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Abstract

The boundedness and compactness of the weighted composition
operator from logarithmic Bloch spaces to a class of weighted-type
spaces are studied in this paper.

1. INTRODUCTION

Let B be the unit ball of C* and H (B) the space of all holomorphic
functions in B. Let Rf(z) = Zrl 2; az 21 (2) be the radial derivative of
f € H(B). The Bloch space B = B(B), is the space consisting of all
f € H(B) such that sup,cp(l — |2[?)|Rf(z)] < 0. Let LB = LB(B)
denote the class of all f € H(B) such that

B(f) = sup(1 - Izlz)( =r |2)I§Rf(z)l < 0. 1)

It is easy to check that £B is a Banach space with the norm ||f||z8 =
|£(0)| + B(f). LB is called the logarithmic Bloch space. We would like to
point out that the constant e appearing in (1) is introduced in [21], instead
of usual constant 2, for avoiding many technical problems (see, e.g., [23]).
Namely, the function h(z) = (1 — 22)In %7 is decreasing in z on the
interval [0, 1), which is not the case with the function (1 — %) In 12.

Let LB, stand for the class of f € LB such that

1m0~ 1) (10 =" RS = 2
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In [24] (see also [25, Theorem 3.21]) was shown that f is a multiplier of
B if and only if f € H® and f € £B. Hence the space LB is appeared
naturally.

A positive continuous function z on [0, 1) is called normal, if there exist
positive numbers o and 8, 0 < o < 3, and § € [0, 1) such that (see [14])

pr) . . o) o
a-npe is decreasing on [4,1) and ll_{fi aore = 0;

_u(r) p(r)
A-rpP is increasing on [4,1) and hm i T =

Let p be a normal function on [0,1). An f € H(B) is said to belong to
the weighted-type space ([3, 17, 18]), denoted by Hg° = H°(B), if

Ifll e = fug#(lﬂ) |f(2)] < oo.

Hg° is a Banach space with the norm || - |z

Let H3% denote the subspace of H;° con51stmg of those f € H° for
which hm|,l_.1 1(1zD)|f(2)| = 0. When p(r) = (1 —r2)®, the induced spaces
Hg® and H:Y, are the space HS® and HZY, respectively. For more informa-
tlon on the spaces H3® and H % in the unit disk, we refer to [4, 11].

Let ¢ € H(B) and ¢ be a holomorphlc self-map of B. The weighted
composition operator ¥C, on H(B), induced by % and ¢, is defined as
follows (¥C, f)(z) = ¥(2)(f o ¢)(z). The weighted composition operator is
a generalization of the multiplication operator and the composition opera-
tor. The book [2] contains much information on this topic. In the setting
of the unit ball, some necessary and sufficient conditions for the weighted
composition operator to be bounded and compact between the Bloch space
and H* are given in [10]. In the setting of the unit polydisk, some nec-
essary and sufficient conditions for the weighted composition operator to
be bounded and compact between the Bloch space and H™ are given in
(7, 8] (see also [15] for the case of composition operators). For some closely
related results see also [1, 3, 5, 9, 12, 13, 16, 17, 18, 19, 20, 22, 23, 26] and
the references therein.

In this paper, we study the weighted composition operator from LB
and LBy to Hg® and H%. The sufficient and necessary conditions for the
weighted composmon operator % C,, to be bounded and compact are given.

Throughout the paper, constants are denoted by C, they are positive
and may not be the same in every occurrence.

2. AUXILIARY RESULTS

In this section we state some auxiliary results, which are used in the
proofs of our main results.
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Lemma 1. Assume 3 € H(B), ¢ is a holomorphic self-map of B. Then
YCy : LB (or LBo) — Hp° is compact if and only if HC, : LB (or LBo) —
H? is bounded and for any bounded sequence (fi)ren in LB (or LBg) con-
'uergmg to zero uniformly on compacts of B as k — o0, we have
limg—c0 ¥Cy fill g =0.

Proof. The result follows by standard arguments similar to those out-
lined in Proposition 3.11 of [2] or in Lemma 2 in [15]. We omit the details.
O

The next lemma is from [3] (one-dimensional case is Lemma 2.1 in [12]).

Lemma 2. A closed set K in HJ% is compact if and only if it is bounded

and satisfies
lim sup p(|2])|f(2)| = 0.
|z)—1 fekK

A proof of the following estimate can be found in [21, Lemma 1].
Lemma 3. Let f € LB. Then there ezists a positive constant C such that

£ < SO+ Clfleslnin s

Lemma 4. Let f € LBy. Then

N P12
|!|T1 Inln 0. )

Proof. We follow the lines of the proof of Lemma 2.3 in [6]. Since
f € LBy, it follows that for any € > 0 there is a § € (1/2, 1) such that when
§< |zl <1

(1=lzl)ng llglmf(2)|<€ (4)

From (4) and since the function hi(z) = zln £ is increasing on the
interval (0, 1], when 1/2 < § < |z| < 1, we have that

17 (=)l =

1
F(z/2020) + / . R (t) %

Tg'l 1
S Malfi/9+2 [0 R Ik +2 / [RF(t2)] |2ldt
1/(2]zl) £
) |z|dt |2|dt
< Mo(f,1/2) +2 / + 2 / _
(f / ) "f"ﬁB o ( t|z|)ln -t . (1 _ tlzl) In Ttrz'
< Mo(f,1/2) +2||f||551nln 6 +2Inln —— i _I | —2elnln —— 7 —6’
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where Moo(f,7) = sup,¢p |f(rz)|. Dividing the above inequality by Inln l—_em,
using the fact that the quantity M(f,1/2) is finite, and letting |2| — 1,
we get

-1
hmsuplf(z)l(lnln ) <2
2l— - |2l
from which the lemma follows. [

3. MAIN RESULTS AND PROOFS

In this section, we consider the boundedness and compactness of the
weighted composition operator from logarithmic Bloch spaces to weighted-
type spaces.

Theorem 1. Assume that v € H(B), ¢ is a holomorphic self-map of B
and p is a normal function on [0,1). Then the following statements are
equivalent.

(a) YC, : LB — H° is bounded;

(b) ¥Cyp : LBy — H® is bounded;

(c) ¥ € HP and

e
M= fggﬂﬂzm'ﬁ(z)l Inln ToToE <% (5)

Proof. (a) = (b) is clear.
(b) = (c). Assume that ¥C, : LBy — Hg° is bounded. Taking the
function f(z) = 1, we see that ¢ € Hg°. For a € B, set

fa(z) = Inln 1—_%(1—) (6)

It is known that K; :=sup,¢p [|fallcB < o0 (see [21]). In addition,

e 1 1
1-|z|In(e/2)1—|a| ~

lim (1~ |z{)In [Rfa(2)] € lim (1 - |z|)In
|2|—1 | |z]—-1

L
1-|z
Therefore f, € LBy. For any A € B, we have

00 > [¥Cofonllae = sup k(121 Co fo())(2)]
= :ﬁelg#(|z|)|¢(z)l|f¢()~)(‘f’(z))|

> w(IM)¥()|Inln (7)

—°
1—|p(NIF
which implies (5).
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(¢) = (a). Assume that 9 € H° and (5) holds. For any f € LB, using
Lemma 3 we have

#(|zDIHCo Y2 = p(l2DI(2)1f (e(2))]
< (DRI (O] + Cp(lzDl#(2) | Inln mgllfllw- (8)

In view of ¥ € Hy° and (5), the boundedness of ¥C,, : LB — H° follows
by taking the supremum in (8) over B. The proof is completed. O

Theorem 2. Assume that € H(B), ¢ is a holomorphic self-map of B
and p is a normal function on [0,1). Then the following statements are
equivalent.

(a) YC, : LB — Hp° is compact;

(b) $C, : LBy — HS® is compact;

(c) ¥ € HP and

o (2D InIn =" yp ()I2 =0. (9)

Proof. (a) = (b) is clear.

(b) = (c). Assume that ¢C,, : LBy — Hp° is compact. Then ¢ € H®
by the boundedness of ¥C,, : LBy — H°. Let (zx)xen be a sequence in B
such that limg_,qo |(2k)| = 1. Take

e

e 2 -1
fk(z) = (lnln 1—_<2,_lp(2_k)>) (lnln w) ) keN (10)

It is not difficult to see that fi € LBy, supy || fxlc8 < oo. Moreover, fi, — 0
uniformly on compact subsets of B as £k — oo. By Lemma 1,

Jim [ 4C, fill e = O. (1)
On the other hand,
e
o0 = > —_— ,
¥ Cp ficll 1 sup #(l2Dfu(p(2))p () 2 p(|2]) Inln 7— A |9 (2x)l; (12)
which together with (11) imply that

- - e =
Jim sllz Dbzl Inkn T2 =

This proves that (9) holds.

(c) = (a). Assume that ¢ € H° and (9) holds. Let (fk)xen be a
sequence in LB with sup.ep || fxllc8 < L and suppose fi — 0 uniformly on
compact subsets of B as k — o0.
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By (9) we have that if given € > 0, there is a constant § (0 < § < 1),
such that when d§ < |p(2)| < 1 we have

e(l2D)|¥(2)| Inln _W

Inequality (13) along with the fact that ¢ € Hg° shows that
I¥Co fill e = flelgu(|2|)l(¢0¢fk)(2)l = Slelg#(|2|)|¢(2)fk(so(2))l

(13)

< (sup 4+ sup (Dl fele()]
lp(2)I<6  {z€B: §<lp(2)<1}
< Wlag sup 1fe@)+C  sup  p(ia)lé(2)|Inln Tl fel
jw| <8 {z€B: 6<]p(2)|<1} | (2)|
<

Yl e sup |fi(w)| + CLe.
Jw|<é

The assumption gives that limg—.co SUp|y<s | fk(w)| = 0. By letting k — oo
in the last inequality, we obtain limsup;_,., [[¥Cy fxllnze < CLe. Since e is
an arbitrary positive number, it follows that the last limit is equal to zero.
Therefore, ¥C,, : LB — H? is compact by Lemma 1. O

Theorem 3. Assume that ¢ € H(B), ¢ is a holomorphic self-map of B
and p is a normal function on [0,1). Then the following statements hold.
(a) $C,p : LB — H, is compact;
(b) vC, EBO - H % s compact;
(c) ¥ € HZ and

Jim, (2Dl (z)]Inln (14)

¢ -
1 - |p(2)I?
Proof. (a) = (b). It is obvious.
(b) = (c). By the assumption, it is clear that ¥Cyp : LBy — HSG is
bounded. Taking f(z) = 1 we obtain ¥ € H,. If [|<p||._-,° <1, we have

Jim WY Inln s <ol g lim (=)W =0, (19

which implies (14).
Now we assume that ||¢]lcc = 1. By the assumption we see that %C), :
LBy — H? is compact. From Theorem 2 we have

e
i HlDiwE)Inin 7oy =

According to (16), for every € > 0, there exists an r € (0,1), such that

€
#(|2])1¥(z)| Inln T-ToE <°

(16)
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when r < |p(2)] < 1. By the fact that ¥ € H%), there exists a 6 € (0,1),

such that c
< — =
MW < e

when § < |z| < 1. Therefore, if § < |z| < 1 and r < |¢(2)| < 1, we obtain

€
uleD(@Inin 77 <& 17)
If 6 < |2] < 1 and |¢(2)| < r, we have
Ml Inin sy <l T—su(lelw@)l <o (18)

Combining (17) with (18), we get (14).
(¢) = (a). Suppose that f € LB. From Lemma 3 it follows that

#UDIWC F) () < pllzD()If ((O)] + Cr(|2)l(2)| Inln T——r—5 | BB T—oaelflles

Taking the supremum in this inequality over all f € LB such that ||flizs <
1, by (14) and ¢ € H%, letting |2] — 1, we obtain

Jim, s #(lzDI@C(F))(2)] =0
=1 flles<t

By Lemma 2 it follows that ¥C, : LB — H % is compact, as desired. [

Theorem 4. Assume that v € H(B), ¢ is a holomorphic self-map of B
and p is a normal function on [0,1). Then ¢C, : LBy — HyS is bounded
if and only if YCy : LBg — HP is bounded and i €

Proof. Assume that ¥C, : LBy — H% is bounded. It is clear that
YC, : LBy — H® is bounded. Taking f(2) = 1, we see that ¢ € HS

Conversely, assume that ¥Cy, : LBo — H° is bounded and ¥ € HJ
Suppose f € LBy, then by Lemma 4 we have that for any € > 0 there exists
an rg € (0,1), such that

| (p(2))]

Typpem—_
whenever |p(2)| > 9. Hence
_ e |f (e(2))]
HUEDIWC (O] = pAD ) min oo TS < e, (1)
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whenever |p(2)| > 1o, where M is defined in Theorem 1. On the other
hand, when [p(z)| < 79, by the fact that ¢ € we have

(DI @C ()]
wlD (N (17O + Clflesinln =)

(121 +Clflleatnln =S JullzDw=)] ~ 0 (20)

=]
1,00

IA

IA

as |z| — 1. From (19) an (20) we have that ¥C,f € H;%. Hence
YCy(LBo) C H%, which implies the boundedness of ¥C,, : LBo — H2%,
as desired. 0O
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