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Abstract. S.M.Lee proposed the conjecture: for any » > 1 and any
permutation f in S(n), the permutation graph P(P,, f) is graceful. For
any integer n > 1, we discuss gracefulness of the permutation graphs
P(P,, f) when f=(123), (n —2,n —1,n), (3,i+1),1 < i < n-—-1,
(12)(34)...(2m — 1,2m), 1 < m < n/2, and give some general results.
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1 Introduction

Let G=(V, E) be a finite simple (p,q) graph. The graph G is called
graceful if there exists an one-to-one mapping g from V to {0,1,2,...,q}
such that the induced edge labels {g* (uv) = |g(u)—g(v)| | uv € E} is equal
to {1,2,...,q}. The mapping g is said to be a graceful labelling of G, and g*
is said to be a edge labelling of G. The concept of graceful graph is due to
Rosa [1). In 1967, he introduced the notion of S-valuation, which Golomb
[2] subsequently called graceful labelling. In general, it is hard to decide
whether a given graph is graceful. Even if a graph is known to be graceful,
it may still be difficult to find a graceful labelling. Research has focused on
specific classes of trees, bipartite graphs, cycles, cycle with a pendant edge

attached to at each vertex and wheel, cycles with chords, grid graphs, one
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point union of two cycles, one-point union of complete graphs, unicyclic
graphs, etc (see [4]). The theory of graceful graphs has attracted many
mathematicians mainly because of its aesthetic aspect, as well as its wide
range of applications in such areas as radar pulse codes, x-ary crystallogra-
phy, circuit design, missile guidance, radio astronomy, sonar ranging, and
broadcast frequency assignments (see [4,5,6]). Recently, instead of study-
ing special classes of graceful graphs, attention has been turned to their
construction. In this paper, we will consider the construction of graceful
graphs via permutation graphs.

Chartrand and Harary introduced the concept of permutation graphs.
For a graph G with n vertices labelled 1,2,...,n, where n > 3, and a
permutation f in S(n), the symmetric group on the symbols {1,2,...,n},
the f-permutation graph on G, denoted P(G, f), consists of two disjoint
copies of G, say G and Ga, along with the n edges obtained by joining u;
in Gy with vy(;) in Gz, i=1,2,...,n. It is obvious that the graph P(G, (1)) is
isomorphic to G x K. If G is a cycle Cy,, then the (1)-permutation graph of
Cp, P(Cp,(1)), is a prism graph. Let P, denote the path with n vertices.
In 1983, Lee proposed the graceful conjecture of permutation graphs of
paths: for any n > 1 and any permutation f in S(n), the permutation
graph P(P,, f) is graceful. Gallian restated this conjecture in [4]. It and
Ringel-Kotzig graceful tree conjecture that postulates the existence of a
graceful labelling of any tree have received a lot of attention. The two
conjectures are important. Gracefulness of P(G, f) have been considered
in the following literature.

(1) In [9], G is hypercube and f is an identity map.

(2) In [4, 10], G is a star K » and f is an identity map.

(3) In [11, 12], G is a cycle and f is an identity map.

For the graceful permutation graphs of paths, known results are as fol-

lows.
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Lemma 1.1(%13] Let n > 1 be a positive integer and f a permutation
in S(n). Then permutation graph of path P(P,, f) is graceful

(1) for any n < 5 and any permutation f in S(n);

(2) when f=(1) and (12);

(3) when n=2k and f=(12)(34)...(k,k + 1)...(2k — 1,2k);

(4) when n=2k + 1 and f=(23)(45)...(k, k + 1)...(2k, 2k + 1);

(5) when n=2k and f=(34)(5,6)...(2k — 1, 2k);

(6) when n=2k + 1 and f=(45)(6,7)...(2k,2k + 1);

(7) f=(12345), (2345), (234), (123456) and (23)(45).

Let n > 1 be a positive integer and f a permutation in S(n). In this
article, we prove that P(P,, f) is graceful when

(1) f=(n-2,n—-1,n);

(2)n—-5m+11=1 (mod 3), f=2m—-1,2m) for 1 <m < (n+7)/2,
or f=(2m,2m+ 1) for m > 1;

(3) n—5m+ 11 = 2 (mod 3), f=(2m,2m + 1) for m < (n + 6)/5, or
f=(2m —1,2m) for m > 1;

(4) n—5m+ 11 =0 (mod 3) and m < (n + 8)/5, f=(2m — 1,2m), or
(2m,2m +1);

(5) m = 0 (mod 3) and n < (10m + 6)/3 in conditions 1 and 2 (see
section 3), f=(12)(34)...(2m — 1, 2m);

(6) m < 3and n > 1 in conditions 1 and 2 (see section 3), f=(12)(34)...
(2m — 1,2m);

(7) m # 0 (mod 3) and n > 1 in conditions 1 and 2 (see section 3),
f=(12)(34)...(2m — 1,2m) for 1 < m < |n/2];

(8) under conditions 3 and 4 (see section 3), f=(12)(34)...(2m — 1,2m)
for 1 <m < |n/2].

In addition, if the function g(z) has value n + 1 — z if f(z) # =z, or z if
f(z) = z, then P(P,, f~!), P(Pn,9f) and P(P,,(gf)™!) are graceful.
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Let Z be the ring of integers and let a,b € Z. The following notations
are used frequently.

[a,8)={z |z € Z, a <z < b},

[e,b)x={z € Z | a < z < b,z = a(mod k)},

|z|]=max{y | y < z,y € Z} for any real number z,

f(S)={f(z)| = € S} where S is a set and f is a function,

(a1,a2,-..,8n) " 1=(@n,an-1,...,01) if (a1, a2, ...,an) is & sequence.

2 Preliminary results

Lemma 2.1 Let (ay, a3, ,an+1) be a sequence, and ag;=a+ (i —1)d,,
agi—1=b + (4 — 1)dp, cai—1=|az: — azi—1|, coi=lagi41 — az|. If dy=—d,
then (c1,c2,-- -, cp) is an arithmetic progression with common difference d,
where d=—d; when ag; > ag;—; for any ¢ € [1,[(n + 1)/2]], d=d2 when
az; < agi— for any i € [1, [(n + 1)/2]].

Proof Since ag; —azi—1=(a—b)+ (i —1)(d1 — d2) and a1 —agi=dz —
[(@a = b) + (¢ — 1)(d1 — d2))}, the theorem is true. o

Let (a1, a2, ...,am) and (by, ba, ..., by ) be two strictly monotone sequences,
we call them complementary if their elements form a continual integers
section [a,a + m + n — 1}, where e=min{a;, b;|i € (1,m],j € [1,n]}. This
section is said to be their generating set. For instance, the two sequences
(2,5,6,8,9,13) and (12,11,10,7,4,3) are complementary. Let A=[n,n +
3m — 1] be a strictly monotone increasing sequence, and B={a — 3i|i €
[0,m — 1]} be a strictly monotone decreasing sequence. The strictly mono-
tone increasing sequence | Jjrg' {|n+ 6 — a|, |n+6i —a+1|, In+6i—a+2|}
is denoted by A > B.

Lemma 2.2 For strictly monotone increasing sequences U=[u, u+3v—

1), Y=UYZ, {2+ 64, 2+ 6i+1, 2+ 6+ 2}, and strictly monotone decreasing
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sequence W={w —3i | i € [0,v - 1]},

(1) ifw > u+6v—4, then Y and U > W are complementary if and only
if (w—u—6v+4—2)sgn(y—v)=3 for |y —v|=1, or jw—-uv—6v+4—2|=3
for y=v;

(2) if w < u, then Y and U > W are complementary if and only if

(v —w — z)sgn(y — v)=3 for |y —v| =1, or |u — w — 2|=3 for y=v.

Proof (1) When w > u +6v — 4,

U W=Z {w—u—6v+4+6i,w—u—6v+5+6i,w—u—6v+6+6i}
is a strictly monotone increasing sequence.

Since Y and U > W are complementary, |y — v| < 1. If y=v + 1, then
z=(w~u—6v+4)-3,ie. (w—u—6v+4-2)sgn(y—v)=3. If y=v—1, then
(w —u — 6v + 4 — z)sgn(y — v)=3. If y=v, by definition of complementary
sets, we have |w —u — 6v +4 — z|=3.

Conversely, when (w — u — 6v + 4 — 2)sgn{y —v)=3 for [y —v| =1, or
|w — u — 6v + 4 — z|=3 for y=v, since Y J(U > W) is a continual integers
section, Y and U > W are complementary.

Similarly, we can show (2). a

Lemma 2.3 (1) For strictly monotone increasing sequence Y ={J¥ 7 {z+
6,2+ 6i+ 1, 2+ 6i + 2}, there exist strictly monotone increasing sequence
X =[z, 2+ 3y—1] and strictly monotone decreasing sequence Z=[s—3i | i €
[0,y — 1]}, such that Y=X > Z.

(2) Let U=[u,u + 3v — 1] be a strictly monotone increasing sequences,
W={w-3i | i€ [0,v— 1]} a strictly monotone decreasing sequence. Then
there exist strictly monotone increasing sequence X=[z,z + 3y — 1] and
strictly monotone decreasing sequence Z={z—3i | i € [0,y — 1]}, such that
U W and X > Z are complementary.

Proof (1) When s < z, we take 2=z — s. When s > z + 6y — 4, take
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z=s—z — 6y +4.
(2) By Lemma 2.2 and (1), we can obtain (2). m]

Let P, be a path with n vertices, f a permutation in S(n), V(G;)={vj,
V52, Yjn}, 5 = 1,2. Then the vertex set of the permutation graph
P(Py, f)is V(G1) UV(G2), and its edge set is E(G1) | E(G2) U{v1,5v2,5(5) |
j € [1,n]}. The permutation graph P(P,, f) has 2n vertices and 3n — 2

edges. Let g be a function and f=(ey,as,...,a;) be a permutation, define

af=9(f)=(g(a1), 9(az), ..., g(as)).

Lemma 2.4 Let n > 1 be a positive integer, f a permutation in S(n).

Define the function g as follows:

n+l-s, if f(z) #a
g("’)={w, T X MGG

then P(P,,f™!), P(Pn,gf) and P(P,,(gf)™!) are graceful when per-
mutation graph P(P,, f) is graceful.

Proof Since P(P,, f~!) & P(P,, f), P(P.,gf) = P(P,, f) and
P(P,,(9f)™Y) & P(P,, f), this theorem is true. o

Therefore, if show the graceful conjecture of permutation graphs of

paths, we construct at most (n!4+2)/2 graceful permutation graphs of paths.

Example 1 If n=5, f=(3,4,5) and g is defined as (*), then f~1=(5, 4, 3),
9f=(3,2,1) and (gf)~'=(1,2, 3). The permutation graph P(Ps, f) is grace-
ful(see below figure). Therefore P(Ps, f~!), P(Ps,gf) and P(Ps,(gf)™!)
are graceful by Lemma 2.4.

13 0 6 4 7

LT >

1 11 2 10 3
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3 Main results

Theorem 3.1 For any n > 1 and f=(n — 2,n — 1,n) in S(n), the
permutation graph P(FP,, f) is graceful.

Proof It clearly suffices to prove this for n > 5 by Lemma 1.1 (1).
When n=5 see Example 1. Let the vertex set and the edge set of graph
P(P,, f) be V and FE respectively.

Case 1: when 6 <n <13, let

3n-2-(j-1)/2, jel,n-3
g(vl,j)={ (;-1_ 2)/2,J ;6[2,2—-3t

n—4+(G-1)/2, j€l,n-3
g(v2,j)={ 2n+2—{,7'/2, ;6}2,71—3{:

and the 6-tuple (g(v1,n-2),9(v1,n-1), 9(V1,n), 9(¥2,n-2), 9(V2,-1), 9(V2,n))
be (6,14,8,4,9,7) when n=6, (8,12,6,5,13,10) when n=7,
(13,14,18,15,7,12) when n=8, (11,9, 13,10, 16, 8) when n=9,
(16,24,18,13,14,17) when n=10, (5,14,17,12,11, 18) when n=11,
(21,13,17,15,14,19) when n=12, (7,16, 18,22,15,21) when n=13.

Case 2: when n > 14 and n is even, let

(j_l)/2’ jE[l,n—3]2
In-1-3/2, je2,n—4)2
g(v;)=4 (n+6)/2, j=n-2
nf2, j=n-1
(Bn+4)/2, j=n

m—(j-1)/2, je [1,n—5]2
n—2+.7/21 j€[27n—4]2

LCURE A AR
(n +10)/2, j=n-1
(n+2)/2  j=n

Then g(V)= [0, (n+2)/2] U{(n+6)/2, (n+10)/2} Uln—1, (3n—8) /2] U{(3n+
4)/2} U[(3n + 6)/2, 2n] | J{5n/2} U[(5n + 2)/2,3n — 2] C [0,3n — 2]
Since |g(V')|=2n, g is an injection. Let
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A={g*(v1jv1,j4+1)| 7 € (1,7 = 1]}=[2n + 3,3n - 2] U{5,3,n + 2},
B={g*(va,jv2,j+1)| 7 € [1,n = 1]}=[7,n+ 1]U{n + 4,2n + 1,6,4},
C={g"(vi,n-2v2,n~1), 9* (V1,n-1v2,n), §* (V1,n¥2,n-2) }={2, 1,7 + 3},
D={g*(v1,jv2,;)| 7 € [1,n - 3]}=[n+ 5, 2n] U{2n + 2}.
Then ¢*(E)=AUBUCUD=(1,3n — 2]. This implies that the graph
P(P,, f) is graceful.
Case 3: when n > 15 and n is odd, let

(G-1)/2, je[ln-4)

S3n—1-3/2, j€[2n—3
glvr;)=4 (Bn-9)/2, j=n-2

57 —-3)/2, j=n-1

(8n-17)/2, j=n

2n—(i—1)/2, j€(l,n—d]
n—2+j/2’ je[zrn—sb

90) ={ (mo1)/2, jon-2
(Bn—13)/2, j=n-1
(5n - 5)/2, j=n

Then g(V)=[0, (» - 3)/2]U[n — 1,(3n — 7)/2)U[(3n + 5)/2, 2n] J{(5n —
13)/2, (57 — 9)/2} U[(5n — 5)/2,3n — 2] C [0,3n - 2].
Since |g(V')|=2n, g is an injection. Let
={g*(v1,jv1,j+1)| 7 € [1,»n - 1]}=[2n + 3,3n - 2] |J{5,3,n + 2},
B={g"(ve,jv2,j+1)| j € [L,n = 1]}=[7,n + 1] U{n + 4,2n +1,6,4},
C={g*(v1,n-2v2,n-1), " (V1,n-1v2,n), 9" (V1,nV2,n—2) }={2, 1,7 + 3},
D={g*(v1,jv2,5)| 7 € [1,n = 3]}=[n+ 5,2n] J{2n + 2}.
Then g*(E)=AUBlJCUUD=[1,3n — 2]. This implies that the graph
P(P,, f) is graceful. m]

Let s be odd and ¢ be even. In what follows, the symbols S and T

denote the sequences (g(u1),9(u3), .., g9(us)) and (g(u2), g(us), ..., 9(ur)),
respectively.
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Theorem 3.2 Let n > 1 be an integer and 1 < m < |n/2). Then
(1) when n — 5m + 11 = 1 (mod 3), the permutation graph P(P,, (2m —
1,2m)) for any integer m < (n + 7)/5 and P(P,, (2m,2m + 1)) for any
integer m > 1 are graceful; when n — 5m + 11 = 2 (mod 3), the per-
mutation graph P(FP,, (2m,2m + 1)) for any integer m < (n + 6)/5 and
P(P,,(2m — 1,2m)) for any integer m > 1 are graceful;
(2)when n — 5m + 11 = 0 (mod 3) and m < (n + 8)/5, the permutation

graph P(P,,(2m — 1,2m)) and P(P,, (2m,2m + 1)) are graceful.

Proof Let P(P,, f)=(V,E). Because of Lemma 2.4, we only need to
discuss m in (1, [n/4]]. When m=1, see Lemma 1.1. When m > 1, the per-
mutation graph P(P,, (2m — 1,2m)) is isomorphic to the following graph.

w u:l,2m—] vl,2’[m Vin
63m—§ | ﬁ uy Y2,2m-1 Von
Um-4 :I: V2,2 ’

™ Wy Wrn—1 am

The permutation graph P(P,, (2m, 2m + 1)) is isomorphic to the following
graph.

w; v1,2m-1 V,2m V1,n
3Im— 2] V2,2m—1 V2.n
U3m— V: '

3m—4 wo Wm—1 2,2m

The graceful labelling g is given by

g(v1,5) range of j  set of vertex labels

(i+1)/2-m [2m-1,n); [0, [(n+1)/2)-m]

3n-2+m-j/2 [2m, njo [3n-2+m-|n/2], 3n-2]

g(va,5) range of j  set of vertex labels
n-m+1-(j-1)/2 [2m-1,n)  [n-m+1-|(n-1)/2], n-2m+2)
2n+m-3+j/2 [2m, n], (2n+2m-3, 2n+m-3+|n/2]]
g(uj) range of j  set of vertex labels
2n4+2m-4-(j-1)/2 [1,3(m-1)]z  [2n+2m-2-{3m/2], 2n+2m-4]
n-2m+2+j/2 (2, 3(m-1)}2 [n-2m+3, n-2m+1+|(3m-1)/2]].
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When f=(2m - 1,2m), let

(wy) = n—345m/2, m is even
g\ = 2n+2—(5m+1)/2, misodd

When f=(2m,2m + 1), let

n—2+ 5m/2, m is even
g(wy) = { 2n+1—-(5m+1)/2, misodd

Let A={v; j,vs,; | j € 2m-1,n]}, B={uv|uorv € A,uv € E(P(F,, f))},
T={wy, w2, -, wWm—1} and D={uwv | v € T,uv € E(P(Py, f))}.

By the definition of g, we have
9V \T)={g(ui), 9(v1,5), 9(v2,3)| i € [1,3(m — 1)],5 € [2m — 1,n]}

=[0, [(n+1)/2)—-m]Un-m+1-|(n—1)/2],n—m+1+[(m-1)/2]]
UR2n+m—2-|m/2],2n+m-3+|n/2]] U[Bn—2+m—|n/2],3n-2].

Ar={g*(n1jv1+1)| € 2m - 1,n—1]}=[2n +2m — 2,3n — 2],

Bi= {g*(v2,jv2,j+1)| 7 € [2m — 1,n — 1]}=[n+ 4m — 5,2n + 2m — 5].

When f=(2m —1,2m), we have

C1={g*(v12m-1v2,2m), 9" (V1,2m¥2,2m—1), * (V1,2m—122), §* (v2,2m—111)}

={2n+2m - 3,2n+2m - 4,n - 2m + 3,n + 4m — 6},

Dy={g*(v1,jv2,;)| 7 € 2m + 1,n]}=[1,n — 2m)].

Therefore, the set of edge labels in B is
g*(B)=A1UB:UC1UD1=1,n-2m]U{n—2m+3} U[n+4m—6,3n—2].

When f=(2m,2m + 1), we have
C1={g*(v1,2m-1Y2,2m-1), §*(V1,2m+1V2,2m), * (V1,2m¥2,2m+1), 9" (V1,2m-142),

g (v2,2m-11)}

={n—-2m+2,2n+2m —3,2n + 2m — 4,n - 2m + 3,n + 4m — 6},
Di={g*(v1,jv2,)| 7 € 2m + 2,n]}=[1l,n - 2m —1].

Therefore, the set of edge labels in B is g*(B)=A: UB1UC1 U Dy

=[L,n-2m-1U{n-2m+2,n-2m+3}U[n +4m - 6,3n - 2].

The edge labels set of path P=ujus...ug(m-1) is [p+m—-2,n+4m - 7).

For part (1), we firstly verify g* is a bijection.
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When n — 5m + 11 # 0(mod 3) and m is odd, let
W=(g(ws), g(wa), ..., g(Wm—1))=(n+m—~1,n+m=+2, ...,n+(5m—11)/2)"1,
Z=(g(w3), g(ws), -.., g(Wm—2)) " 1=(2n — (5m — 11)/2,2n ~ (5m — 11)/2 +
3,..2n—-m—2)"1, U=8"1, s=3m — 4, X=T, t=3m — 7. By Lemma 2.2
and 2.3 we obtain
g*(D)={n-2m+1,n—2m+2} J[n—2m+4, n+m—3| when f=(2m—1,2m),
g*(D)={n-2m,n—2m+1}Jn—-2m+4,n+m—3| when f=(2m,2m+1).
Therefore, g* is a bijection from E onto [1,3n — 2].
When n — 5m + 11 # 0(mod 3) and m is even, let
(g(w2), g(wa), .., g(Wm—2))=(2n—5m/2+4,2n— 5m/2+7,...,2n —m —2),
(9(ws), g(ws), ..., g(wm-1))=(n + 5m/2 — 7,n + 5m/2 — 10, ...,n + m — 1).
In the same way, we obtain
g*(D)={n-2m+1,n~2m+2} | J[n—2m+4, n+m—3] when f=(2m—1,2m),
g*(D)={n-2m,n—2m+1}n-2m+4,n+m-3] when f=(2m,2m+1).
Since g*(B) U g*(E(P)) U g*(D)=[1,3n — 2], g* is a bijection from E
onto [1,3n —2].
In the following, we verify g is an injection. For the permutation graph
P(P,,(2m — 1,2m)),
(i) when n — 5m + 11 = 1 (mod 3) and odd number m < (n + 7)/5,
we have g(ws) — g(w;)=4 > 0, g(w1) — g(ws)=n + 7 — 5m > 0, g(wz) —
g(w3)=n — 5m + 11. Therefore the members in g(T') are pairwise distinct.
Since g(T) N g(V \ T) is an empty set and |g(V')|=2n, g is an injection.
(ii) When n — 5m + 11 = 1 (mod 3) and even number m < (n + 7)/5,
we have g(wg) — g(w1)=n+ 7 - 5m > 0, g(w;) — g(wz)=4 > 0, g(wa) —
g(wg)=n — 5m + 11. Therefore the members in g(T") are pairwise distinct.
Since g(T) N g(V \ T) is an empty set and |g(V')|=2n, g is an injection.
(iii) When n — 5m + 11 = 2 (mod 3), since |g(V')|=2n, g is an injection.
For the permutation graph P(P,, (2m,2m + 1)),
(i) when n — 5m + 11 = 2 (mod 3) and odd number m < (n + 6)/5, we
have g(wp) — g(w1)=—5 < 0, g(w1) — g(ws)=n + 6 — 5m > 0, g(w2) —
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g(wz)=n — 5m + 11. Therefore the members in g(T') are pairwise distinct.
Since g(T)Ng(V \ T) is an empty set and |g(V)|=2n, g is an injection.
(ii) When n — 5m + 11 = 2 (mod 3) and even number m < (n + 6)/5,
we have g(ws) ~ g(w1)=n+ 6 — 5m > 0, g(w;) — g(w3)=5 > 0, g(w2) —
g(ws)=n — 5m + 11. Therefore the members in g(T") are pairwise distinct.
Since g(T')Ng(V \ T) is an empty set and |g(V)|=2n, g is an injection.
(iii) When n —5m + 11 = 1 (mod 3), since |g(V')|=2n, g is an injection.

Therefore, g is a graceful labelling of P(P,,, f) for f=(2m — 1,2m) and
(2m, 2m + 1).

For part (2), when n—5m+11 = 0 (mod 3), m is even, and m < (n+8)/5

g(w;) range of j  set of vertex labels
2n+m/2-5 {2} {2n+ m/2 - 5}
n-3j-5m—-1)/2 [Bm-12 [R+m+2,n-44+5m/2s
2n+(3j—5m—4)/2 [4,m-2]2 [2n+4-5m/2,2n—m — 5|3

When n — 5m + 11 = 0 (mod 3), m is odd, and m < (n + 8)/5

g(w;) range of j  set of vertex labels

n+3—(m-1)/2 {2} {n+3-(m-1)/2}

n—38j—5m—-1)/2 [d,m-1); [R+m+2,n+(5m—11)/23

n—-2+(3j—-5m)/2 [B,m-2]2 [2n-(5m—5)/2,2n—m — 5|3
The result is obvious when m < 4. When m > 4, for P(P,, (2m — 1,2m)),
(1) when m is even, we have g(ws) # g(w), g(wq) ~ g(w3)=n+8—-5m > 0,
9(w2) > g(wm-2), g(w1) > g(ws), g(wa) — g(w1)=n—5m+7 £ 0 (mod 3).
Therefore the members in g(T') are pairwise distinct. Since g(T)Ng(V\T)
is an empty set and |g(V)|=2n, g is an injection.
(ii) When m is odd, we have g(w2) # g(w1), g(ws) > g(wz), g(w1) < g(ws),
g(wsg) — g(ws)=n —5m+8 > 0, g(wy) — g(ws)=n — 5m + 7 # 0 (mod 3).
Therefore the members in g(T') are pairwise distinct. Since g(T)Ng(V\T)
is an empty set and |g(V)|=2n, g is an injection.

Similarly, we can show that the function g is an injection for P(P,,
(2m, 2m + 1)).
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Also
g* (D)={n—2m+1,n-2m+2} J[n—2m+4, n+m—3] when f=(2m-1,2m),
g*(D)={n-2m,n-2m+1}Jn—-2m+4,n+m—3] when f=(2m,2m+1).
Since g*(E)=g¢*(B) U g*(E(P)) U g*(D)=[1,3n — 2], g* is a bijection
from E onto [1,3n — 2). Therefore, g is a graceful labelling of P(P,, f) for
f=(2m - 1,2m) and (2m,2m + 1). a

Example 2 When n=19, m=3, there is n —5m + 11 = 0 (mod 3). The
graceful labeling of graph P(P,, (2m — 1,2m)) is as follows:

32
/\usgls
IBWIBM 14 42 13 43 12 44 11 45 10 46 9 47 8

21

0 55 1 54 2 53 3 52 4 51 5 50 6 49 7

For any n and m, the combinations of their values can be partitioned
into four cases:
e condition 1: » =0 (mod 4) and m = 0 (mod 2), or n = 2 (mod 4) and
m =1 (mod 2),
e condition 2: n = 0 (mod 4) and m = 1 (mod 2), or n = 2 (mod 4) and
m =0 (mod 2),
e condition 3: n =1 (mod 4) and m = 0 (mod 2), or » = 3 (mod 4) and
m =1 (mod 2),
¢ condition 4: n = 3 (mod 4) and m = 0 (mod 2), or n = 1 (mod 4) and
m =1 (mod 2).

Theorem 3.3 If n > 1 is any integer and f=(12)(34)...(2m — 1,2m),
1 <m < |n/2] is a permutation in S(n), then
(1) when m = 0 (mod 3) and n < (10m + 6)/3 in conditions 1 and 2,
P(P,, f) is graceful;
(2) when m < 3 and n > 1 in conditions 1 and 2, P(P,, f) is graceful;
(3) when m # 0 (mod 3) and n > 1 in conditions 1 and 2, P(P,, f) is
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graceful;
(4) under conditions 3 and 4, P(P,, f) is graceful.

Proof Let the permutation graph P(P,, f)=(V, E). Let

b= (n—-2m-1)/2, nisodd
Tl (n—2m—2)/2, niseven
o { 3b, n is odd

3b+2, niseven

When n is odd, the permutation graph P(P,, f) is isomorphic to the

following graph.
wy u:l,2m+1 V1,2m V1,1
a uy Y2,2m+1 V21
Ug— v )
L e W 2,2m

When 7 is even, the permutation graph P(P,, f) is isomorphic to the fol-
lowing graph.

V1,2m+1 U1.2m V1,1
u2

ta Ya-1 " X
V U1 2,2%;-; V2,1
1 wp o

We define the function g as follows:

g(v15) range of j  set of vertex labels

m—(j—1)/2 [1,2m+ 1),  [0,m]

In-m—2+3/2 (2,2m]2 Bn-m-1,3n-2]

g(va;) range of 7 set of vertex labels
In-m-2-(j-1)/2 [,2m+1 [Brn-2m-2,3n-m—2]
m+1+35/2 (2,2m), [m+2,2m + 1]

g(u;) range of j  set of vertex labels
2m+24(j-1)/2 [1,a]2 2m+2,2m+2+ [(a—1)/2]]
In-2m-2-j/2 [2,a]2 [3n —2m -2 - |a/2],3n — 2m - 3]
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Let A={vyj,v9; | j € [1,2m+ 1]}, B={uv | u or v € A,uv € E}. Then
the set of edge labels in B is [1, 2m] | J[3n — 4m — 4,3n — 2]. The set of edge
labels in path P=ujus...u, is [¢* (UaUa—-1), 3n — 4m — 5], where

(3n —2m —3)/2, nisodd

9" (tatta-1) =3n—dm -3 —a = { (3n—2m —4)/2, niseven

We distinguish eight cases to define the labelling:
Case 1: m # 0(mod 3) in condition 1

g{wy) range of j set of vertex labels
4m+1+(a+3j)/2  [1,b)2 [4m+(a+5)/2,4m+ | (a+3b+2)/2 |]3
3n-4m-(a+3j+3)/2 [2,b]2 [3n-4m-| (a+3b+3)/2],3n-4m-(a+9)/2]3

The condition 1 is equivalent to a is odd and n even.
Case 2: 5m # 2(mod 3) in condition 4

g(w;) range of j set of vertex labels
4m+(a+3j+2)/2  [L,bl [4m+(a+5)/2,4m+ | (a+3b+2)/2]]s
3n-4m-(a+3j+3)/2 [2,b]2 [3n-4m-| (a+3b+3)/2|,3n-4m-(a+9)/2]3

The condition 4 is equivalent to a is odd and n odd.
Case 3: m # 0 (mod 3) in condition 2

g(w;) range of j set of vertex labels
3n-4m-(a+3j+3)/2 [1,b]. [3n-4m-| (a+3b+3)/2],3n-4m-(a+6)/2]3
4m+(a+3j+2)/2  [2,b)2 [4m+(a+8)/2,4m+|(a+3b+2)/2]]3

The condition 2 is equivalent to a is even and n even.

Case 4: 5m # 2(mod 3) in condition 3

g(wj) range of j set of vertex labels
3n-4m-(a+3j+3)/2 [1,b]2 [3n-4m-| (a+3b+3)/2],3n-4m-(a+6)/2]3
4m+(a+3j+2)/2  [2,b]2 [4m-+(a+8)/2,4m+|(a+3b+2)/2 ]]3

The condition 3 is equivalent to a is even and n odd.
Case 5: m < 3andn > 1, or m = 0 (mod 3) and n < (10m + 6)/3 in

condition 1

g(wj) range of j set of vertex labels

3n-2m-(a+9)/2 {1} {3n-2m-(a+9)/2 }

4m+(a+3j-4)/2  [3,b)2 [4m+(a+5)/2,4m+ | (a+3b-4)/2 |]s
3n-4m-(a+3j-3)/2  [2,b]2 [3n-4m- | (a+3b-3)/2],3n-4m-(a+3)/2]3
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Case 6: m # 0(mod 3) in condition 4

g(w;y) range of j set of vertex labels

3n-2m-(a+7)/2 {1} {3n-2m-(a+7)/2 }

4m+(a+3j-2)/2 [3,b)2 [dm+(a+7)/2,4m+| (a+3b-2)/2 |}a
3n-4m-(a+3j-1)/2 [2,b]2 [3n-4m-| (a+3b-1)/2|,3n-4m-(a+5)/2]s

Case 7: m<3andn > 1, or m =0 (mod 3) and n < (10m + 6)/3 in

condition 2

g(wj) range of j set of vertex labels

2m+(a+8)/2 {1} {2m+(a+8)/2 }

4m+(a+3j-4)/2 [2,b]2 [4m+(a+2)/2,4m+ | (a+3b-4)/2 |]3
3n-4m-(a+3j-3)/2  [3,b]2 [3n-4m-| (a+3b-3)/2],3n-4m-(a+6)/2]3

Case 8: m % 0(mod 3) in condition 3

g(wj) range of j set of vertex labels

2m+(a+6)/2 {1} {2m+(a+6)/2 }

4m+(a+3j-2)/2 [2,b]2 [4m+(a+4)/2,4m+|(a+3b-2)/2 )3
3n-4m-(a+3j-1)/2 [3,b]2 [3n-4m- | (a+3b-1)/2],3n-4m-~(a+8)/2]3

Let T={w; | j € [1,b]}, D={wv | v € T,uv € E}. From Lemma 2.2 and
2.3, we determine the set of edge labels of D to be g*(D)=[2m + 1,3n —
4m — 4 — a). Since

9*(E)=g"(B) Ug*(E(P)) U ¢*(D)=(1,3n - 2,

g* is a bijection from E onto [1,3n — 2]. It is easy to see that the set of
vertex labels of T is contained in [2m + [(a + 5)/2],3n — 2m — |(a +6)/2]]
and the members in T are pairwise distinct. From the values of g(w;), we
have

9V \ T)={g(v1:), g(vai), g(us) | i € [1,2m + 1], 5 € [1, a]}

=[0,m]U{m+2,2m+2+|(a—1)/2]]U[3n-2m -2~ |a/2],3n—2].

Since g(T) Ng(V \ T') is an empty set and |g(V')|=2n, g is an injection.
Therefore, this theorem is true. ]

Example 3 For Case 3 in Theorem 3.3, when n=18, m=4, we have
b=4, a=14. The graceful labeling of graph P(Pis, (1,2)(3,4)(5,6)(7,8)) is
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as follows:

052 151 250 349 4

/T\3»9144ML\@114/I X X XX
371638iB\I/ﬁ>,411’2\L30/m44 945 8 46 7 47 6 48
27

Example 4 For Case 4 in Theorem 3.3, when n=19, m=3, we have
b=6, a=18. The graceful labeling of graph P(Pj9, (1,2)(3,4)(5,6)) is as

follows:

33 30 27 055 154 253 3
1 15 42 4 12 45 7 948 .

40 1 4 43 13 146 10 8 49 7 50 6 51 5 52
25 28 31
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