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ABSTRACT

Let P(G,)) be the chromatic polynomial of a graph G. A graph G is
chromatically unique if for any graph H, P(H,)\) = P(G, A) itmplies H
is isomorphic to G. In his Ph.D. thesis, Zhao [Theorems 5.4.2 and 5.4.3/
proved that for any positive integer t > 3, the complete t-partite graphs
K(p - kyPan--aP) with p2 k+2 > 4 and K(p - ksp - laP,---’P)
with p > 2k > 4 are chromatically-unique. In this paper, by expand-
ing the technique employed by Zhao, we prove that the complete t-partite
graph K(p—k,p—1,...,p—1,p,...,p) is chromatically-unique for integers
~——————————

d+1 t—d—2
p2k+2>4andt>d+3>3.
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1. Introduction

All graphs considered in this paper are finite, undirected, simple and loop-
less. For a graph G, we denote by P(G;\) (or P(G)), the chromatic poly-
nomial of G. Two graphs G and H are said to be chromatically equivalent,
or x-equivalent, denoted G ~ H if P(G) = P(H). It is clear that the rela-
tion " ~ " is an equivalence relation on the family of graphs. We denote by
[G] the equivalence class determined by G under * ~ . A graph G is said
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to be chromatically unique, or x-unique, if (G] = {G}, i.c., H ~ G implies
that H 2 G. Many families of x-unique graphs are known (see (7, 8]).

For each integer t > 2, a complete t-partite graph, denoted by
K(p1,p2,-..,pt), is a graph whose vertex set V(G) can be partitioned into
t disjoint non-empty subsets V; with |V;| = p; for i = 1,2,...,t such that

every vertex in V; is adjacent to every vertex in Vj for i # j.

In (4], Chia et al. showed that the complete tripartite graphs K(p,p,p+ k)
forp>2,1<k<3, and K(p—k,p,p)forp>2k+2,0<k < 3are
x-unique. Zou [12] also gives partial solutions to certain complete t-partite
graphs for ¢t > 3. In [4, 7], Chia et al., and Koh and Teo conjectured that
for any integers p and k with p > k+ 2 > 4, K(p — k, p,p) is x-unique.
Zhao [11] proved that for any positive integer ¢ > 3, the complete t-partite
graphs K(p — k,p,p,...,p) Wwithp > k+2 >4 and K(p—-k,p—1,p,...,p)
with p > 2k > 4 are x-unique (also see Chia and Ho (5], and Liu et al. [9] for
t = 3). In this paper, by expanding the technique employed in [11], we prove
that the complete t-partite graph G = K(p—k,p—1,...,p—1,p,...,p) is

d+1 t—d—2
x-unique for integersp > k+2>4andt>d+3>3.

2. Preliminary results and notations

Let x(G), V(G), E(G) and t(G) be the chromatic number, the vertex set,
the edge set and the number of triangles of G, respectively. Denote by
K(G) (respectively Q(G)) the number of subgraphs K, (respectively in-
duced subgraphs C4) in a graph G. By G, we denote the complement of
G. Then we let O, = Fp, where K, denotes the complete graph with p
vertices. Let S be a set of edges of G with |S| = s, and denote by G — S
the graph obtained by deleting all edges in S from G.

For a graph G and a positive integer k, a partition {A;, A2, ..., Ax} of
V(G) is called a k-independent partition in G if each A; is a non-empty
independent set of G. Let a(G,k) denote the number of k-independent
partitions in G. If G is of order p, then P(G, ) = Y % _, a(G, k)(\)x where
Ak =AA=1)---(A =k +1) (see [10]). Therefore, (G, k) = o(H, k) for
eachk=1,2,...,if G~ H.

Let G be a graph with p vertices. Then the polynomial ¢(G,z) =
Sk a(G,k)z* is called the o-polynomial of G (see [2]). Clearly,
P(G,\) = P(H,)) if and only if (G, z) = o(H, z).

For disjoint graphs G and H, GU H denotes the disjoint union of G and
H; G + H denotes the graph whose vertex-set is V(G) U V(H) and whose
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edge-set is {zy|z € V(G) and y € V(H)} U E(G)U E(H). Throughout this
paper, all the t-partite graphs G under consideration are 2-connected with
Xx(G) =t. For terms used but not defined here we refer to [1].

For convenience, simply denote (G, z) by o(G),and G= H by G = H.

Lemma 1. (Koh and Teo [7]) If H ~ G, then both G and H have the
same number of vertices, edges and triangles with x(G) = x(H). Moreover,
oG, k) = a(H, k) for eachk =1,2,...,and

—Q(G) + 2K(G) = —Q(H) + 2K(H)
Note that if x(G) = 3 = x(H), then G ~ H implies that Q(G) = Q(H).

Lemma 2. (Brenti [2]) Let G and H be two disjoint graphs. Then
o(G+ H,z) = o(G,z)o(H, z).

In particular,
t

o(K(ny,ng,...,n),x) = H 0(On,,2).
i=1
Lemma 3. (Koh and Teo [7]) The graph K(m,n) is x-unique if n > m > 2
and K(m,n) — e is x-unique if n > m > 3.

Let H = K(zy,23,23,...,,2) and H' = K(zy,%2,...,2; + 1,...,zj —
1,...,z;). Ifi < jand z; —z; > 2, then H' is called an improvement of H.
Lemma 4. Suppose H' = K(zy,%2,...,zi+1,...,2; — 1,...,2¢) is an
improvement of H = K(z1,22,%3,...,,%), then |E(H')| > |E(H)|.

Proof. Note that |E(H)] = > maz; and |E(H')| =
1<i<j<t
( Z a:m:cn) + z; —z; — 1. Since x; — x; > 2, we have immediately

1<m<n<st

|E(H) = |E(H)| + 5 —z: - 1 > |E(H)|. g

Lemma 5. (Zhao [11, p.114]) Let G = K(p1,p2,...,pt) with 2 < p; <
p2<---<p. IfH~QG, then

(i) H € [G] ¢ {K(z1,22,...,5¢) — S|l <z < 29 € - £ 7
pttZ?:l ;= Z::=1 Pi,S C E(K(xlvx% . .,IL"))},'

IN
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(ii) there exists an integer b > 2 such that z) < zp < -+ < ap < pp — 1
and K, is a component of H for anyi>b+1;

(iii) if z; = p; for any i > 3, then H =G.

From Lemmas 4 and 5, we have the following corollary.

Corollary 1. (Chao and Novacky Jr. [3]) The graph G = K(p1,p2,...,pt)
is x-unique if |p; — p;| < 1.
Lemma 6. (Dong [6]) Suppose that G = (A, B; E) is a bipartite graph
with |A| > 2 and |B| 2 2. Then

Q(G) < |E|(|E| - |Al - |B| + 1)/4.
If dg(v) > 2 for every v € V(G), then the equality holds if and only if G is

a complete bipartite graph.

Denote by () the number of r combinations chosen from a set of n distinct
objects, and () =0ifn <.

Definition. Let t > d+ 3 > 3 be integers. If X = (a1,as,...,a;) is a
sequence of integers ay > ag > -+ 2 a; = 0, then let g(X) = g1(X) +
92(X) + 93(X) where

d+-2
a(X) = (a1+ax~ d)[ Z aia; — (d— 1)201 + (g)] +
3<igj<d+2 =3
2 ' Z aia;a — (d—2) Z a;a; + (g),
3<igi<iLd+2 3<i<j<d+2
d+2
gz(X) = (al+a2—d)(za,~—d)+2 Z a;a; —
i=3 3<i<i<d+2
d+2 t
(d—- I)Za,] Z a; and
i=3 i=d+3
d+2
gg(X) = ay+ax+2 Zai - 2d] Z a;a; + 2 Z a;a;ay.
i=3 d+3<i<j<t d+3<i<j<I<t

The following lemma characterizes non-negativity of g(X) when ag40 > 1.

Lemma 7. Letd, t, a; (1 <i<1t), and g(X) be as given in the definition
above. If agya > 1, then g(X) > 0, and equality holds if and only if
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(¢) asg=a5=---=a; =0 ford=0;

(b) ag=as=--=a;,=0, or as=as=landas=ag="-=a; =
0 ford=1;

(¢c) ag=as=---=agya=1andagys=---=a; =0, or az=ay =
co=age=1,0<a443<],andagya=---=a; =0 ford > 2.

Proof. (a). When d = 0, we have
9(X) = (a1 + ag) Z a;a; +2 Z a;aja; > 0
3<i<j<t 3<i<j<ist
and equality holds if and only ifay =---=a; = 0.
(b). When d = 1, we have a3z > 1 and

t
g(X) = (al + ao — 1)((13 - 1)20,,' =+ (a1 + as + 2(a3 — 1)) Z aiaj+

i=4 4<i<j<t
2 Z a;a;ay.
agi<j<ist
Hence, g(X) > 0 and equality holds if and only ifay = --- = a, = 0 or
ag=a4=landag=.--=a; =0.

(c) When d > 2, we shall first prove the following two claims.

Claim 1. g;(X) > 0 and equality holds if and only ifag = - - - = ag42 = 1.
It can be verified by direct substitution that g;(X) =0ifay =+ = ag42 =
1. Otherwise, since ag+2 > 1, we may assume there exists a 2 < k < d such
thatay > - - > arqo > 2and a; = 1 for k+3 < i < d+2. We now proceed
by induction on d to show that g;(X) > 0. Suppose d = 2, then & = 2 and

91(X) = (a1 + a2 — 2)[azas — (a3 + a4) + 1] > 0.

Hence, the above claim holds for d = 2. We now assume that g;(X) > 0
for 2<d< hwithay > -+ > ar42 > 2 and agy3 = 1 where 2 < k < d.
Let 2<d=hsuchthatay >--->art2>2and agyez3 =1for2 < k < h.
Then we have

k+2
a(X) = (@+a-n)| 3 aiaj+(h—k)2ai+(h;k>_

3<i<j<k+2 i=3
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k42
(h—l)(Za,+(h k)) ( )] +2 Z a;aja +
i=3 3<i<i<I<h+2

h-k) 3w+ (" k)lfa, ( )}_

3<i<i<k+2 i=3
k+2 h
(h—2)l Z aa;+ (h—k)Y ai+ )]+(3
3<i<j<k42 i=3
k+2 k
= (a1+a2—h.)[ Z a;a; — (k—1) Za,+<2)}+
3<i<j<k+2
k
2 Z a;aja; — (k—2) a;a; + (3> +
3<z<]<k+2

3<i<j<i<k+2

(h—k)l > aai—(k-1) kfa, ()}

3<i<j<k+2
k+2 k
= (a1+ax— k)l Z aa; — (k- I)Zai + (2>] +
3<i<i<k+2 =3
k
2' A z aiaja; ~— (k—2) Z aiaj+(3),
3<i<j<i<k+2 3<i<j<k+2

and by induction hypotheses, g;1(X) > 0. Hence, g;(X) > 0 and equality

holds if and only if ay = --- = ag40 = 1.

Claim 2. go(X) > 0 and equality holds if and only ifaz = --- = ag40 =1,
or agya =+ =a, =0.

It can be verified by direct substitution that go(X) =0ifaz =--- = ag42 =
1, or agy3 = -+ = a; = 0. Otherwise, since ag42 > 1, we may assume

a4+3 > 1 and that there exists a 1 < k < d such that ag > -+ > ag40 2> 2
and ag4+3 = 1. We now proceed by induction on d to show that go(X) > 0.
Suppose d = 2, then 1 < k < 2 and

t
g2(X) = |(a1 + a2 — 2)(as + a4 — 2) + 2a3a4 — az — a4 Zai.
i=5

If k=1, then a3z > 2 and a4 = 1. We then have

g2(X) = [(a1 + a2 — 1)(az — 1)] Zai > 0.

i=§
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If £ = 2, then a3 > a4 > 2. We then have

92(X) = [(a1+ a2 — 2)(as + a4 — 2) + a3(as — 1) + aa(as — 1)] ) _a: > 0.
=5

Hence, the above claim holds for d = 2. We now assume that g>(X) > 0
for2<d< hwithas >--- > aryp2 > 2 and aryes = 1 where 1 < k < d.
Let 2<d=hsuchthat a3 > - >agy2 >2andaryz=1for 1 <k < h.
Then we have

k42
@(X) = [(al +ag— (Za, +(h—k)- )
=3
k+2 h—k
2( Z aiaj+(h—k)Zai+( 9 ))—
3<i<j<k+2 =3
k+2 t
(h- 1)(2‘“ +(h—k))J > a
i=3 i=h+3
k42
= [a1+a2— (Za,—k)+2 Z a;a; —
i=3 3<i<i<k+2
k+2 k42 t
(k—1)> ai+(h- k)(Zai —k)] > e
i=3 i=3 i=h+3
k+2
= [(a1+a2—k)<2ai—k)+2 Z a;a; —
i=3 3<i<i<k+2
k+2 t
(k - 1) Zai] Z Qi,
=3 i=h43

and by induction hypotheses, g2(X) > 0. Hence, gg(X ) > 0 and equality
holds if and only if a3 = - =agq2 =1, 0r agyy =+ - =ay = 0.

Observe that g3(X) > 0 and equality holds if and only if ag4q = -+ =
= 0. Therefore, combining this fact and Claims 1 and 2 above, we have
proved (c). Qg

Let G be a graph having at least one induced subgraph C4 and V(G) can
be partitioned into V},Vs,...,V;,¢ > 4, non-empty independent sets. We
say an induced subgraph Cy of G is of Type I (respectively Type II, and
Type III) if the vertices of the induced Cjy are in exactly two (respectively
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three, and four) of the independent sets of G. Examples of a Type I, Type
11 and Type III induced C, are shown in Figure 1 below.

Figure 1. Type of induced Cy. Vertices joined by
dotted line are not adjacent.

3. Complete t-partite graphs K(p— k,p—1,...,p—-L,p,...,p)

Our main result is the following theorem.

Theorem 1. For any integers p > k+2 > 4 andt > d+3 > 3, the
complete t-partite graph K(p — k,p—1,...,p—1,p,...,p) is x-unique.
N —

d+1 t—d—2
Proof. Let G = K(p—k,p—1,...,p—1,p,...,p) and let H € [G]. Note
| U L.
d+1 t-d—2

that for k = 0,1, the results can be found in [3]. From Lemma 5(i), we
know that there exists a graph F = K(z,,z2,...,%:) and S C E(F) such
that H=F - Sand |S|=sand 1<z <22 <... Lz, < p. Clearly,

s=|EF)-IE@G) = Y zz;j—(d+1)(p—k)(p—1)-(t—d—2)(p~k)p—

1<i<j<t
@+1e-d-296e-vp- (15 o-2- ("5

t
andei=pt—k—d—1.

i=1
By Lemma 1, £(G) = t(H). Hence, we shall consider the number of triangles
inGand H. Let S = {ej,€2,...,€6} C E(F). Denote by t(¢;) the number of
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t

triangles containing the edge ¢; in F'. It is not hard to see that ¢(e;) < Z z;.
i=3
Then

t(H) >t(F)—-s Z zi, 1)
=3
t
and the equality holds if and only if £(e;) = Z z; foralle; € 9.
i=3

Let 8 = t(F) — t(G). It is obvious that {(F) = Z z;x;z; and
1<i<i<I<t

HG) = dp-k)(p-1)*+(d+1)(t-d-2)(p-k)(p-1)p+

)(p =17+ (75 e -mr

D@+ - +("’“)<t—d 2)(p— 1)% +

(d“gl)(p~1>3+(“§‘2)p3

So, we have that

B = Y zmam-—dp-k)(p-1)°-(d+1)(t-d-2)x

1<i<i<i<t

t—

(
(7

-0 -1 () o-0w-17- ("5 %) e - b5 -

(t—d—z)(d+1) —l)p"(d+1>(t‘d 2)(p-1)°p-

2
(3 De-v- (757 2
and
HG) = t(F) - B. (3)
Since {(G) = t(H), from (1) and (3) it follows that
B<s) z (4)
i=3
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Let f(z3,za,...,2¢) =B —3s zx,-, or denoted simply by f. Since
i=3

t
Z TiT;T] = T1T2 Zwi + (:1:1 + z2) Z T;x; + Z T;2T;Ty

1<i<i<i<t =3 3<igj<t 3<igy<iLt

and

t
Z :cia:j=:v1:r2+(a:1+$2)21:i+ Z ;% 5,

1<i<j<t i=3 3<i<j<t

we have by calculation, that

. 2
f = (w1+x2){ Z TiTj — (in) ]-i- Z TiT;T) —

3<i<j<t i=3 3<icj<i<t
S a3n [dn p-Rp- 1)+
3<igyLt i=3

(t~d-2)p-kp+(d+1)(t-d-2)(p-1)p+

(o (e

1=3

(d+1)(t—d=2)(p— k)(p— L)p— (‘2’) (p—k)p—1)?

(t_§_2)(p—k)p2— (t_';_z)(d+1)(p—l)p2—
("3 1) e-a=2m-1r0- (3 o= (75 77)

Substituting z; +zo=pt—k—-d-~1- Z:=3 x;, we have

f = (pt—k:—d—l—Zm,-)[—Zx?— Z :ti:trj]-i-

i=3 i=3 a<i<j<t

S ommim— Y, @y ai+ [(d'*‘ Dp-k-1)+

3<i<y<iLt 3<igj<t i=3
(t—d—2)(p—kp+(@d+1)(t-d-2)(p-Lp+

(d+1)( I (t )}le_d(p k) - 1)% -

i=3
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where

fi =

and

@+ 1t~ d= 2= Ro=p - (3) - ko1 -

("3 ) w-pr - (757w - e -
(d“)(t—d 26— (‘3 )e-- (757

Zm? + Z (:312133 + 37117?) +Z TiT;T) — (pt —k—-d-1)x

=3 3<i<ci<t 3<ig i<t
Zx —(pt-k—d=-1) Y zz;+ [d+1)(p k)(p—1) +
i=3 3<i<ist

t—d-2)p-kp+(d+1)(t-d-2)(p-1)p+

(3= (75 }Zw,—dp B~ 17 -

=3

@+t - d- 2 - D= Vo= (5) o - B 117 =
(t_g_z)(p—k)pz— (t_§_2)(d+ Dp-1)p* -

(“3 1) e-a-20-17- (d;”)(p—n”- (t‘j‘Q)pa

fi + fa, (5)
d+-2 t

Y (@—p+1)*(@i-p+k)+ Y (@—p)(zi—p+1)(z: —p+k)
=3 i=d+3

¢
Z (z2z; + a:,z?) + Z zizjz — (L — 3)pr? +

3<igjLt 3<igiiLt i=3
d+2
Z:z: -|-de —(pt—k-d-1) Z ziT; +
i=3 d+3 3LigjLt

do=0@-1+ (15 o= 12+ @ -d-206-kp+

t
@+ -d=26-p+ (757 e

=3
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d+2

(P-1)@2p-k-1) sz—ﬂp k—1) Z i —

i=d+3

di=d=2)p - Ro— o (5) 0= Ko =1 -
(75 ) o-rr- (7577 )@ 1e -

(“31)e-a-20-12%- (“Te-ve- (577

By Lemma 5(i) and (ii), if b < d+2, then z; < p—2, zi4) = 2440 = p—1,

Tge3 =T = pforsome 3 < ¢ < d+1,orelseif b = d+2, then £440 < p-—2,
orelseifb >d+2,thenz; <p—-1,az;4y =pforsomed+3<i<t—-1.
Hence, we have z3 < -+ < @442 < p—1and 2443 £ - L 2y < p.
Since k > 2, we claim that z; > p— k for 3 < 7 < t. Suppose not, then
S i < 3(p—k)+(d—1)(p—1)+(t—d—2)p = pt—3k—d+1 < pt—k—d-1,
a contradiction. By this claim, we have

i 20 (6)
and equality holds if and only ifz3 = - - = z4q42 =p—-land p—-1<z; <p
ford+3<i<t.

We may assume that z; = p—a; for i = 1,2,...,t. Clearly, each q; is a

non-negative integer and a1 > a2 > --- > a;. By substituting z; = p — a;,
we can show that fo = g(X), where g(X) is as defined in Lemma 7. The
readers may refer to the Appendix for details.

By Lemma 5(ii), we see that a; > 1 for 3 < i < d+ 2. It then follows from
Lemma 7 that fy > 0, and equality holds if and only if

(a) asy=as=---=a,=0ford=0;

(b)) as=as=---=a, =0, or az=as=landas=a=:-=a; =
Oford=1,

(¢) aa=as=+--=agq2o=1landagez =---=a;, =0, or az3=a4=
o=ags2=1,0<ag3 <landegys=---=a,=0ford > 2.

Since fi > 0 and fo > 0, we have f > 0 and equality holds if

and only if z3 = --- Zgy2 = p— 1, zg4y3 = p—1 or p, and
Tgyq = -+ = T4 = p. Therefore, inequality (4) holds if and only if
T3 =---=2xTge2 =p—1,24;3 =p—1orp,and 2444 = -+ =z, = p. Hence,
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H= I{(:L‘l,(l}g,p— la""p_ 1,$d+3,Px---7P -8 Wherel)“ 1< Td+3 <p
S S S — h,—/‘
d t—d-3

Note that by Lemma 5(iii), if z443 = p, then H = G. If 2443 = p—1, then

we consider two cases: zo =p—1orze <p-—1.

Case 1: z3 =p—1. Inthiscase, F = K(p—k+1,p—1,...,p—1,p,...,D)
——————

d+2 t-d—3
and using Software Maple, we have

s = [BE(F)-|E@G)
= [d+2)p-k+1)(p-1)+(t—d=-3)p—k+1)p+

@+2e-d- 9=+ (3 o -1+ (75 ) -
@+ )~ K)o 1)~ (¢t~ d~2)(p~ K)p -
@+1e-d=2-1p- (5 Ne-17- (7577

= k-1

Note that f = 0 and equality in (4) holds. Hence, we have 8 = s((t — d —
Jp+(d+1)p-1)) = s((t —2)p—d—1). From (1) and (3), we have
UG)=t(H)=t(F)-s((t—-2)p—d—1) and i(e;) = (¢t —2)p—d — 1 for all
€ €S.

Let {V1,V2,...,V;} be the unique ¢-independent partition of F' such that
Vil=p—k+1,|Vao|=---=|Vyys|=p—1land |V =pford+4<i<t.
Thus, if k =2, we have F = K(p—1,...,p—1,p,...,p). Then s =1 and
—_———— — —
d+3 t—d-3

this one deleted edge has one end-vertex in V; and the other end-vertex in
Viforl1<i<j<d+3 Ifk>3(sothatz) <p-2ands=k-12>2),
then each of the k—1 deleted edges in S must have one end-vertex in V; and
the other end-vertex in any one of the partite sets in {V5,...,Vy4a}. Note
that for i # j, if €; (respectively ¢;) is an edge in S having an end-vertex
in V) and another end-vertex in V; (respectively, V;), then ¢; and €; do not
induced a K(1,2) in F. Otherwise, equality in (1) doesn’t hold.

Let b; be the number of deleted edges joining vertices in V; and V;4; for
1 <i<d+2. So we have Zg:lzbi=s=k—1. The case when k& = 2 and
the only deleted edge joining V; to V; for 2 < i < j < d + 3 is similar to
the Subcase 1.1 below. We now consider the following two subcases.

Subase 1.1: Exactly one of b; # 0. Without loss of generality, let
by # 0Oand b; = 0 for 2 < i < d+ 2. In this case, H con-
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tains t — d — 3 copies of K, and d + 1 copies of K, as its compo-
nents. Set H = EUKp_lu---UKp_lquU---UK,,. Then H =

v

t—d-3

d+1
Hi+O0p_14 -4+ 0p_1 +O0p + -+ -+ Op. From Lemma 2 and
d:l t—d-3
o(H)=o(K(p—k,p—1,...,p— 1,P,---,P));
—_—— ————
d+1 t—d-2

we have
o(H1)[0(0p-1)]**[0(0p)] =473 = 6(Op-k+0p)[0(0p-1)] "} [0(0,)] 4.

So

o(Hy) =a(K(p—k,p))
which implies that P(H,) = P(K(p — k,p)). Hence, by Lemma 3, we have
H, = K(p — k,p). So, zo = p which is a contradiction.
Subcase 1.2: There exists an integer ¢ > 2 such that by, be,...,b. # 0 and
bet1 = +++ = bgy2 = 0. In this case, we show that Q(G) —Q(H)+2K(H) -
2K(G) > 0. Note that if t = 3, we only need to show that Q(G)—-Q(H) > 0.

This, by Lemma 1, contradicts G ~ H. We first calculate Q(G) and Q(H).
Note that G has only induced C, of Type 1. Hence,

0@ = (73w () re-en ()] (757
(v wre-a-a( () (3903

Note that H has only induced C; of Type I and Type II. Recall that
for i # j, if €; (respectively ¢;) is an edge in S having an end-vertex in
V1 and another end-vertex in V; (respectively, V;), then ¢; and €; do not
induced a K(1,2) in F. Thus, the number of induced C4 of Type Il in H

is [(d +1)(P) + (t—d - 3)(3)} ¢ b Since b, = k-1 - T} b,

1<b;<k—-cand c—152?;11b,~5k——2, by Lemma 6, we have

1

c

Q(H) < Z%[(p—k+1)(p—l)—bi} [(p—k+1)(p—l)—b¢—

i=]

-ty seera( )3
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a5 () (4405 ) ¢
o e-a)) (1))
oo re-ea()]

Zic(p"‘“)(z) Dp—k+1)p-1)-2p+k+1)-

1 [ c
Z(2(p—k:+l)(p—1)—2p+k+1)Zbi+%be+
=1 i=1

beeea (1))t
(4505 rarmnsalf) )
(t“;‘?’) (§)2+ [(d+1)(p;1) +(t-—d—3)(§)] gb,-

41c(p_k+1)(p-1)((p—k+1)(p—1)-2p+k+1)-

%(2(p—k+1)(p—1)—2p+k+1)(k—l)+

1 c—1 ) c—1 1 )
E[gb,.-(k—n;bﬁ > bibs + (k=1 +

1<i<j<e—1

(d-c+2)(”_:+1)(”;1)+(t—d—3)(”";+l>(g) +
(0T en)-
(t‘g‘?’) (’2’)2+ [(d+1)(”g1) +(t—d—3)(g)](k-1)

:ll-c(p—k+1)(1’-1)((p-—k+l)(p—l)-—2p+k+ 1) -

10— k+)(p—1) = 2+ k+ (k- 1)+

1 c-1 c—1 .
§[§bi(§bi—k+l)— Z b,-bj]+:1.(k_1)2+

1<i<j<e-1
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(d—c+2)(p—§+l)(p;1) +(t—d—3)(p_§+1><§) *
(50 e m—s-a3)-
T T

%c(p—k+ 1)(1’—1)((p—k+1?(p~1)—2p+k+1)

IN

et~k +1)p-1) =2+ k1) (E- 1)+

%[(c— 1)(-1) - (C; 1)] + %(k— 1)% +
(d—c+2)(p_:+l)(p;1) +(t—d-3)(p"';+1)(’2’) +
(T)C2) serme-aa()(757)
(t'(;"S) (’2’>2+ [(d+1)(”;1) +(t—d—3)(g)](k—1)

= -kt D -1(p—k+ D12+ k+1) -

%(2(p—k+1)(1) D=2 +k+1)(k—1) - ;(;)'{-

3 =17+ (d- +2( ’““)( ) )+2
=307 ()02 ) +
wont-eos 05 I
[(d+1)( 21) (t——d—3)(2)](k—l).

Thus, using Softwarc Maple, we have

QC) - QUH) 2 (”;") [(d+1)(”;‘) +(t-d_z)(’2’)] +
(t-é_2)(g>2+(d+1)(t—d—2)(p;1)(2) +
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d+1\/p-1\?
( 2 )( 2 ) -
[§c<p—k+1)(p—1)((p—k+1)(p—1>-—2p+k+1)—

2
-1+ (d- c+2)( ’;“)( Z )+

e-a-o (1) )+ (507 )
comocor 03+ (40
((d+1 N +(t d—3) )k 1)}
3
Note that
K@) = (t‘j‘2)p4+(‘“‘;’Z)p3((d+2)p-d—k—1)+
(t‘j"z)w[(d;’l)(p—1)2+<d+1)<p—k)(p—1)}+
(t—d—z)p[(d'gl)(p 0+ (5 ) - 17— b +

("t e-+ (3 e- 10— b,

Since for i # j, if ¢; (respectively ¢;) is an edge in S having an end-vertex
in Vi and another end-vertex in V; (respectively, V;), then ¢; and €; do not
induced a K(1,2) in F, we then have

K(H) = (t“i“:”)pu(t‘§‘3)p3(<d+3)p-d_k_1>+

(727

%(2(;; k+1)(p—1)—2p+k+1)(k - 1)—1(g)+

(dzz)(p-n% d+2)(p—1)(p—k + 1)} +
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(t—d—S)p[(“?)(p—n% (d§2)(p—1)2(p—k+1)] +
(“3 -0t (137 o= 0 - ka1 -

(i’”) ((t_‘21"3)p2+(t—d-3)(d+1)p(p— 1)+

o G T G GO S AT
(t—t;—i*)pz[(d;?)(p_1)2+(d+2)(p— 1)(p—k+1)] +
a4 Joore (oo
(43t (o=
(oo (0]

Using Software Maple, we get K(H) = K(G). So, we have

1/c
QR(G) - Q(H) +2K(H) - 2K(G) > 5(2> > 0.

Therefore, by Lemma 1, this subcase is also not possible.

Case 2: 9 < p— 1. In this case, F = K(z,,z2,p—-1,...,p—1,p,...,D).
d+1 t-d-3
Let {V1, V2,...,V;} be the unique t-independent partition of F'. Since f =
0, from (1), (3) and (4), we have as in Case 1 that t¢(G) = t(H) = t(F) —
s((t=2)p—d—1) and t(e;) = (t —2)p—d—1for all¢; € S. Thus, for each
edge ¢; € S, one end-vertex of ¢; is in V; whereas the other end-vertex is
in V,. Hence H contains t —d — 3 copies of K, and d+ 1 copies of K,_; as
its components. Set H = Hy U Kp-1U---U Kp_lluf(p U--- UK,_,; Then

d+1 t—d—3
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H=H;+0p1+...+0p_1+0p+ ...+ O,. From Lemma 2 and

d+1 t—-d-3

U(H) =U(K(P—k,P— 1)"-1p- 1$p,"'vp )a
[ A ——
d+1 t—d-2

we have

o(H1)[0(0p-1)]"[0(0p)]* =42 = 0(Op-k+04)[0(0p-1)]*** [0(O,)] 742

So
o(H1) = o(K(p - k,p))

which implies that P(H;) = P(K(p — k,p)). Hence, by Lemma 3, we have
H; = K(p — k,p). So, zo = p which is a contradiction. This completes the

proof of this theorem.

Note. For d = 0, our result improves the condition of Theorem 5.4.3 in [11]

fromp>2k>4top>k+2>4.
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Appendix

fr= 3 ((p—ai)z(p—an+(p—ai)(p—af)2>+

3<i<j<t

Y. (p-a)p-a)p-—a)-(t-3)p) (P-a) +

3<i<y<I<t i=3
d+2 t
@-1)> (p-a)+d > (p-a) - (pt-k—d—1)x
i=3 i=d+3
Y p-a)p-ay)+ [d(p— -1+ (5 o-124
3<i<j<t
(t—-d=2)(p-k)p+({d+1)(t—-d-2)p—-1)p+ (t _‘;_ 2)122] x
t d4-2
Sp-a)-(p-12p-k—-1)Y (p—a:)—p(2p—k~1)
i=3 =3
3 (p-a) - de—d-2p- D~ o - ()0 - D~ 17
i=d+3
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p
- a?aj - aiaf)

+ Z (p3 - P*(ai + a; + &) + plaia; + aza) + aja;) — a,-ajag)
3<Ligj<ikt

|
N
N
<
|
g
[
~~
£
+
Q@
N
+
=
[S)
+
S
N’
+
(-
=
8
IS}
.

t d+2

—(t=3)p) (p* —2pa; +a?) + (d = 1) _(p? — 2pa; + a?) +
i=3 i=3
t
d Y (¢ -2pai+a)-(pt—k-d-1) Y (p2 - pla; + a5) +
i=d+3 3<ig gt

dp-0ip-1)+ ("3 )= 17+ ¢ a2~ b+

a,vaj) +
t

@+ 1 -d=2)p -1+ (757 2):#] > (o) -

=3
d+2 t
(P-D@p-k-1)) (p—a)-p2p—k-1) > (p—a;) -
i=3 i=d+3

dt = d-2(p - K=~ () (o~ B)p - 1)7 -
(t_(;_Q)(p—k)pL (t_‘;_2)(d+1)(17—1)p2—

(“3 )= d-20-17- (dgl)@-ns- (‘=377

= 2 < ) 3p3(t —3 Za,+p(t— Za +4p Y e -

3<ici<t
-2 - ¢
3<-Z- (“?“"+“i“’g)+p3( 3 ) _pz( 2 ) > et
<i<ji<te i=3
p(t —4) Z aia; — Z aiaja; — (t — 3)(t — 2)p° +

3<ig<ji<t 3Ligi<iLt
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d+2

2p%(t—3)) a:i— (t—3)Za+ (d - 1)dp® —2(d -1)p2a,

i=3 =3
d+2
—IZa + (t — d - 2)dp? —2dp2a,
=3 i=d+3
i
dZaf—(pt—k—d—l)[ ( ) p(t—~3)2a, > aig;
i=d+3 i=3 3<i<j<t

[d(p k)(p—1)+(d“)(p—1)2+(t-d—2)(p—k)p+

@+ 1= d=2)-p+ (75 2):»2] (t-2p = a0) -

=3
d+2
(p—1)(2p—k~1)dp— > a:)—p(2p—k—1)((t—d—2)p—
i=3

t

> )= d(t=d-2)p-Bip- o= (3) - Rop-17 -

i(:iszw)(p—k)p?' (t—g—Q)(d+ D -1p* -
(d+1>(t—d 2)(p—1)°p (d-gl)(p—l)?»—(t_c;_Q)ps

t d+2
=(k+d+1) > aa;- (dk+(d;1)) dait+(k+1)) a

3<igist =3 i=3
d+2
+(d-1) Za +d Z a? - Z aaj+aia§)
i=3 i=d+3 3<igi<t
- Z aiaja; + k(g) + (d-; 1)
3<igj<iI<t
t <
=(k+d+1) Z aia; —d(k+1)Za,~— (2) Zai'f'
3<igy<t i=3 i=3
d+2 d+2
(k+1)D ai+(@d-1)) al+d Z ?2-
=3 i=3 i=d+3
Z (afa; + a;a3) — Z a;aja; + (k + 1)(;) + (Z)
3<igist 3<igi<iLt
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Since Y i_,zi =pt—k—d—1, we have ;_, a; = k +d + 1, and that
fo =(a1 +ap) Z a;a; + 2 Z a;aja; —

3<i<i<t 3<igj<ist
d+2 t d t
(@-1) [Za,—d] S 0 - d[Za, —d] S a- (2) >
i=3 i=1 i=d+3 i=3
d+2 d d
2
+(d - I)Za +d Z a; + Zai —d] (2) + (3)
=3 i=d+3 i=1
d+2 ¢
= (a -l-ag)[ Z aa; + Zai Z a; + Z a,-aj] +
3<i<j<d+2 i=3  i=d+3 d+3<i<j<t
d+2 d+2
2 Z aiajal—(d—l)[a1+a2+2a, Z a,—d]Za,
3<i<j<i<t i=3 i=d+3 i=3
d+2 t t d+2
—d[a1+a2+2a,~+ S w-d 3 atd-13 de
i=3 i=d+3 i=d+3 1=3
t
d d
d.Z a?+(a1 + as -—d)(2) + (3)
i=d+3
d+2 t
= (al + 0,2) [ Z aia; + Za,- Z a; + Z a,-a_,] +
3<i<j<d+2 i=3  i=d+3 d+3<i<j<t
t
2[ z a;aja; + Z a;a; Z a;
3<i<j<i<d+2 3<i<j<d+2 i=d+3
d+2 d+2
+Ea,~ Z a;a; + Z maja,] —(d=1)(a1 + a2) Zai
i=3  d+3<i<i<t d+3<i<j<I<t i=3
d+2 ¢ d+2
—2d-1) Y ae—-@-1) @ Y a+(d-1)d) a
3<i<j<d+2 i=3  i=d+3 i=3
t d+2 t
—d(a1 + a2) Z a; — dZai Z a; —2d Z a;a;
i=d+3 i=3  i=d+3 d43<i<j<t

o 5 oo o)+ ()

= (a1+a2)[ > aia"_(d_l)%ai_l-(;)]

3<i<j<d+2 i=3
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d+2
+2 Z a;aja + [(m + ag) (Zai - d) +2 Z a;a;

d+3<i<j<iI<t i=3 3<icj<d+2
d+2
—-(2d-1) Za,—l-dz] Z a; +
i=d+3
d+2
[al + a9+ 2 Z a; — 2d] Z a;a; + 2 Z a;aja; —
i=3 d+3<i<j<t 3<igi<i<d+2
d+2 d
2(d-1) Z aiaj+(d—1 dZ:a1 - ( ) (3)
3<i<i<d+2 i=3
d+2
= (a1+a2—2d)[ z aia; — —I)Za, ( )l
3<i<j<d+2 i=3
d+2
+2 Z a;a;a; + [al + ag) (Za,—d)
d+3<i< <Lt =3
d+2
+2 Z a;a; — (2d -1 Z a; + d2:| Z a;
3<i<j<d+2 i=3 i=d+3
d+2
+lay +ax + 220,’ - 2d] Z a;a; + 2 Z a;aja; —
i=3 d+3<i<j<t 3<i<i<i<d+2
d+2 d d
2 Z aaj — (d— 1)dZai +d<2) + (3)
3<igj<d+2 i=3
d+42 d
= (a1 +a2 —d)[ Z aia; ~ (d - 1)201' + (2)] +
3<i<i<d+2 i=3
2 . Z aaja — (d—2) Z a;a; + (‘31) +
3<i<i<i<d+2 3<i<g<d+2
d+2 d+2
[(a1+a2—d)(2ai—d>+2 Z aa; —(d—1 Za,] Z a;
i=3 3<ici<d+2 =3 i=d+3

d+2
+ [al +as +2 Z a; — Qd] Z a;a; + 2 Z a;a;q

i=3 d+3<i<j<t d+3<i<j<i<t
9(X).
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