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Abstract

A digraph D(V, E) is said to be graceful if there exists an injection f :
V(G) — {0,1,--- ,|E|} such that the induced function f :E(G)—
{1,2,---,|E|} which is defined by f (u,v) = [f(v)—f(u)] (mod |E|+
1) for every directed edge (u,v) is a bijection. Here, f is called a
graceful labeling (graceful numbering) of D(V, E), while f’ is called
the induced edge’s graceful labeling of D. In this paper we discuss
the gracefulness of the digraph n — Cm and prove that n — Cr, is a
graceful digraph for m = 4,6, 8,10 and even n.
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1 Introduction

A graph G(V, E) is said to be graceful if there exists an 1nJcctlon f:
V(G ) {0,1,--- ,|E|} such that the induced function ' EG) -
{,2,---,|E|} whlch is defined by f'(x,v) = |f(u) — f(v)] for every cdge
(u, 'u) is a bijection. Here f is called a graceful labeling(graceful num-
bering) of G, while f is called the induced edge’s graceful labeling of
G. A dlgraph D(V E} is said to be graceful if there exists an injection
f: V(G) — {0,1,---,|E|} such that the induced function f 1 EG) —
{1,2,---,|E|} whlch is defined by f'(u,v) = [f(v)— f(x)] (mod |E|+1) for
every dlrected edge (u,v) is a bijection, where [v] (mod u) denotes the least
positive residue of v modulo n. In t;hls case, f is called a graceful label-
ing (graceful numbering) of D and f’ is called the induced edge’s graceful
labeling of D ([3]).

Let C,, and C,, denote the cycle and directed cycle on m vertices,
respectively, n - C, and n — C,,, denote the graphs obtained from any n
copies of Cy, Which have just one common vertex and have just one common
edge, respectively. At the same time, let n - Crm and n — Cp, denote the
digraphs obtained from any n copies of the directed cycle C,, which have
just one common vertex and have just one common edge, respectively.

As to the gracefulness of n - C,. we know the following results: Ma
proved in [3] that the gracefulness of n - Cs implies that n is even, at same
times he conjectured that the condition that n is even was also sufficient
for n- C3 to be graceful. Jirimutu has showed this conjecture in [5]. It was
showed that n - C-"gk is graceful for every integer n > 1 and k& > 1 in [6], and
n - Cakyq is graceful for n even and k =2,3 in [7].

About the gracefulness of n — C-",,,, to our knowledge, there are no so
much result: It was showed in [3] that n—Cj is graceful when n is even, and
it was proved in [6] that the necessary condition for n — C,, to be graceful
is mn =0 (mod 2).

In this paper, we will discuss the gracefulness of the digraph n — Cm
and prove the digraph n — C, is graceful if m = 4,6, 8,10 and n is even.

2 Main Results

Let CL,C2 .- ,C™ denote the n directed cycles in n — Cy,. The two
vertices of the common edge of C:,’s are denoted by vg and vy, -1, and other
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m—2 vertices of the C?, are denoted by vi(i=1,...,m-2i=12,--,n),

respectively. For convenience, we put v§ = v3 = --- = v = vo,v},_; =
v2,_y =+ =v%_; = Um_1, and take subscripts j’s modulo m. Obviously,

|E(n - Cr)| = (m - 1)n + 1.

Suppose that n — C,, is graceful and f and f’ are its graceful labeling
and the induced edge’s graceful labeling, respectively.

For every i, it is easy to see that

m—1 m-—1
Z [F() - FOE)] = D @)= f(¥i_y) =0 (mod ((m—1)n+2)),
i=0 j=0
Whlch means that there is an integer &; such that
m—1
@) = fio))] =ki((m - )n+2), (1<i<n). (1)
Jj=0

This implies that there is an integer k such that

n m-1

Yo [F@) = F()-y)] = k((m - 1)n +2). )

i=1 j=0
On the other hand, setting ¢ = |E(n = Cp)| = (m~1)n+1and d =
[f(vo) = f(vm—1)] , by definition we have

n m—1

YY) - fon)] = (= Dd+ salg+ D) =Ka+D. ()

i=1 j=0
From the above discussion we obtain the necessary condition as follows.

(n=1)d=0 (mod i;—l). @)
In the argument below we always take f(vg) = 0 and f(vm-1) = 9;—1

Thus, d = [f(v0) — f(vm-1)] = [—9;'—1] = 9—';—1- (mod q + 1), which satisfies
the condition given in (4).

Theorem 1 For every even integer n, the digraph n — 54 is graceful.

Proof.We have had f(vo) = 0 and f(vs) = 3¢ + 1. For other vertices,
define:

f@i) = i, 1<i<n,
3n n
; 24142, 112
1 — 2 ’ —_ - 2
flvz) = {§+2z, 24+41<i<n
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Firstly, we show that f is an injective mapping from V(n — C4) into
{0,1,-++,3n +1}.
Put §; = {f(”;)'l <i<n}, 0<j <3 Then

So = {f(vo)} = {0},

S1 ={f@)L<i<n}={ill <i<n}={1,2,---n},

Sy ={fWdl<i<n}={2+1+21<i<PIU{E+2|2+1<i<n},
={%+3, %45 R +n+1}U{F+n+2,3+n+4,-,% +2n}

S ={f(wa)}={F +1}.

Hence, §;NS; = @ for i # j,i,5 € {0,1,2,3}, which yields that f is an
injection from V(n — Cy) into {0,1,--- ,3n +1}.

Secondly, we show the induced edges labeling flisa bijective mapping
from E(n — C;) onto {1,2,---,3n+1}.

Set Bj = {[f(v};,) — f(v})] (mod 3n+2)]1 <i<n}, 0<j <3, and
B = BoU31U32UBs Then

={[ (Ui) f('UO)] (mOd 3n+2)|1_<_i§n}={1,2,~-,n},
B, ={[ v3) — f(v1)] (mod 3n+2)|1 < i< n}
= Bj1 U Bya, where
Bn={§§u+1+2i-i|15i5§}={3—2—"+2,§§+3,~--,2n+1},
Bo={}+2—i}+1<i<n}={n+1n+2,---,n+ 3},
By ={[f(vs) = f(v5)] (mod3n+2)|1<i<n}
= B | B2, where
By ={2+1-(32+1+2i)] (mod3n+2)|1<i< 2}
={3n,3n-2,--- ,2n + 2},
Boo={[32+1—(2+2i)] (mod (3n+2))|2+1<i<n}
={3n+1,3n-1,---,2n+ 3},

By = {[f(w)— f(v3)] (mod 3n+2)}= {3 +1}.
Hence,

B =ByUBiUB:UBs=BolUBi12UBsUBu UBaxn Bz
={1,2,o.- ,n}U{n+1,Tl+2’-.. ,n+ %}U{ST"'FI}
U +2,32+3,---,2n+1}U{2n + 2,20+ 4,- -+, 3n}
U{n +3,2n+5,--- ,3n+1}
={1121 ,3n + 1},

which implies that f’ is surjective, hence, bijective. So we prove that n— oA
is a graceful digraph for even n. m]
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Theorem 2 For every even integer n, the digraph n — Cs is graceful.

Proof. Define 5
n
f(w0) =0, f(vs) = T +1

and
Iln i, i=1,3,1<i<
Fod) = dn+1-L(E 1) +i, j=1,3, §+1<i<n
7 ni-npd 149, §=24,1<i< ¥
n(j-1)-25L-242, j=24,241<i<n

Firstly, we show that f is an injective mapping from V(n — C_"s) into
{0,1,---,5n+1}.

SetSj= {f(v;)|1 <1 Sn}, 0<5; < 5and.S’=S’0U.S'1U.S'2U.S'3US4US'5.
Then

So = {f(v)} = {0}

$i = {1 <i<n}
= 511U S12, where
Su={f()Ig+1<i<n}={F+2,F+3,-- ,5n+1},
512={f('01)|1S2S!1}={1,2,,%

S ={f(vy)|1<i<n}
= Sp1 U Sog, Where
Sgl={f(v§)|15i5g}={2n—%+2,2n—%+4,...,3n—%},
Sp={f)|3+1<i<n}

={2n-%+1,2n-%+3,...,3n - 5 -1},

Ss ={f@hl1<i<n)
= S31{J S32, where
Sn={fi)1<i<3)={n+Lnt2..,n+3},
Sse={f(vi)I3 +1<i<n}={3n+1,3n+2,--- ,4n - %},

Sa ={f(v)|1 <i<n}
=541 U Sy, where
Su={f)1<i<P}={4n—2+3,4n— 2 +5,... 50— 5 +1},
Se={fl3+1<i<n}={4n-3+2,4n—-F +4,...,5n - 3},

S ={f(ws)} = {F +1}.

ot
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Hence,

SolUS1US2USs
= SoJS12 U 931 U S22 U S21 U S5 S32 JSa2 U Sa1 U S
={O}U{1727’%}U{n+1,n+2,-,n+%}
Hgn—%+;,§n—§ii,...,gn—§}—1}
n—12‘-+ 14— 5 yrey N — 3
U +1}U{Bn+1,3n+2,--- ,dn — 2}
U{dn -3 +2,4n— 3 +4,...,5n - 3}
dn— 2 +3,4n— 2 +5,...,5n -2 +1
U{Q_n 229_11 3“.25 1 2 }
U{{2+ a2+ ,},n—l-}
g 1)2)75n+1 .

It is clear that the labels of each vertices are different. So, f is a injection
from V(n — Cg) into {0,1,---,5n + 1}.

Secondly, we show the induced edges labeling f " is a bijective mapping
from E(n — Cg) onto {1,2,.-- ,5n + 1}.

Set B; = {[f(vi,;) — f(v})] (mod 3n+2)|1 <i<n} (0<5<5)and
let B= ByU B, UBQUB3 B4UBs. Then

By ={[f(¥}) - f(w)] (mod 5n+2)|1<i< n}
= BOI UBOQ, where
By ={[i-0] (mod5n+2)|1<i<2}={12---3},
Bpo ={[4n+1+i—0] (mod5n+2)|2+1<i<n}
={%+2,%L +3,---,5n+1},
Bi = {[f(v§) - f({)] (mod5n+2)|]1<i<n}
= By1 U Bi2, where
Bu={2n-22-1+2—i] (mod5n+2)l1<i< 2}
={¥+1,32+2,--,2n},
Bip={[n— 252 -2+2 - (4n+1+i)] (mod5n+2)|3+1<i<n}
={2n+172n+2v"'357n}9
By ={[f(v3) - f(»3)] (mod5n+2)|l <i<n}
= Bo; |J B2, where
By ={n+i—-(2n—%+2i)] (mod5n+2)1<i< %}
={$+1,%, 4n+2},
Boo={3n-2+i-(n—2%—1+2i)] (mod5n+2)|2+1<i<n}
= 3—'"'3?"‘_1,..."",_{.1}’

424



Bs ={[f(vi) - f(v})] (mod 5n+2)|1 <i< n}
= B33 | B3a, where
Bay={[4n -2 +1+2 —(n+1)] (mod5n+2)|1 <i< 2}
={5'n 25n+3 3n+1}
By ={[3n-%+2i—(3n~ 3 +1)] (mod5n+2)|3+1<i<n}
={3+1,g+2 -,n},
By ={[f(v}) ~ F(®})] (mod 5n+2)|{1 <i<n}
= By |J Bs2, where
By = {[57"+1——(4n—§+1+2i)] (mod 5+ 2)[1 < <
={4n,dn—2,--- ,3n+ 2},
Byp={[3+1~-(Bn-2+2)] (mod5n+2)|3+1<i<n}
—{4n+1 n—1,.-- ,3n+ 3},

Bs = {[f(v}) - f(v})] (mod5n+2)|l<i<n}={+1}.

Hence, B = By |J By |J B2 |J B3slJ B4 Bs is the set of labels of all edges,
and

NIS

}

BoUBiUB2UBsUBsUBs
—BOlUBS2UB22UBllUBIZUBSUB31UB41UB42UBZI U Bo2
_.{12 . }U{”+1,g+2 SnlU{n+1,n+2,-

U{52 +1 3"+2 2n}U{2n+1 2n+2,- 2n+“}

W "+1}U{5n 2, 5"+3 3n+1}U{3n+2,3n+4,~-,4n}
U{3n+3 3n+5,- 4n+1}U{4n+2,4'n+3,-~-,%’1+1}
U{%—'l+2,97"+3,---,5n+1}

={1,2,...,5n+1}.

It shows that f is a bijection from E(n — C"};) onto {1,2,:-- ,|E(n— C-"s)|}.
So we conclude that n — Cs is graceful for even n. a

Theorem 3 For every even integer n, the digraph n — Cs is graceful.

Proof. Define .
n
flwo) =0, flvr)=—+1

2
and n
f(v})z-i(j—l)—i-i, j=15 and 1<{i< n,

, 2n+1-—1 1<i< g

AR ) =t > 9
f(v2) {6n+3—i, 2i1<i<n,

On : ; n

, ,n 4 g 1<i< 2

t) — 2 1 -7 =127
f(vg) {3n+1+i, "2—‘+1§i§n,
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13n ; ; n

. e ) 1<:1< 2

) = 2 ’ =" =127
f(3) {4n+1—i, 2r1<i<n,

o [ Tm+2-i, 1<i<B,
ﬂ%)—{2n+l—L 241<i<n

Similar to the proof of Theorem 2 or Theorem 3, it can be shown that
this assignment provides a graceful labeling of n — Cg for even n. Hence
n — Cg is graceful for even n. O

Theorem 4 For every even integer n, the digraph n — Cig is graceful.

Proof. Define

9n
flve) =0, f(vg)':?'*'l
and
f(v;) = i t=12,---,n,
. 2n+1—1 1< 2
i = ’ = =2
f(w3) {3n+2—z, S+1<i<n,
0o 4dn + 1, 1<i< 3
flv3) = {1y+1+% 241<i<n
) m+2—1 1<1<2
(] — ’ == 2
flvy) = {4n+1_i, 7+1<i<n
lin ; i< n
o 24+ 1414, 1<:i< 3,
fvg) = {1%—"+2+i, §+1<ign,
) n+1-—1 1<i<2
) = ’ = =2
F(v6) {8n+2—@ F+1<i<n,
15n ; 3 n
; FE A1+ 1<i< 3
i = 2 ’ = =2
f(vr) {9T"+1+i, 24+1<i<n,
i _ [ n+2-4, 1<i< 3,
flvg) = {2n+1—'i, 24+1<i<n

Similar to the proof of Theorem 2 or Theorem 3, it can be shown that
this assignment provides a graceful labeling of n — Cyg for even n. Hence
n — Cyo is graceful for even n. ]

In Figure 1, we give graceful labelings of 8—54,8—é6,8—58 and 8—Cio.
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8 —Cho

Figure 1: Graceful labelings of 8 ~ 54, 8 — C-"e, 8 — Cs and 8 — Cyq.
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