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Abstract

We estimate the essential norm of the weighted composition opera-
tor uC, from the weighted Bergman space AL (B) to the weighted space
H°(B) on the unit ball B, when p > 1 and & > —1 (for & = —1, A is the
Hardy space H”(B)). We also give a necessary and sufficient condition for
the operator uC,, : AL (B) — H;:°(B) to be compact, and for the operator
uC, : AR(B) — H%(B) to be bounded or compact, when p > 0, @ > —1.

1. INTRODUCTION AND PRELIMINARIES

Let B be the open unit ball in C*, S = dB its boundary, dV (z) the Lebesgue
measure on B, dV,(z) = ca(1 — |2|?)*dV(2) where c, is a constant chosen such
that V,(B) = 1, do the rotation invariant measure on S such that ¢(5) = 1,
H(B) the class of all holomorphic functions on B and H*(B) the space of all
bounded holomorphic functions on B with the norm || f|lco = sup_ep |f(2)|-

For p > 0 the Hardy space H? = HP(B) consists of all f € H(B) such that

IfIE = sup / |F(rQ)Pdo(C) < oo,
0<r<lJs

It is well known that for every f € HP the radial limit lim,_, f(r{) exists for
almost all ¢ € S. The limit function is denoted by f*(¢).

The Bergman space A2, = AL(B), p > 0, a > —1 consists of all f € H(B)
such that

I = [ FeIPaVas) < oo

When p > 1, the Bergman space with the norm ||- || 4 becomes a Banach space.
If p € (0,1), it is a Frechet space with the translation invariant metric

d(f,0) = If = gll%-
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Since for every f € HP
a0 /B |f(2)IPdVa(2) = /S |£*(Q)IPda(¢)

we will also use the notation AP, for the Hardy space HP.
A positive continuous function ¢ on [0,1) is called normal ([25]) if there is
d €[0,1) and e and b, 0 < a < b such that

(1¢_(72)a is decreasing on [§,1) and lim (1¢_(r))a =0;
(1¢£ 2)6 is increasing on [4,1) and lxm (1¢( )) -

If we say that a function ¢ : B — [0,00) is normal we will also assume that

&(2) = ¢(|2]), z € B.
The weighted space Hp° = H;°(B) consists of all f € H(B) such that

£l zge = sup p(2)] f(2)] < o0,
z€B

where p is normal. For u(z) = (1 — |2|2)?, 8 > 0 we obtain the weighted space
Hg® = Hg(B) (for the weighted Bolch space see, e.g., [35] and [36]).

The little weighted space Hgp = O(B) is a subspace of Hy° consisting of
all f € H(B) such that limj;.; p(z)lf(z)| =

Let v € H(B) and v be a holomorphic self-map of B. For f € H(B) the
weighted composition operator is defined by

(uCy f)(2) = u(2)f(p(2))-

It is of interest to provide function theoretic characterizations when u and ¢
induce bounded or compact weighted composition operators on spaces of holo-
morphic functions. For some classical results in the topic, see [6]. For some
recent results see, e.g., [5], [10]-[22], (24}, (29], [32], [34], [35], [37]-[39], [41]-[43]
and the references therein. )

In [32], among others, we give some necessary and sufficient conditions for
the operator uC,, : A8 (B) — Hg°(B) to be bounded or compact. Motivated by
[32] and [34], in [35] among other results, we calculated the operator norm of
uC, : AR(B) — H;°(B). More precisely, we have proved the following result:

Theorem A. Assumep >0, o > —1, u € H(B), p is normal, ¢ is a holomor-
phic self-map of B and uC, : AR — Hp?° is bounded. Then

ol #(2)lu(2)]
FeCollaz sz = 08 o) =

Moreover, uC,, : AR, — H? is bounded if and only if M is finite.
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In this note we estimate the essential norm of the operator uC,, : AL(B) —
HZ°(B), when p > 1. For the completeness, we also give a necessary and
sufficient condition for the operator uC, : AL(B) — H;°(B) to be compact,
and for the operator uC,, : A%(B) — H;%(B) to be bounded or compact, when
p > 0 (these results are modifications of some in [32], see also (24, 37, 41]).

Throughout the paper C will denote a positive constant not necessarily the
same at each occurrence. The notation A < B means that there is a positive
constant C such that A/C < B < CA.

We need the following auxiliary results in the proofs of the main results.

Lemma 1. ([4, Corollary 3.5]) Suppose p € (0,00) and a > —1. Then for all
f € AR(B) and z € B, the following inequality holds

fllaz
S e ®

The following criterion for the compactness follows by standard arguments
(see, e.g., [6, 9, 28, 29, 30]). Hence, we omit its proof.

Lemma 2. Suppose 0 < p < 00, @ 2 -1, u € H(B), p is normal and ¢ is a
holomorphic self-map of B. Then the operator uCy, : A5 — H° is compact if
and only if uC,, : AR — HS° is bounded and for any bounded sequence (fx)ken
in AP, converging to zero uniformly on compacts of B, we have ||uCly fillne — 0
as k — .

The following result can be found in [23]. For closely related results see also
(1, 2, 3, 7, 26, 27, 31, 33, 40] and the references therein.

Lemma 3. Suppose 0 < p < 00, a > -1, then
A1z < 1FO)P + /B IVi(2)P(L ~ |2I?)P+eaV(z),

for every f € AR,
The next lemma can be proved similar to Lemma 1 in [19] (see also [20}).

Lemma 4. Suppose p is normal. A closed set K in HZ%, is compact if and only
if it is bounded and

lim sup p(2)|f(2)| =0.

lz|—1 fek

2. THE BOUNDEDNESS OF THE OPERATOR uC, : A} — HJY

Here we characterize the boundedness of the operator uCy, : A% — HZ%.
Theorem 1. Assumep > 0, o > -1, u € H(B), p is normal and ¢ is a

holomorphic self-map of B. Then uC, : AL, — HS% is bounded if and only if
uCy : AR, — HZ° is bounded and u € HJ,.
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Proof. Assume that uC, : A} — H.% is bounded. Then clearly uC,, : A —
HZ° is bounded. Taking the test function f(z) =1 € A}, we obtain u € H%.

Conversely, assume uC,, : A5, — Hg° is bounded and u € Hi%. Then, for
each polynomial p, we have

#(2)uCypp(2)| < p(2)u(2)p(p(2)] < p(2)|u(2) Iplloc — 0, as]z] -1

from which it follows that uCy,p € H;%. Since the set of all polynomials is
dense in AP, (see, for example, [40]), we have that for every f € AP thereis a
sequence of polynomials (px)ren such that [|f — pillaz — 0, as k — oo. From
this and since the operator uC,, : A, — Hg° is bounded, it follows that

luCof — uCppillug < |uCollaz—nzellf —prllaz —= 0, as k— oo
Hence uC,,(AR) C Hg%. Since HSG is a closed subset of H° the boundedness

of uC, A” — HZ% follows. O

3. COMPACTNESS OF THE OPERATOR uC), : AR — H°

This section is devoted to studying of the compactness of the operator uC,, :
AP — H*. We prove the following result.

Theorem 2. Assumep > 0, a > -1, u € H(B), u is normal, ¢ is a holo-
morphic self-map of B and the operator uC,, : A}, — H° is bounded. Then the
operator uC,, : A§ — H° is compact if and only if

sG] _
1 (1= o) @

Proof. First assume that the operator uC, : AR, — HJ° is compact. If
ll#lleo < 1 then condition (2) is vacuously satisfied. Hence, assume that ||¢flco =
1 and assume to the contrary that (2) does not hold. Then there is a sequence
(zk)rken satisfying the condition |p(zx)] — 1 as & — oo and § > 0 such that

w(zx)u(ze)] >46 keN. (3)
L= Il 2= =
For w € B fixed, set
fuw(z) = a- le ) n+l+n z€B. )
(1—(z, W))

It is known that {|fw|l4z = 1, for each w € B. Let gx(2) = fy(,)(2), k € N.
Then [|gi|l 4z = 1, k € N and it is easy to see that g — 0 uniformly on compacts
of B as k — oo. Hence, by Lemma 2, it follows that limy_c [|uCgkll He =0.
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On the other hand, we have

2x) |u(z
IuCyorle = sup p(2)hu(e)lan(p(a))| > —LEIUE 5 55 g,
=€B (1= () 2) =5
for every k € N, which is a contradiction.
Now assume that (2) holds. Then for every € > 0 there is an r € (0,1) such
that when r < |p(2)| < 1

@ 6

(1 - lp(x)?) 5™

On the other hand, since the operator uC,, : AL, — HZ° is bounded, for
f(2) =1¢€ AR, we obtain [[uf|ge < oo.
Assume that (hi)ien is a bounded sequence in A2, say by L, converging to
zero uniformly on compacts of B as k — oco. Then by Lemma 1 and (5), for
r < |p(z)| < 1, we obtain

u(z)u(2)|
w(z)lu(z)| [P (p(2))] < sup (P&l a2 02 o)) 2= < Le. (6)
If |¢(2)] < 7, we have
1(2)|u(2)||he(e(2))] < llull g up lhe(w)] — 0, as k— oo (7)

From (6) and (7) it follows that ||uCyhk||zee — 0 as k — oo, from which the
compactness of the operator uC,, : A — H % follows. O

3. COMPACTNESS OF THE OPERATOR uC,, : AR — H2%

Here we study of the compactness of the operator uC, : A} — H.%.

Theorem 3. Assumep >0, a > —1, u € H(B), p is normal, ¢ is a holomor-
phic self-map of B and the operator uC, : AR — HS%, is bounded. Then the
operator uC,, : AR — Hp% is compact if and only if

s _ o @

o

ntld
=1 (1 - lp(2)12) >

Proof. Assume uC,, : A5, — H% is compact. Then uCy(1) = u € HZY, (see
the proof of Theorem 1)
Hence if {|¢]lcc < 1, then
pEE o s@RE

nlo— nln_

=1 (1= [p(2) [2) 5552 T =1 (1 [lpllZ,) =5

¥
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from which the result follows in this case.

Now assume [[¢fjoo = 1. By using the test functions gi(z) = fo(z)(2), k€N
(where f,, is defined in (4)), as in Theorem 2 we obtain that condition (2)
holds, which implies that for every € > 0, there is an r € (0, 1) such that for
r < [p(2)| < 1 condition (5) holds.

Since u € Hg%, there is o € (0,1) such that for 0 < |2| < 1

p(2)u(z)| < e(1 - 1?52, ©)
Hence, if |¢(z)] < r and o < |z| < 1, we have

pAE ) %
P O T i
From (5) and (10) condition (8) follows.

Now assume that condition (8) holds. Then the quantity M in Theorem A
is finite. From this and the following inequality

w(z)|u(z)|
w(2)u(2) f(e(2))] < 1 fllaz rsrrg
(11— ()"
it follows that the set uC,({f : [|f[laz < 1}) is bounded in Hg°, and moreover
in HZ%. Taking the supremum in the last inequality over the unit ball in Af,
then letting |z| — 1, using condition (8) and employing Lemma 4, we obtain
the compactness of the operator uC,, : A%, — HS%, as desired. O

4. ESSENTIAL NORM OF uC), : A} — H°

Let X and Y be Banach spaces, and L : X — Y be a bounded linear
operator. The essential norm of the operator L : X — Y, denoted by || L||e,x—yY,
is defined as follows

{Llle,x—y = inf{}|L + K| x~y : K is compact from X to Y},

where || - || x—y denote the operator norm.

From this definition and since the set of all compact operators is a closed
subset of the set of bounded operators it follows that operator L is compact if
and only if {|L{le,x~y =0.

In this section, we prove the main result in this paper, namely we find some
lower and upper bounds for the essential norm of the operator uC, : A} — HZ°,
when p > 1.

Theorem 4. Assume p € (1,00), a > -1, u € H(B), p is normal, ¢ is a

holomorphic self-map of B and uC,, : A%, — HS°® is bounded. Then the following

inequalities hold
p(z)|u(2)|

hmsup ntita —-" uC, ”c AP—OH°°<2h
(=1 (1 - p(z)2) 5 (o1 (1 [p(z) )

w(2)lu(2)]

I )
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Proof. Assume that (¢(2x))ken is & sequence in B such that |p(z)| — 1
as k — oco. Note that the sequence (f,(z))ken (Where f,, is defined in (4)) is
such that || f,(z,)llaz =1, for each k € N and it converges to zero uniformly on
compacts of B. By Theorems 2.12 and 4.50 in [40] it follows that f,(;,) converges
weakly to zero as k — oo (here we use condition p > 1). Hence for every compact
operator K : AR — H° we have that 1K £zl Hy —0as k — oo. Hence, for
every such sequence a.nd for every compact operator K : AR — H® we have

||ucv>f~p(z,,)"H“}‘° - "Kf(P(Zk)"Hr

uCp+Kllsgne > limsup
" (4 "Aa Hg k—o00 "fp(zk)"A’&
= limsup [[uCy fo(z0)ll He
k—o00
2

lilri sup p(zr)|w(2k) fo(zi) (P (26)]

i M(Zk)lu(zk3| . (12)
e (1= fp(zx)[2) =5

Taking the infimum in (12) over the set of all compact operators K : A} —
HZ® we obtain

pauz)
o (1 o))

from which the first inequality in (11) follows.
Now we prove the second inequality in (11). Assume that (r;)en is a se-
quence which increasingly converges to 1. Consider the operators defined by

(uCrof)(2) = u(2)f(rip(2)), l€EN.

We prove that these operators are compact. Indeed, since |rip(z)| < 7 < 1, it
follows that condition (2) in Theorem 2 is vacuously satisfied, from which the
claim follows.

Recall that v € H. Let p € (0,1) be fixed for a moment. Employing
Lemma 1, and using the fact

If = frllag <2l fllaz, l€N,

which follows by using the triangle inequality for the norm, the monotonicity of
the integral means

[4Celle, a2 sz 2 lim

My = [ eOPaeo

and the polar coordinates, it follows that
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Mﬁup sup#(Z)lU(Z)!lf(sO(Z)) f(rip(2))|

[4Cp — uCripll Az~ prge

< sup  sup u(2)|u(2)|lf(p(2)) — Flrip(z))]
17142 S1le(z)I<p
sup  sup p(2)u(2)||f(e(2)) — frie(2))|
111l 43 <1 lo(=) >0
< lullue sup  sup |f(p(2)) = f(rip(2))] (13)

151l 5z S1 le(2)I <o
p(2)|u(z)|
n M (14)
le(2)>p (1 — Jp(2)[2) 57

Now we estimate the quantity in (13). Let

Li:i= sup sup [f(p(2)) — flrip(2)l

17l ag S1le(2)I<p

By using the mean value theorem, the subharmonicity of the partial derivatives
of f and Lemma 3, when o > —1 we obtain

I < sup sup (1-—rm)|e(2) sup [V f(w)] (15)
[UllAv <1|e(z)|<p

1/p
Cp(1—-m) sup (/|w|<‘ [V f(w)P(1 - |w|2)p+adV(w))

Hfllap <t

IA

1/p
< Coltr) ( [1rw) |’(1—lwl'“’)°‘dV(w)) .
< Cp(l—n)—»O asl—»oo. (16)

If & = —1, then applying in (15), the well known fact that for each compact
K C B there is a positive constant C depending on K, p and n such that

sup |V f(w)| < Clifllp,
wek

(see, for example, [40]) we obtain that (16) also holds in this case.
Letting [ — oo in (13) and (14), using (16), and then letting p — 1, the
second inequality in (11) follows, finishing the proof of the theorem. [J
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