 and B4, -+, B2 are same as w = 18)

B3 = (z2,%7,4,7s,5;8;1), Biz = (3,%s,T2,%10,0;2;4)
322 = (01 $7,1,$10,7; 5;6)) -823 = (x632xx53$10;z8;3;8)
Ba4 = (25,7, T9, T10, T6; T4; T3)

L(B) = {($7, xlO)a (xIO)xl)‘! (xlamﬁ)}'

X = 29U {z1,23, -, 211} (B1,: -, Bas are same as w = 19)
Bss = (6,2, %5, %11, %8;0; 1), Ba24 = (8, %10, %1, %11, %7;4; 5)
325 = (1:573:10’ 37$1178;6; 7)a B26 = (275,7, m9,$11,$3;2; 310)

Ba7 = (%2, %11, %4, T10, T3; T9; Te)

L(B) = {(z1,%e)}-

Theorem 3.14 There ezist (v,Gy,1)-OPD and (v,Gy,1)-OCD forv > 9.
And, p(7, Gg, 1) = 2, 6(7, Gg, 1) = 4; p(8, Gg, 1) = 3, 6(8, Gg, 1) =35.
Proof. By Theorem 2.1 and Lemma 3.12 and 3.13, we can give the above
conclusion.

Lemma 3.15 p(7,G10,1) =2, ¢(7,G10,1) =4
Proof. We know that there is no (7, G10,1)-GD(see [5]). There exists a
(7,G10,1)-PD = (G0, A) as follows:
A=1{(521,0,6;4;3), (1,5,4,3,6;0;2)}.
L(A) =
B =AU{(3,5,4,2,0;6;1), (5,6,2,3,1;0;4)}
R(B) =

Lemma 3.16 There exist (w,G19,1)-OPD for w = 9,10,11,12,13,16,
17,18,19 and 20.
Proof. Let (w,G16,1)-OPD = (X, B).

w=09:

{(0,2),(0,5),(1,3), (1,6),(2,4), (3,5), (4,6)}.

{(0,2),(1,2),(2,3),(2,6),(3,4),(4,5), (5,6)}.

X Zy
= (2 0,1 ’715;8;3)’ By = (4 6a11218;3;5):
=(0 7,2,3,6;4;5), By =(5,8,3,4,7;0;1),
=(8,4,5.6,0;1;2)
L(B) ={(0,8)}.
X =29V {z1} (B1,B;,B; are same as w =9)

By = (8:3)47 xllo; 1;5)7 Bs; = (1a$11216a 3; 71 8)7
Bg = (41 5,6,2,1;2; 3)
L(B) = {(Gr O)s (0, 8): (8: 7)}
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X Zy U {3}1,.'52}

—(0723645), B, =(7,8,2,1,6;5;3),
= (8 1 5 6 w2,$1,2), B4 = (2 0 5 922,3),
=(2 73,0,4,71;3;5), B =(5,8,z2, 43:1:1)

(32,4 6,z,1;0; 8)

L(B) = {(4, 3): (3: wl)s (31)0): (038)1 (8’3)7 (m172)}'
X Zy U {z1,22,23} (B1,Bs,Bs are same as w = 11)

= (4 $1,6 323,1 0 5), Bs = (0 a:2,7 a:3,3 4 .’51),

= (4 8 2,'1,2 z2,7 0), B = (2:1,:62,4 0 3,”3,5 3),

= (21,3,4,23,8;6;2), By = (22,5,7,1,0;3;4)

L(B) = {(5:8)’(81 0)’(0131)}
X = ZyU {z1,%2,%3,24} (B, -+, Bs are same as w = 12)
B; = (31,1‘2,4,0,:03; 1; 3)1 Bg = (33:87?”37410;31;21
By = (4,5,7,24,8;3;22), Bio = (3,4,23,24,6;2;1)
Bn =(1,0,5,24,21; 72;4)
L(B) = {(1,7}.
X =290 {z,--,27} (B2, ,Bio are same as w = 13)
Bl = (x7s7s 2: 3) 6; 4; 5)’ Bll = (3’ 37,4,325,2; 374;0),
Bys = (5,0, z7,%s5,1;22;7), B1s = (8,2¢,1,27,6;7;24)
314 = (2, w3,5,a:5,3;:v4;6), Bl7 = (2:7,223,&73,{62,(65;:31;5)
Big = (x5,%4, Te, %7, %1; 7;8), B1s = (7,0, z6, 25, 215 4; 8)
L(B) = {(5,27)}
X =29V {z1,22, - ,28} (B1,--,B13 are same as w = 16)
B4 = (0, 21,25, %8,%7;8;3), Bis = (2, s, T4, T8, 73; T1; 7),
B¢ = (x3,%7,%6,%8,8;7;6), Bi7 = (2,2s,5,2s,3; 27; 6)
Big = (x3, %6, T2, T8, 21;5; 1), B1g = (25,%4,0,28,4;7;2)
L(B) = {(x87 5)1 (51:64)’(:”4, mﬁ)}°
X =ZyU {z1,%2,"+, 29} (B1,'--,Big are same as w = 17)
Bi7 = (%4,5,%9,3,%6;6;25), Bis = (5, z2,s,%s, Ts; 1;73),
Blg = ($3,5 :1:5,:1:9,1:7,6 1) Bzo = (2:3,&:3,2:1,&.‘9,274;3}3;7),
B21 (175,176,0 3:912 7 8)
L(B) {(2 33) (0 z8) (z8’4)1(4’379):(:”6’4):(-'”2:379)}'
X =ZyU{z1,22, -+ ,Z10} (B1,++,B1g are same as w = 18)
B3 = (z2,2%7,4,%6,5;8;1), Bis = (3, s, T2, 210,0;2;4)
Bzz = (0,27,1,3110,7;5;6), B23 = ($5,2,x5,$1o,$3;3; 8)
Bay = (25,7, T, T10, Te; T4; T3)
L(B) = {(27,%10), (x10,%1), (%1, %) }-
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w=20: X=29U{x1,22, ", 211} (B1,"**, B2z are same as w = 19)
B3 = (26,2, T5, %11, %8; 0; 1), B24 = (s, %10, 1,211, T7;4; 5)
B25 = ($57$10,31311,8;6; 7)) B26 = (xSa 713391 x11,$6;2; xlO)
Baz = (22,211, T4, T10, T3; T9; Te)

L(B) = {(z1,7e)}-

Theorem 3.17 There ezist (v, G10,1)-OPD and (v,G10,1)-OCD for v >
8. And, p(7: G,1) =2, C(7, Gho, 1) =4

Proof. By Theorem 2.1 and Lemma 3.15, 3.16, we can give the above
conclusion. ]

4 Packings and Coverings for A > 1

Lemma 4.1 Gliven positive integers v, A, and . Let X be a v-set.

(1) Suppose there exist both a (v,G,\)-OPD = (X,D) (with leave-
edge graph L) (D)) and a (v,G,p)-OPD = (X, &) (with leave-edge graph
L,(£)). If |ILa(D)| + |Lu(€E)| = Irtu, then there exists a (v, G, A+ p)-OPD
and its leave-edge graph is just Ly (D) |J Lu(£);

(2) Suppose there exist both a (v,G,A)-OCD = (X, D) (with repeat-
edge graph Rx(D)) and a (v, G, p)-OCD = (X, ) (with repeat-edge graph
R,(E)). I |RA(D)| +|Ru(€)| = Tatnu, then there exists a (v,G, A+ pu)-OCD
and its repeat-edge graph is just Rx(D) |J Ru(€);

(3) Suppose there exist both a (v,G,\)-OPD = (X,D) (with leave-
edge graph Lx(D)) and a (v, G, p)-OCD = (X, &) (with repeat-edge graph
R,(€)). I La(D) D Ru(€) and |L(D)| = |Ru(€)| = Ir4u, then there exists
a (v,G,\ + p)-OPD and its leave-edge graph is just Ly(D) — Ru(£);

(4) Suppose there exist both a (v,G,A)-OCD = (X, D) (with repeat-
edge graph R, (D)) and a (v,G,p)-OPD = (X,£) (with leave-edge graph
L,(€)). If RA(D) D Ly(€) and |RA(D)| = |Lu(€)| = ra4pu, then there exists
a (v,G,) + p)-OCD and its repeat-edge graph is just R\(D) — L,(£).
Lemma 4.2 There ezist (v,G;,\)-OPD and (v,Gi,A)-OCD forv =2, 6
(mod 7) and A > 1.

Proof. By Lemma, 4.1, we have the following table:

A|l 2 3 4 5 6
|1 2 3 4 5 6 (Lx=Li+Lx) |,
T 6 5 4 3 2 1 (R)\ = R,\_l - L1)

where L; = P, and R; = G; — P by section 3. |

Lemma 4.3 There ezist (v,Gi, \)-OPD and (v,G;,A)-OCD forv=3, 5
(mod 7) and A > 1.
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Proof. By Lemma 4.1 and section 3, we have the following table:

A 1 2 3 4 5 6
I |3 6 2 5 1 4
Lx| P L1y+Ly, Li—-Ry Li+Ls L3—Ry; Li+1Ls
ry | 4 1 5 2 6 3
Ry|P Ry-L, Ri+Rp; Ra+Ry Ry+Rs Ry+ Ry

Lemma 4.4 There ezist (v,G;,A)-OPD and (v,G;,\)-OCD for v = 4
(mod 7) and A > 1.
Proof. By Lemma 4.1, we have the following table:

Al 2 3 4 5 6
In|6 5 4 3 2 1 (Ly=Lyx-1-R) ,
i1l 2 3 4 5 6 (R)\=R1 +RA_1)

‘where L, = G; — P; and R; = P, by section 3. | ]
Theorem 4.5 There ezist (v,Gi, A)-OPD and (v,G;,A)-OCD for A > 1
and any v.

Proof. By Theorems 3.11, 3.14 and 3.17 and Lemmas 4.2, 4.3 and 4.4, we
arrive at the conclusion. [ |
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