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Abstract. Let v.(G) be the connected domination number of G and
7er(G) be the tree domination number of G. In this paper,we study the con-
nected domination number and tree domination of P(n, k), and show that
Yir(P(n,4)) = 7e(P(n,4)) = n—1for n > 17, %,(P(n, 6)) = v.(P(n, 6)) =
n —1 for n > 25 and ,,(P(n,8)) = 7.(P(n,8)) =n — 1 for n > 33.
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1 Introduction

We only consider finite connected and undirected graphs without loops
or multiple edges.

Let G = (V(G), E(G)) be a graph with |V(G)| = p and |E(G)| = q.
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The open neighborhood and the closed neighborhood of a vertex v € V' are
denoted by N(v) = {u € V(G) : wu € E(G)} and N[v] = N(v) U {v},
respectively. For a vertex set S € V(G), N(S) = ULEJSN (v) and N[S} =
uLerN [v]. A set S C V(G) is a dominating set if and only if N[5} = V(G).
The domination number 4(G) is the minimum cardinalities of minimal
dominating sets.

Sampathkumar and Walikar 151 defined a connected dominating set S
to be a dominating set S whose induced subgraph G[S] is connected. The
minimum cardinality of a connected dominating set of G is the connected
domination number 7.(G).

Chen et al.ll] etc. defined a tree dominating set S to be a dominating
set S whose induced subgraph G[S] is a tree. The minimum cardinality
of a tree dominating set of G is the tree domination number 7:-(G). If
there is no tree dominating set in G, then let ;,(G) = 0. They showed the
exact values of the tree domination number for several classes of graphs,
including Py, Cp, Kp, K1,p-1, Kr,s and T, and gave several bounds for .,
and the relationship of v, and ~¢r.

Observation 1.1. If v;-(G) > 0, then 7.(G) < 7:(G).

Theorem 1.2. Let G be a connected graph with §(G) > 2. If :+(G) > 0,
then v, (G) > gsil%%@—_—% and the bound is sharp.

Corollary 1.3. Let G be a connected k-regular graph and k > 2. If
Y-(G) > 0, then ;- (G) > ,;%3 and the bound is sharp.

Theorem 1.4. Every connected graph G contains a spanning connected
subgraph H such that v (H) = 7.(G).

The generalized Petersen graph P(n, k) is defined to be a graph on 2n
vertices with V(P(n,k)) = {vi,u; : 0 < i < n =1} and E(P(n,k)) =
{vivig1, viui, uittivk : 0 < i < n — 1, subscripts module n}. Let S be the
minimum tree domination set of P(n, k).

In [6], we studied the connected domination number and tree domina-

tion number of the generalized Petersen graph P(n,k), and showed the
following lemma and theorem.

Lemma 1.5. For n # 2k, n — 1 < 7 (P(n,k)) < n.
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Theorem 1.6. v.(P(n,k)) = v (P(n, k)).

In this paper,we study the connected domination number and tree domi-
nation of P(n, k). Insections 2-4, we show that v, (P(n, 4)) = 7.(P(n,4)) =
n—1 for n > 17, 7, (P(n,6)) = 7(P(n,6)) = n—1 for n > 25 and
Yer(P(n,8)) = v.(P(n,8)) = n — 1 for n > 33, respectively. In section 5,
we conjecture that v;-(P(n,k)) = v.(P(n,k)) = n — 1 for even k > 4 and
n >4k + 1.

2 The tree and connected domination num-
ber of P(n,4)

We left for reader to verify that v;.(P(n,4)) = n, for n € {11,12,16}. In
Figure 2.1(1)-(5), we show tree dominating sets S, of P(n,4) with |S,| =
n —1 for n = 9,10, 13, 14, 15, where the vertices in S, are in dark. Hence
we have

Lemma 2.1. y,(P(n,4)) = n -1, for n € {9, 10,13, 14, 15}.

Theorem 2.2. 4.(P(n,4)) =n—1, for n > 17.
Proof. In Figure 2.1(6), we show 7:(P(20,4)) = 19. For n > 17 and
n # 20, let

5'3 = {uo,ul,vs,us,us,vhu?, V10, Y10, V11, U11, V12, U12, V13, V16, U16, V19,
V20, U20, Y21, U21, V22, U2} (See Figure 2.1(10): P(24,4)),

St = {uo, u1,v3, u3, vq, ug, v7,u7, V10, W10, V11, w11 }
(see Figure 2.1(7): P(21,4)),

83 = {uo,u1,v3,us, us, vr, u7, V10, Y10, V11, U11, V12, U2}
(see Figure 2.1(8): P(22,4)),

S4 = {uO) Uy, v3, us, Vg, V7, U7, V10, V11, Y11, V12, Y12, V13, ‘U13}
(see Figure 2.1(9): P(23,4)).

Let m = |n/4],t = n mod 4, then n = 4m +¢ (n > 17 and n # 20).
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Let

SAUUTS fuaiss 24 < § <27}, ift =0,n# 20,
SEUUP G {uaie; 1 13 <5 <16}, ift=1,
SAUUM T uaiy; 1 14 < <1TY, ift =2,
S4UUnG {uair; 1 15< <18}, ift=3.

S4

Then G[S4] is a tree and N[S*| = V(P(n,4)). So S* is a tree dominating
set of P(n,4) with [S*| =n —1 and v:(P(n,4)) < n— 1. By Lemma 1.5,
we have y;(P(n,4)) > n — 1. Hence 7:-(P(n,4)) =n—1. ]

By Theorem 1.6 and Theorem 2.2, we have
Corollary 2.3. For n > 17, 7.(P(n,4)) =n—1.

3 The tree and connected domination num-
ber of P(n,6)

We left for reader to verify that 4.-(P(n,6)) = n, for n € {16, 18,20, 24}.
In Figure 3.1, we show tree dominating sets S, of P(n,6) with [S,| =n—1
for n = 13,14, 15,17,19, 21,22, 23. Hence we have

Lemma 3.1. v,+(P(n,6)) = n — 1, for n € {13,14,15,17,19, 21, 22, 23}.

Theorem 3.2. 4.(P(n,6)) =n —1, for n > 25.
Proof. InFigure3.2(1)(2), we show v, (P(26,6)) = 25 and v;,-(P(28,6)) =
27. Let

8§ = {1, u1,us, vs, us, Ve, V7, U7, Us, V9, U9, U11, V13, U13}
(see Figure 3.2(4): P(31,6)),

S§ = {ug, u1,uz, us, vs, Us, v, U8, V11, U11, V14, U14, V15, V16, Y16, V17, U417, V18,
U8, V19, Y19, V22, U22, U4, U2s, V2T, U7, U2g, U28 }
(see Figure 3.2(3): P(30,6)),

S‘S = {uo,ul,uz,ua,vs,us,unvg,us,vm,Uu,un,“ls,vls,uls,'vls,uls,vw,
Uuy9, V20, U20, U22, V24, U24, U26, V28, U28, V29, U29, V30, uso}
(see Figure 3.2(5): P(32,6)),

6
Sq = {u07 uy, Ug, U3, Us, Us, U7, Vg, Ug, V10, V11, U11, %13, V15, U15, V18, U18, V19,
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U1g, Y20, U20, V21, U2], U22, u22,uzmvze,uze,Uzs,uzs,uso,vsz,uaz}
(see Figure 3.2(6): P(34,6)).

Let m = |n/6], t = n mod 6, then n = 6m +¢t (n > 25 and n # 26,28).
Let

SEUULS ™  lugiy; 1 15<j <16}, ift=1,3,5,

=0
o6 = ) SSUULe {usir; 130 <5 <35}, if t =0,
S§UURG {ueiys 1 32 < § <37}, ift =2,
S§ U U {ueiv; : 34 < j < 39}, ift =4.

Then G[S®] is a tree and N[S®] = V(P(n,6)). So S° is a tree dominating
set of P(n,6) with |S®| =n -1 and 7;-(P(n,6)) < n — 1. By Lemma 1.5,
we have v;(P(n,6)) > n — 1. Hence v:(P(n,6)) =n —1. m|

By Theorem 1.6 and Theorem 3.2, we have
Corollary 3.3. For n > 25, v.(P(n,6)) = n— 1.

4 The tree and connected domination num-
ber of P(n,8)

We left for reader to verify that ~.,-(P(24,8)) = 24, 7 (P(32,8)) = 32
and 7-(P(n,8)) =n —~1 for 17 < n < 31, n # 24. We have

Lemma 4.1. 7,(P(n,8)) =n—1for 17< n < 31, n # 24.

Theorem 4.2. v;,.(P(n,8)) =n—1, for n > 33.
Proof. Let

8 _
Sp = {uo,ul,uz,ua,vs,us, Vg, Us, V7, U7, US, U, V11, U11, U13, V15, U15, V18,
V19, U19, V20, U20, V23, U23, V24, V25, U2s, V28, U28, V29, V30, U30, V33, U33,
V34, U34, U36, 1138,11,38}(868 Figure 4.1(8): P(40,8)),

8 _
S] = {uo, U1, V3, u3, us, v7, U7, Ug, ug, V11, U11, V12, V13, U13, V14, V15, U15, V18,
u18, V19, U19, U1, V23, U23} (see Figure 4.1(1)2 P(33,8)),

8
SQ = {vlvul)vZ) u2, Vs, Us, Vg, Ug, V7, U7, V10, U10, V11, U13, L14, V16, U16, V17,
V18, U18, U20, U21, U2, V24, U24} (See Figure 4.1(2): P(34,8)),

8 _
5'3 = {uo,ul,uz, ug, U4, us, V7, U7, U9, V11, ¥11, V12, 12, V13, U13, U15, v17,u17}
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(see Figure 4.1(3): P(35,8)),

SS = {u07 vo, U2, U3, U3, V4, U4, Us, U, UT, Vg, V10, U10, U12, U13, V15, U15, V18, ulS}
(see Figure 4.1(4): P(36,8)),

S8 = {v1,u1,us, Vs, us, Ve, U6, vz, U7, Uy, ¥11, U11 } (see Figure 4.1(5): P(37,8)),

Sg = {u()a VU2, U2, Us, Us, Vs, U6, V7, U7, V10, L10, vn, U13, U14, U15, V17, U¥17, V18, U18,
V19, V20, U0, U22, U23, U2d, U2s, U26, V28, Uz} (see Figure 4.1(6): P(38,8)),

S’? = {u07 u3, ug, us, U4, us, V7, U7, U8, U8, V9, Ug, U11, V13, U13, V14, V17, U17, V18, V19,
19, V20, V21, U21, Va2, Vs, Uas, Uar, Vg, uze} (see Figure 4.1(7): P(39,8)).

Let m = |n/8],t = n mod 8, then n =8m +t (n > 33). Let

¢

S8UUDG {usir; 140 < 5 < 4T}, ift=0,
SEUUm G usie s 25 <5 <32}, ift=1,
S8u U;’L;“{us,~+j :26<j <33}, ift=2,
Ss U Uz—O {ugi+;:19<5 < 26}, ift=3,
SE U Ui:O {Ugi+j :20< 3 < 27} , ift=4,
SEUUMG {usis; 1 13< <20}, ift=5
SEUUMy {usie; 130 <5 <37}, ift=6,
| SSUUTs fusia; 181 <5 <38}, ift=".

SS

A

Then G[S8] is a tree and N[S%] = V(P(n,8)), for n > 33. So 5% is a tree
dominating set of P(n,8) with |S®] =n — 1 and v, (P(n,8)) <n—1. By
Lemma 1.5, we have v;-(P(n,8)) > n — 1. Hence yr(P(n,8)) =n—1. O

By Theorem 1.6 and Theorem 4.2, we have
Corollary 4.3. For n > 33, 7.(P(n,8)) =n—1.

5 Conclusion

We have the following conjecture,

Conjecture 5.1. 7 (P(n,k)) = v.(P(n,k)) = n —1, for even k > 4 and
n >4k + 1.

By Theorem 2.2,3.2,4.2 and Corollary 2.3,3.3,4.3, Conjecture 5.1 holds
for k=4,6,8.
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